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UNIT-1I : CALCULUS 


outrun nrennteneneneanea 
TO 
HEH 


Ye j Review of Key Notes and Formulae { 


Definition: If A < ay 
A and B are two non-empty sets, then the rule that, for each and 


every element of set A is uni 
ery element of set A is uniquely associate with set B. 
f:A>B 


f(x)=x? 
Domain: All elements of set 4 
D, S251 
et B 


Co-domain: All elements of 
Co-D,= {1, 4,9, 16} 
Range: Elements of eet B which are involved in mapping. 
R,= {1, 4,9} 


Different Types of Functions 
‘orm of: 


1. Polynomial function: Function in tie f 
1 
+ +d, 3a) #0; Degree =n 


f(x) = ayx" + a,x" 
where, n,n —1,7 2 veccssen are NON-negative integers. Serial of f(x) =R 


2. Rational function: Functions in form of 


{(x)= PU), 5q(x) #9 
q(x) 
where, P (x) and q (x) are polynomial in x. Domain of f(x) = R= {x : q(x) =0 
| Function Graph | Domain & Range 
Dom:x eR 


3. | Constant function: y 
y=f(x)=¢ vxeR, 


=c,c>0 Range : y= {c} 


where c is a constant 


|x|. 


dulus function: aline 


Exponential function: 
Y=f@)=a 
where a>0,a#1 
6. | Logarithmic function: 
Y=f(x) = log, x 
where a>0,a#1 
7. | Signum function: y Dom: xeR 
V=f(x) = Sgn (x) ‘ Range: y € {-1,0,1} 
[xl es 0 
Er (x)= { = sifx#0 i 
Om arx=0 ! 
4 
8. | Greatest integer function: Done 
° Range = {z} 
Y= (x) = [x] 2 | oO 
at 7 tHe) 
a { Oat 2ues 
a greatest integer 
ifx is integer less than x é 
AY Dom: x eR 
9. | Fractional part function: Range: » € [0, 1) 
Y=f (x) = {x} 
x} =x-[] % AP is 
x 
10.| Trigonometric function: 
Functions Domain Range 
y=sinx xeR ye Ft 
y=cos x xeR yet 


yeR 


y=cosec x 
ye(-»,-1]UL 


XE R-{n x} 


y=secx 


x€R-{(2n4 on y €(—0,-1] U[1, 0) 


Equal or Identical Functions: 
_ Two functions f(x) and g (x) are said to be identical if, 
(i) Domain of (x) = Domain of g (x) 
(ii) Co-domain of f(x) = Co-domain of g(x) 
(iii) #() = g (x) for every x belonging to their domain. 
Classification of Functions: 
1, One-one function: The mapping f: 4 > B 


(Injective Function) is one-one function if different elements in A have differ- 
ent images in B. 


S:A>B 


_ 2; X,%2 EA 
| ax => f(y) # fC) 


2, Many-one function: The mapping f: A > B is many-one two or more than 
two different elements in A have the same image in B. 


S:A>B 


~—. XX, € A 
ra % FX > £4) =f) 
| 


Onto (surjective) function: A function is said to be onto if 


8:A>B 


Range = Co-domain 


* Note > | Bijective function <=> One- one + Onto | 


Composition of Function: 
Iff: A > Band g : B > Care two functions, then composite function of fand 
are go'f: A + Cwill be defined as g (f(x) = gof(x) VxeA 


Even and Odd Functions » 
(i) Iff(x) +f(—x) = 0 V x € Domain of f(x) 
= Odd function = Symmetric about origin 4 


(ii) Iff(~)=f(—x) V x € Domain of f(x) 
= Even function = Symmetric about y-axis 
* Note / (x) = 0 is even as well as odd function. 
Homogeneous Function: 
Functions consists of variables both x & y such that f(x, y) is homogeneous ift 
S (te, ty) = t" f(x,y) 
1 


Homogeneous of degree 'n' 
Periodic Function: 


A function is periodic if its each value is repeated after a definite interval. 504 
function is periodic if there exists a positive real number 'T' such that 
SO+N =f) Vee D, 
Period = nT sn] 


[Le+mM=FO] :mer 


* Note: Constant function has no fundamental period. 


> 4, such that f(x) y >g 


Inverse of f(x). 
Properties of Invertible Function: 
(i) Inverse of bijective function is unique and bijective. 
di) G'y'=s 
(iii) (gofy! =fog4 
(iy) Inverse of a function is a mirror image about y = x line. 
eo 


TIPS AND TRICKS: (T-1) 


— 


There are only two polynomial functions exists, which satisfies the condition 


roo+s(4)=re9-r(4) 


aren) fi(x)=ltx"|;nelt:xeR 


Illustration 1 


Find the polynomial function which satisfies the condition f (x) + (4) 
x 


1 
=f (x). (4) of degree 3 and is always increasing function. 


@ Short-cut solution : 


Using T-1 f(x)=14x3 (degree 183) 
Now, for function is always Tsing 

So, f@)=1+x or fe -x3 

Differentiate, f"(x)=3x2>0 & f"(x)=-3x2 <0 

=> Tsing => Tsing fn 

Hence, we conclude that the required function is 


f@)=1 +33 


TIPS AND TRICKS: (T-2) 


_——= 


If y=/(x) = [x] is a greatest integer function then, 
0; xel 


pieea- {2 él 


Find the value of [. [2cosx]dx, where [ line pee 


@ Short-cut solution : 


[Usir (usmeT |” [2 cos x] dx, where [ ] is greatest integer function. 
Let l= (e [2 cos x] dx 


[Apply King Property : Pre d= [ir@ +b-x)dx 


= [= fr cos x] dx 

Now, add (1) and (2) 

= 21= {2 cos x] +[-2 cos x] dx 
Since 2 cos x is not always ‘0’ or Integer 

=> a= f."(Dax 


jess 


2 


TIPS AND TRICKS: (T-3) 


If y =f (x) = {x} is a fractional part function. 
OR eed, 


1; x41 


then, {x} + {-x} = { 


TIPS AND TRICKS: (T-4) 


nGe ia WG 


‘» Simultaneously possible only when n =r 


Illustration 3 
Let f(x)=**1C,, 4 @@)=—-8C,,, ifh @=f(~) ed. 
Then find domain and range of h (x). 


@ Short-cut solution : 
Using T-4| x +1=2x-8 


— Ii) 
Hence domain is x € {9} and R= Ne 


Illustration 4 


Find the range of the function f(x) = ee 1x# 2 
x 


2 5 


@ Short-cut solution : 


2 


Using TS] ycR- {3 
TIPS AND TRICKS: (T-6) 


__—= 


To find Range of f(x) = cos (K sin x) 
where K € R* then, 

IfK <[0,x) = Rangeisy e [cos K, 1] 
IfK e[x,0) = Range>ye [-l, 1] 


Illustration 5 
Find range of the function y = cos (2 sin x) 


@ Short-cut solution : 


Using T-6 s K=2. (case IM’) and K<x 


=> Range > y € [cos 2, 1] 


Illustration 6 
Find range of the function y= cos (3 sin x) 


@D Short-cut solution : 


Using T-6| “ K=3 = K<m (case II"4) 


= Range > y € [cos 3, 1] 


Illustration 7 
Find the range of the function f(x) = cos (4 sin x) 


@D Short-cut solution : 


+ K=4 => K>m (case I*) 
Range > y € [cos —1, 1] 


rere TET NN 


Oe (ak) 


justration 8 ; 
a Check whether it is a function or not)? =4 ax 


@ Short-cut solution : 


Using T-7 ; y= 4ax 


Vertical line cuts the graph more than one time then it is not a funetion, 


Illustration 9 se Pt. 
Check whether x2 + y? =a? is a function or not 


@D Short-cut solution : 


y 
3 
=> It is nota function. 


Illustration 10 
Check whether y= 


@ Short-cut solution : 


Using T-7 y 
Nici x 


=> It isa function since it cuts the curve once. 


Vx isa function or not. 


tru the graph and draw lines parallel to x-axis, if it cuts the graph 
itis a function and if it cuts more than one time then it is amany-one function. 


Illustration 11 
Check whether y= x? is a one-one or many-one function. 


GD Short-cut solution : 


Using T-8(i) y 


It is a many-one function. 


TIPS AND TRICKS: (T-8(ii)) 


Calculus approach to check one-one or many-one function 
Differentiate the function. y=/(x) {f(x) must be differentiable} 


Shae ee 


_—= 


>0 = Monotonically = one-one function 
Increases 


dy 


* If <0 = Monotonically = one-one function 


Decreases 


nets a >0 => for some ‘x’ and a > 0 for some x then function 
Ix: Lx 


is many-one function. 


Illustration 12 
Check whether one-one or many-one function. 
(i) f@y=x (ii) f(x) =x? 
@ Short-cut solution : 
Using T-8(ii) 
(i) f= => f'(x)=3x?>0 => one-one function 
ie =) (x) = 2x x>0 => Tses 
Goose — 10) <o <0 => Jses 
* Note: (1) All trigonometric functions are many-one function. 
(2) All inverse trigonometric function are one-one function. 


} Many- one function 


Illustration 13 
Check for one-one or many-on\ 


G Short-cut solution : 


function for f(x) = logx 


x 


(1, 0) 


It is one-one function. 

Illustration 14 
Check whether the following functions f (x) are either one-one or 
many-one function. 
(i) f(x) =e* 
(ii) f& 
(iii) fx) = |x| 


i (x) = tan x. xe nm 1) 
(iv) f(x) = tan x, xe ai | 
@D Short-cut solution : 
Using T-8(ii) 
ti 
eee One-one function. 
x 
y 
(ii) f(x)=sinx * — cea 


(iv) (@)=tan xin xe (-3.-4) 


De 


=> One-one function. 


Illustration 15 
Check whether one-one or many-one function for 
L@)=f: RIOR 


fe) =23 + x2 + Tx + sin x 


@D Short-cut solution : 
Using T-8(ii) 


Differentiate —f"(x) = 3x? + 2x +7 + cos x 
= (x2 + 2x + 1) + (2x2 +6)+cosx 
f(a) = (x +1)? + (2x? +6) + cos x 
20 reaan1 
— S'(x)>0 = one-one function 


Illustration 16 
Check whether one-one or many-one function for 


Sx) = 23 + 6x? + 11x 


= 


; tiate f'(x) = 3x7 + 12x + 11 
This is a parabola open upwards 


Now, we find discriminant. 
D= 144-132 
= D>O0 (two distinct roots) 


So this implies /'(x)>0 and f"(x) < 0 both. 
=  Many-one function. 
__— 


TIPS AND TRICKS: (T-9) 


Short trick to check whether onto or into function for polynomial function 
Forxe R 

Put, x>0 If > fan 

Put, x>-0 If > f(x)>-2 

Hence, onto function. 


Illustration 17 
Check whether onto or into function. 
3 


@D Short-cut solution : 
Using T-9 


(i) Since f(x) is odd function. 
=> x7+0, f(x) >+0 
x7>-0, f(x)>-0 
(ii) f(x)= anos +a, ee 2 
Put, x > +0, f(x) > 
x 3-1, f{(x)>0 

Illustration 18 
- Check whether the given function is bijective or not 

Sx) = + 5x41 [AIEEE 2009] 


@ Short-cut solution : 


On differentiating — f(x) =3x2+5>0s 
= one-one function. 


=> One- one function and onto function. 


|= Many- one function and into function. 


function is bijective. 


” 


contains ‘m’ elements and another set B contains 4 n 1’ elements, then th 
) Total number of functions = (n)” 
Forf:A>B 


(ii) Number of one-one function is for n = mand 0 (zero) for n <m ] 


(iii) Number of many-one function = Total number of functions — One-one function 
(iv) Number of onto functions are 
(a) If m<m=n"—"C,(n—=1)" + "Cy (n— 2)" — "Cy (n- 3)" + 
(b) If n=m => n! 
(c) If n>m > 0 
(v) Number of into function are 
(a) If n<m = Total number of functions — Onto functions 
(b) If n>m => (n)" [Total — Onto] 
(vi) Number of constant functions = n. 
(vii) If A and B are two sets having n-elements and ‘2’ elements respectively. 
Then number of onto functions from 4 to B 
is 2-2 ifn2=2 and ‘0’ ifn>2 


Illustration 19 
If A = {1, 5, 9, 7, 14, 22} and B= {2, 3, 5, 6}, then number of: 
(a) Total functions 
(b) One-one functions 
(c) Many-one functions 
(d) Onto function 
(e) Into functions 
(f) Constant functions 


@D Short-cut solution : 


Since, m=6 and n=4 
(a) [ Using T10@ | = (n)"=(4)° = 4096 
(b) [Using T- 10Gi) | = Sincen<m => One-one function =0 


(c) Using T- 10(iii) => Many-one function = Total — (One-one functions) 
= 4096 — 0 = 4096 


Since n <m 
SO) NC Gr" eC (n= 2)" ee 
= 48 —4C,-36-+4C,.(2)6—4C, 164 4C,.(0)6 
= 4096 —4 = 729+ 6x 64-4+0 

= 1560 

(ce) | Using T-10(¥) | Total — Onto 

4096 — 1560 = 2536 

Using T-10(vi) | Constant function = n = 4 


TIPS AND TRICKS: (T-111) 


re 


Tf A and B are finite sets and f: A —> B is a bijection, then A and B have sa 
number of the elements. If A has n elements, then number of the bijections from, 
i 


Ato Bis [x] 


i 


Illustration 20 


If A = {2, 3, 4, 5, 6, then the total number of bijection function inf: A> Ais 


(a) 110 (b) 115 (c) 120 (d) 125 
@ Short-cut solution : 
Using T-11] Since n=5 
=> 5!=120 


Ans. (¢) 


TIPS AND TRICKS: (T-12) 
— ee 


In order to find fundamental period of 


(i) sin (2 nm {x}) —> 4 ; where {x} is fractional part function 
Mt andne I 


(ii) sin (2n + 1) m {x} —> [1 


(iii) If £ (x) is periodic function with fundamental period ‘T’ then 


LO) 
v¥/(x) will also be periodic with fundamental period ‘T’. 


Illustration 21 
Find the fundamental period of 
(i) sin(2n({x})) 


@ Short-cut solution : 
Using T-12(i) t = 


(ii) sin(4m{x}) 


T=1 


y 


Illustration 22 
Find the fundamental period of f(x) = sec x 


@ Short-cut solution : 


fQ)= cosx 


Since period of cos x is 2 
Hence period of f(x) = sec x is also 2x. 
Illustration 23 


j 1 
Find the fundamental period of f(x) = laa 
x 


@D Short-cut solution : 
[Using T-12(iii)] (x) = Veot x 


Since fundamental period of cot x = is oi 


Then, fundamental period of Vcot x = is also ‘x’ 
be Ton x 


TIPS AND TRICKS: (T-13) 


__—— 


If f (x) is periodic with fundamental period *T’ than f (ax + b) is also periodic 


with fundamental period a 


Illustration 24 
Find the fundamental period of f(x) = sin (2x + 3) 


@D Short-cut solution : 
Using 1-13 | Since fundamental period of sin x is 2x 


Illustration 25 
Find the period of f(x) = {-3x + 5} where {*} is fractional part function. 


@ Short-cut solution : 


g 1-13 || Since period of y= {x} is 1 


TIPS AND TRICKS: (T-14) 


rere 


Let f(x) and g (x) be the two functions which are periodic then Period of 
=f (x) + g (x) is | LCM of T, and T, | as one its periods. 

where, T,, T, are period of f(x) and g (x) respectively. 

LCM of numerator 


* Note: LCM of irrational number = ee 
HCF of denominator 


Illustration 26 
Find period of f(x) = cos (sin x) + cos (cos x) 


@ Short-cut solution : 


Using T-14 | Since, period of cos (sin x) is m and priod of cos (cos x) is q 
Hence the priod of f(x) = LCM (x, T=. 
Illustration 27 


3x 


5) 
Find period of f(x) = —sin = +cos 


G Short-cut solution : 


Using T-13 _| Since period of — pe is 7x | 

| 

and period of Eas is ue 
Using T-14 : : | 
Hence, the period of f(x) = LCM | Tn, 10x | 


LCM of N’ _ LCM (7x, 107) _ 70% 


HCFof D’  HCF(I,3) «1 


TIPS AND TRICKS: (T-15) 
——————— 


Let y= f(a) is a function and it satisfies the relation S(n+ay+f(nt ») 
= constant then period of this junction is 2 |b-a|. 


Illustration 28 
If f(x) + f(x + 5) = 12, the period of f(x) is: 


2|5-0|=10. 


If f(x + 2) + f(x + 9) = 30, then period of f(x) is: 
@ Short-cut solution : 
[Musing MIS] 2 |9-2|=14. 


Illustration 30 
Find the value of 


[E]+[$+t5]+[3+35]+ 
51°15" 100] 15” 100 


@ Short-cut solution : | 


Using T-16 [nx] = [100 x +| =20 
SHORTCUTS: (SC-1) 


To find number of solution of f (x) = g (x) where f(x) and g (x) are 
functions. Then draw graph for both LHS and RHS on same Cartesian 
plane and find number of point of intersection, 


| Number of point of intersection = Number of solutions/ Roots 


Illustration 31 
Find number of solution of x - /n x = 1 


@ Short-cut solution : 


UsingSC-1}-° Inx= 


;x>Oandx40 


Now, we draw graph for y = /n x and y = ol 3x>0 
x 


Number of intersection = 1 = Number of solutions 
Illustration 32 


x 
Find number of solutions of sin x = 10° 
Y) Short-cut solution : 


Using SC-1] Now, we will draw graphs for y = sin x and y = a 


i sin x € [-1, 1] 


= aig Hci => -10<x<10 
10 as 


y=sinx 


We have to sketch the curve when x € [-10, 10] 

Hence, number of intersection = 
Illustration 33 

Find the number of solutions of e2* = x2, 


=x 
@ Short-cut solution : 


Using SC-1] Now, we will draw graphs for y = e%, 


7= Number of solutions, 


Number of intersection = Number of solutions = 2s 


y=sinx 


Number of intersection in x € [0, 2x] = 2 = Number of solutions 


SHORTCUTS: (SC-2) 


In order to find domain and range of function, the shortest way is to draw 
graph. Graphs are also useful for one-one, many-one, onto and into. 


Domain = Existence of graph along x - axis 
Range = Existence of graph along y-axis 


Illustration 35 
Find the domain and range also check function is one-one or not in its 


x? -5x+4 
x? +2x-3 


GD Short-cut solution : 
2 
x -5x+4 (x-4)(x-1) 
i ma o)= > = CL *1-3 
PEE) 72-3 43)’ 
First of all we will check monotonicity. 
Differentiating f(x) w.r.t. x, we get 
d (x=4)\_@+3)=@=4 7 
aE Se ee 
dx (x +3)? (x +3) 
a f'(x)>0 = Increasing function 


domain. (x)= 


x+3 


ee 


= Domain: xeR-{-3, 


As shown function is one-one. 
Illustration 36 
Sf: [2,0] Y 
L(x 2 
(a) Y=R (b) Y=[1, 0) 
(c) Y=[4, 0) (d) Y=[5,%) 


@ Short-cut solution : 


Graph 


x? — 4x + 5 is both one-one and onto if 


Using SC-2 | Rewrite, f(x) = (x 2re+1 > 


Parabola with vertex (2, !) 


Hence, Y=[1, «). 


fi:ROR 
SR)= { 
@D Short-cut solution : 


Graph 
For x < 0, it is parabola open upwards 


x? +2mx-1;x<0 


ecealese SO then find the value of m 


For x > 0, there are three possibilities (line) 


| 
} } 


m=0 m<0 


m>0 Not possible 
since 
one-one function 


sme 


Same Reason 


Hence, m<0 => me (-,0). 


SHORTCUTS: (SC-3) 


function are invertible. 


S'(x) 20 or f(x) <0 


Illustration 38 


Inverse of many-one function does not exist, only one-one onto 


If f: RR, (x)= x3 + (a+ 2) x? + 3ax + 5 is invertible mapping. 


Find ‘a’, 
@ Short-cut solution : 


[Using SC-3| Invertible = One-one + Onto 
Hence S'(x)20 or f(x) s0 
teas f(x) = 3x? + 2x (a+ 2) + 3a20 or <0OVneER 


a 
(a—1) (a-4) <0 
ae[l, 4] 


SHORTCUTS: (SC-4) 


Inverse of a function is a mirror image about y = x line. So copy 
graph slong other side of y = x line. 


Illustration 39 


x% 3 eel 
Iff(xy= 4x; 1<x<4. Then find f-!(x) 
8Vx ce eye 
@ Short-cut solution : 
Using SC-4| Draw Graph 


Inverse of 


Hence, /~! (x) = 


SHORTCUTS: 


Eyen functions are symmetric about 
about origin. 


y-axis odd functions are symmetric — 


¢ 2 
If f@)= a £60. Define F(x) for x <0 iff) is 
(i) Even function (ii) Odd function 
@D Short-cut solution : 
(Using SC5] 
(i) Even Function 
Draw graph of f(x) using short cut > Symmetry about y-axis 


H 4 x+2; xe(-0,-1) 
engeyt @)= x; xe(-1,0) 
(ii) Odd Function 


Draw graph of f(x) using shortcut > Symmetry about origin 


TECHNIQUE 
If f be the inverse of bijective function f(x) then f(/!(x)) = x. 


| Apply the formula of f on f~'(x) and use of the identity (f(a) = x 
to solve for f(x) 


Illustration 41 
Find the inverse of the function I(x) =log, («+ vx? +1 )sa >1 


Ae()=« 


= log, FR (x)+ (my si}es 


SI'"(x)+ (7) 41-0" 
and —f-! ()+Y(7"'() +l=a~* 


From (i) and (ii), fr (:)= ae ant 
2 


1. 


4, 


10. 


11. 


a i 1 
Find a polynomial of degree ‘5’ which satisfies the relation f (x) +f (4) 
1 ee 
=f(x)f (2) which is always decreasing function. 
Find a polynomial which satisfies f(x) +f (2) =f(x) (2) vxeR{0} 
x cs 
and the condition /(3) = — 26, then determine /’(1). 
3K 
Find: J= He {2.cos.x} dx ; where {} is fractional part function. 
The range of the function f(x) = 7~*P_, is [AIEEE 2004] 
(a) {1,2,3} (b) {1,2,3,4,5,6} (©) {1,2,3,4} (@_ {1,2,3,4,5} 
If f: RS, defined by f(x) = sinx— 3 cos x + 1, is onto, then the interval 


of ‘S” is: [AIEEE 2004] 
(a) [0,3] (b) [-1, 1] (c) [0,1] (d) (1,3) 
The range of the function f(x) = = »x#2is [ATEEE 2002] 
(a) R () R-f1} © R-f1} - @ R- 2} 
Berl. 
The range of f(x) = ak are 
2 3 f2 
oh Rea R d) R-4= 
(a) R {5} (b) {3 (c) (d) {2} 
The range of the function f(x) = cos (4sin-] 
| 
(a) [cos 2, 1] (b) feos}. y 
(©) [1,1] (d) None of these 
The range of the function f(x) = cos (5 sin x) 
(@) [eos 5,1] (b) E11) ©) [cost] @ E10 
Which of the following is/are the functions [AIEEE 2002] 
(a) y?=4x (b) x? =8y (c) 22+y2=4 (d) [sot] 


The function f: R — R defined by f(x) = sin x is: 
(a) Into (b) Onto (c) One-one (d) Many-one 


Die lOese+0=5 
(c) 60 (d) 20 


; 2a aR 
f(x) = coszx+sin. 


(b) 12 (c) 36 (d) 6 
function f: R — R defined by f(x) =x? — 3x +2 
Onto (b) Into (c) Many-one (d) One-one 


Given X= {1, 2, 3,4}, find all one-one, onto mappings, f: X > X such that, x j 

Let £={1, 2,3, 4} and F= {1, 2}. The number of onto functions from E 

to Fis [AIEEE 2002} 

a) 14 (b) 16 (c) 12 (d)8 

17. Suppose f(x) = (x + 1)? forx>-1, If g (x) is the function whose graph is the 
; Teflection of the graph of f(x) with respect to the line y = x, then g (x) equals 


[AIEEE 2002} 


1 
»x2-1 

(a) -Vx-1,x20 (b) Gap?” 

(©) Jxtl,n2-1 (d) Jr-1,x20 


Let f: R > R be defined by f(x) = 2x + sin x; x € R, Then fis[ATEEE 2002] | 
(a) one to one and onto 


(c) onto but not one-one 


(b) one to one but not onto | 
(d) neither one-to one nor onto 
The function /: [0, 3] — [1, 29}, defined by f(x) = 2x3 — 15x? + 36x + Lis 


[AIEEE 2012} 
(b) onto but not one-one 


(a) one-one and onto 


(c) one-one but not onto (d) neither one-one nor onto 
2x 


gt -8 c 
Baga FECL lis [JEE M 2020] 
(b) a(t] 


A (tope\tog (1+ Wil. A, 
el? glisi)e,('*2) (d) aleve, (1) 


20. The inverse function of f(x) = 
1 ltx 
(a) j.(j2] 


24. 


25. 


(a) f(x) is odd function (b) f(x) is an one-one function 


sehen 


(c) (2) is onto function (d) f(x) is even function 
Let f(x) = ax? + bx? + cx—5; a, b,c € constant then find f(+7), if f (—7) =7. 
(a) -16 (b) -15 
(c) -17 (d) -20 
Find the period of the function f(x) =2+3 cos (3x —2) 
(a) 2n (b) x © — (d) 5 

[cos a8 
Find the domain of the function /(x) = 

2 
cepa ie 
2 2 


Let f(x) = = defined from (0, ©) > [0, 00) then f(x) is [AIEEE 2003] 


(a) one-one but not onto (b) one-one and onto 
(c) many-one but not onto (d) many-one and onto 


foy= 18 
n is always decreasing is 

0 

=1tx or f(x)=1-x5 

)=5x4>0 or f(x) =—5x*<0 
— increasing function => decreasing function 

(x)= 1-23 is our required answer. 

S(x)= 14x" 


S@G)=1+3" if(3)=1-3" 
—26=1+3" -26=1-3" 
-27=3" =>  3"=27 

* —Notipossible => 
Hence, the required function is 
Y@)=1-8 = f(x)=-32 
Faj=-3 


I= [)"{-2cosx} dx (I) 
Apply king property 

I= [,"(2cosx} de .Q) 
‘Add eqns, (1) and (2) 

== f ({2 cosx} + {-2 cos x}) de 

22= fdr = 1nXt | 
eknowthatx-320 = x>3 | 
“*2x-3 > 2ks10 = x<5 

3,4,5 

=3 > y=4P)=1 

=4 => y=3p =3 

=> y=*P,=2 


ae 
o> kal Codomain = Se [-l, 3]. 


®) Range ye R-{-1} 


>  yeR-{-l} 


5 T-5| Range y < R-{>} 
; we => Range is p_[ 0s 1 
2 ig y 2? 


9, (b) [UsingT-6] -- 5>n = Rangeis ye[-1,1] 
10. 4 ET 


ee sic 


Not a function Function 
ty si th 
Not a function Function 


Il. (a,d){l 


=> Many-one 


Period = LCM (T,, T3) 
= LCM (8, 6) = 24. 
f(x) =x*-3x+2 = Parabola open upwards 
4s) 


x => Many-one function 


neh ag)? => Into function 
X>-M > f(x) 30 


Y|m=4 and n=4 f:X>X 


4! 

np —4 

J P= nn 
n=m 

= _No. of one-one functions = 24 


(PRRETAOT] since, n=m=4 


=> No. of onto functions = n} = 


RETO] » hl 2 


,n<m 


me (n~1y" 4.00 ' (n~2ym_ "c, 
1G.) +2C, xg ) (n= 3)" +. 


- pO ad yore eee 
fi) =2+ cosx => f'(x)>0 > 0 
Ci 
S (x) = 2x+ sin x 
i) 


Ey : 
aig Sg eal => Onto function. 
x>-0 => f(x)>-0 


19. (d) Differentiate f(x) 
S'(&) = x? — 30x + 36 x 
= 6 (x2 —5x+ 6) 2 3 

For, xe[0,2] > f"(x)> ot 2 

For, xe[2,3] => f'(x)<0 

Hence, many-one function. 

2x _ g-2x 

20. (0) 2=fe)= Fei eChD 


Apply componendo and dividendo 
pert ee _ gtx 
y-1 -287* 

Take log, to both sides 


y+l A 1 y+l 
. pate ae Rhea peas 
= 4x tes?” =f O=F os, (?**] {Change base} 


log, 8 
21. (a,b,c) For even/odd function 
=> f(—x) = [log (sec x — tan x) 


sec? x — tan? x ¥ 1 P 
= | log) ————|_ = | log} ————_ 

sec x + tan x sec x + tan x 
=~ [log (sec x + tan x)]? 


S(-x)=-f(~) = Odd function 


For one-one function 
1-see.x(sec x + tanx) 


(ising 8G) | irs (x) = 3[log(sec x + tan x)? * Gottman 


codomain € 2. Hence, onto function, 


a 
. =f(-)=-@T +b +07) -5= (a7! +b73 + ¢7)= 
Now, put x=7 
PO)= 27 +b-T 40-75 =-12- =-17. 
———_—_—__—— 


23. (©) [usneT=3 | Since period of cos x is 2x 


eye 
= Period of f(x) is 


£4) eee 


«otf 
Hence, the common part is the graph will give the doma'" off 


So the domain is e(3.4. 
24 


25. (a) (On TBGTT"0) = “5 
(I+x) 
J (x) is one-one function 
Since, in the co-domain -> [0, 0) ; :0" is included 
But domain x40 => f(x) 40 
Hence, Range # Co-domain => Not onto 


Functions 


sovgeneeuonvoccivaeovoacneciecncoavneoeoeneacacanaocininavaoecnseeaccnctc a 


Sa j Review of Key Notes and Formulae { 


1. Inverse Trigonometric Function: As we know that trigonometric functions 
are not one-one and onto i.e. their natural domain and range, so their inverse 
do not exist but if we restrict their domain and range, then their inverse may 


exist. 


2. Graphs of Inverse Trigonometric Functions 


Function Graph Domain Range 
(4-3) 
ye|-=, = 
(0, n/2)}-~-- 212 
@) |y=sin" x «|x e [-1, 1] 
(ii) | y= cos x x € [-i, 1] x € [0, m] 
if nm 1 
ees eat lei a ae ye (-%, 4] 
(iii) | y = tan"! x geek Ber 


. Properties of ITF (Inverse Trigonometric Function) 


Property-1 

(i) sin (sin! x) =x; 

(ii) cos (cos! x) =x ; 
(iii) tan (tan! x) =x; 

(iv) cot (cot! x) =x ; 

(vy) cosec (cosec"! x) = x ; 
(vi) sec (sec™!x) =x ; 
Property-2 


(i) sin! (sinx) =x; 


(ii) cos (cosx)=x; 


(iil) tan" (tanx) =x; 
; mae cot! (cotx) =x; 


xe[-l, 1] 
xe([-l, 1] 

xeR 

xeR 

x € (-~, -1] U[I, %) 
x € (9, -1] U[1, ) 


~ If*x’is not given according to above domain then make it between the above 
domain by using “+ nx” 


bx: sn'(sn2) =n (se(x-3)] 


Property-3 

(i) sin”! x) =-sin! x Vxe[-l, 1] 

(ii) cos! (-x)=n-cos!x Vxe[-l, 1] 

(iii) tan“! (x) =— tan! x VxeR 

(iv) cot! (—x)=n-cot!x VxeER 

(v) cosec™! (-x) =—cosec"! x V x € (-«, -1] U[1, 0) 
(vi) sec! (—x)=n-sec!x Wx e (-0,-1]U[I, ») 
Property-4 


@ sin'x+cos!x= = ;xe[-l, 1] 


Nia vla 


(i) tan!x+cot!x==;xeR 


(iii) sec“! x + cosec™! x = - 3x € (0, -1] U[I, «) 
Property-5 
1 
(i) sin x= cosee'(+);x € [-1, 1]— {0} 
Gi) costx=see'(4);r€ E41, 11-10) 
cot L 5x>0 
x 


(iii) tan! x= il 
—n+cot!—;x<0 
x 


i) x <0, <0, xy > 1 


3; xw<l 


; x>0,y>0,xy>1 


3; x<0,y<0,xy<-l 


(ii) tan x—tan y= pe) >! 


Property-7 


sin x -y + V1-x |sx y2Oand x? + y <1 | 
n=sin™| x, 1-y? tyJl- sx, y2Oand x? + y old 


cos”! | xy yl- eS Y sx, y>Oand x? + y <1 
n-cos!| yz Vix? \ Pe lheey Oana? +7 >I 


Property-8: Simplified Trigonometric Functions 


Bieeatane x; x<—] 


sin! x+ sin"! y= 
Property-7.1 


cos!x+cos! y= 


—m+2tan |x: x>1 


4 =f 1= x? —2tan!x ; <0 
(iii) cos (ES). : 
14x? 2tan|y » x>0 


Maryan = tn xty+emoye ) 
1—(xy + yz + 2x) )’ 
0,2>Oand (xy + yz + 2x) <1 


: ar wee 
)) tan! x + tan y + tan"! z=, then xy + yz + 2x =292. 


nt Points to Remember 


where, S, denotes the sum of the product of x,, x,, ..., X, taken ‘K’ ata 
time. 


*Note: tan7'(/2 +1)= = 


tan™'(2 - V3) => 
TIPS AND TRICKS: 


“ <Q? (zero) or ‘1’ and you are done”. 
This is a substitution method such that we can substitute the values of x 
and y be ‘0’ or ‘1’ or vice-versa. This works in maximum cases. In case 
of any failure check for the other values of the variables (x, y, etc) like 
1;2;3, ...¢tc. 

% * Note: Always back check in this type. 


Illustration 1 


Ifx>0,y>0 and x > y, then find tan-'() + ta } 
»/ [AIEEE 2005] 
™ 


fs U3 
(a) we (b) aa (c) re (d) 


Illustration 2 


y a 
If cos"! x— cos rics then 4x? — 4xy cos a +? = 


(a) —4sin?a (b) 4sin2?a (c) 4 (d) 2sin2q | 
@ Short-cut solution ; 


sing 


Now, put ‘a’ in the required eqn. 


MA\Put x=y=1 > a=-* 


=> 4x? — 4xy cos (-2) + (we x=y 


=> 4-4xb41=3 


Now, check option 4, B, C, D for « = 


wla 


> 4xsin?a=4xsin?(-*) 3 


Illustration 3 


4 — ay 


Fa 
1+aa, } 


=a CA an (a 
paatanst} 8 n+l | tay (4 
l+a,a % 


ny -| 


@ Short-cut solution : 


(Dang T= Puta, =a,=a,=..q =¢ 


n 


> =ta0(2) 04.404 tan”! (co) 
* beeen ound 

n/2 

=F tay td - cot (2) 
2 x ee)" 


yPut x=y=1 


=> tan (1) - tan! (0) = a Ans. (b) 
Illustration 5 
1 1-x? 
If0 <x < —, then value of on{sio'( 0 Jess is 
2 v2 V2 
(a) 0 (b) 0 (c) 1 (d) A 
G Short-cut solution : 
Since 0<x< 5 put x=0 
0 ul: 
= tan sn 1) -tan =1, Ans. (c) 
Illustration 6 
Ifx? +? + 2? =, then value of 
tan”! (2) + tan”! e + tan! (2) is equals to 
T 3m 
ee b a 
(a) 55 (b) 1 (c) 2 (d) 0 
G Short-cut solution : 


Hence, tat( re) en [Je] + aoe) =%. Ans. (a) 


~Nuthentielshertedt#-Tips & Tricks in Mathematics 
Tlustration 7 


7 ional x 
The value of tn ' 7608 (2) + tan Ni "3 COs i "4 ) 


is equal to 


x y 
(a) (b) = © = (d) 
y x 


ap 
@ Short-cut solution : 


Using T-1 Put x= 1 and y=2 


[x 1 x) {xin 
aan) + x ry ae 
find 3 \peemal 3 
= tan 75° + tan 15° = 2+ V3 +2- 3 =4 

Now, check for. = | and y = 2 in options (a), (b), (c), (d). 


2y 
= — =4, Ans, (d) 


Leap | 
+ - tan | t lia| 


i 
= 


Short trick to solve series produces in inverse trigonometric functions. 
In this we can take value of ‘n’ be 1, 2 or 3, .... ete. to minimize the steps. And 
after that check the option for those value of ‘n’ which has taken, 


Illustration 8 
The value of 


1 x 1 os 1 x 
tan’ | ——> | + tan > | + tan + |+..+n terms 
1+2x° 1+6x° 1+12x° 


(a) tan! (n+ 1) x-tan! x (b) tan”! (n+ 1) x + tan”! x 
(c) tan! (n= 1) tan! x (d) tan! (n= 1) x= tan! x 


@ Short-cut solution : 


Putn= 1 


é x Qx-x 
> tan y —-_—— = tan”! tax 
(l+2xxx 1+2xxx 


As we know that tan”! Rome 
1+ AB 


eta tan 


=> tan! 2x = tan"! x 
Now, check for 1 = 1 in options (a), (b), (c), (d). Ans. (3) 


Inverse Trigonometrie Functions) 


Illustration 9 
The value of 
4 1 
tan! 7) +tan™! , + tan”! ! +...n terms 
x+x4+1 x +3x43 x? 45x47 
(a) tan! (x—n)—-tan! x (b) tan“! (x + n) —tan7! x 
(c) tan! (n—x) tan"! x (d) tan! (x+n+1)-tan! x 
@ Short-cut solution : 
Putn= 
fans! tant (x+1)-1 
1+x(x+1) 1+x(x+1) 
As we know that tan! x — tan”! y = tan”! ae 
: 1+ xy 
=> tan! (x+1)-tan7 1 
Check options (a), (b), (c), (d) for n = 1. Ans. (b) 
es 


TIPS AND TRICKS: 


In this trick first of all we will use substitution method as mentioned in T-1 and 
then stabilizing the components (options). 


Illustration 10 


The value of cos! eben 608 2, f 
5+4 cos x 
(a) 2tan-"(3 tn) (b) 2a" Han) 
Aare: 32 
-1(3 
(c) 2tan-'(3tanx) (d) 2tan '($tanx) 


@D Short-cut solution : 
Using T-3) Put x =90° 5 


=> cos! au = tan (3) : 
5+0 4 


Now, we will check (a), (b), (c), (d) options. 4 


Stabilizing > tan“! 3 = 2tan™{ tan) 
4 ire? 


rakes tan‘tn bath sides) 0) = 4 = 


st 
Bees Ans. (b) 


Illustration 11 


= 3 
If sin! x + sin! y + sin! z= = then, 


9 
(a) x10 + y100 4 2100 _ yr, 10, por =9 
J V4 yO 4 2101 
(b) x +2 + 762 _ —yf20 720 = 


(c) —.. 


@ Short-cut solution : 


Put sin”! x= sin! y= sin"! z= Q 
er aay = z= 7 
Now, check options (a), (b), (c), (d) forx=y=z=1 Ans. (a, b) 


Illustration 12 


1 
Solve cos! x ¥3 +cos! x= a then x= 


@-5 5 © 0 @ 1 


@ Short-cut solution : 


Check options (a), (b), (c), (d). 


13 -1 


Put x = cos” aces Ans. (b) 


Illustration 13 


3n ‘ 
Iftan-! x + tan! y + tan"! z= a then the value of xy + yz + zv is, 


(a) 3 (b) 2 (c) —3 (d) -2 


@ Short-cut solution : 


(URES) ut v= y=2=1 
3 
=> tan!x+tan!y+tantz=— 


Then, xy + yz + zx=3 Ans. (8) 


Illustration 14 


i yl=sinx + y1+sinx ™ 
3—<x<mT is equal to 
Sh ereraae ree —J1+sinx }’ 2 


x Tv rT x 
(a) acy (b) 5) (c) m-x (d) 2n-x 
@ Short-cut solution : 
Using Tl) Put x= = 
=> tan! 0+N2 =—tan}=—* 
0-2 4 
Now, check options (a), (b), (c), (d) 
= (2-2-=4). Ans. (a) 
of Re 


Illustration 15 


-ly ar Tat 2 
[2 eee 2| +y*| isequalto:  [JEE M 2013] 
y cot(sin! y) +tan(sin ~~ y) 


(a) 1 (b) 0 (©) (d) y2 


Gsnoncur solution : 
Using T-1} Put y=1 

=e Onral a Ans. (a) 
SHORTCUTS: (SC-1) 


In order to solve inequilities in inverse trigonometric functions use graphs to 
minimizing the steps. 


Illustration 16 


The values of ‘x’ for which sin“! x > cos x V x € (-1, 1). 


@ Short-cut solution : 


We will draw graphs of both functions 
y=sin- x and y= cos! x 


—— + or. 


vi 


We will choose that part in the graph which is greater 


(sin”' x > cos x) 


Hence, it is clear from the graph => x 


TECHNIQUE 


If the input of inverse trigonometric identity are infinite series and diffe 
then change the inputs in simple form using G.P. and then equate 


; for 0 < jx} <J2 then find the value of x 


G sree soution: 


’ 
’ : ' ’ ly 
x ; ¢ 
2 } 4 ‘ Lex 
I+ 
2 
e ; 
: : le 
4 vv Q+e 
t+ 
) 
sf 2x 
}* cos | and this is true when 
j 2+x*) 2 
) ; 
teeleey’ 
: 
O=e x1) 0 * seO0orxel 


(y cannot be 0 as 0 <i < 2) 


1G 


If cos tan“ sin cot! x = P ; then find ‘P’ 


2 
x +1 2 
(a) SLAG (b) = 1 
x +2 
2 
xobd xe + 
c 
(c) ae (d) 2 os 


~q@ as} 
2ax= oor S| -cor (122) (a> 0,0>0) 


1+a" 
a+b a+b a-b a-b 
ab ea ©) Tab Ona 
If w= cot './cos 20 — tan! Jcos 20 , then 
(a) 1+sinu=tan0 (b) 1 +sin u = tan? 0 
(c) 1—sinu=tan? 0 (d) sin w= tan? 0 


tan (tan! x + tan”! 


y + tan“! z) is equal to: 
(a) 1+cot (cot! x+cot y+ cot! z) 
(b) 1—cot (cot! x + cot! y + cot z) 
(c) cot (cot! x + cot! y+ cot! z) 

(d) tan (1 + tan! x + tan“! y + tanc! z) 


The value of /1 + x? [{xcos (cot 


x) +sin (cot! x)}? —1]'? is equal to 


[AIEEE 2008] 


1+x? 
@ == x (@ xvitP  @ 
1+x 

Let tan”! y = tan”! x + tan ; 2e Fi } where | x |< z . Then the yalue of y is: 
[JEE M 2015] 

3x-x° 3x+x3 ax—2° 3x+x° 

© d 
5090 ©) ae O eis saat 


cos (sin! x) + cos sin (cos! x) 


(b) a (©) * (@) = 


a 3 = 1 ilo 
If tan”! x+ tan”! y + tan Pete +. is equal to 
Z 2x 


xy 


1 
(a) 02 Oa (c) 1 (d) 0 
9. tan| tan“!( 2 +an"{ Z Jee tn" Z 
1+1-2 1+2-3 l+n(n+1) 
3 2 3 2 
(a) 2 (b) 3 (c) — 3 (d) - 3 


10. Ifp, g, r are positive real numbers and 


9- | [PEED a Pf FOU) 
qr pr Pq 


then tan 6 is equal to 


(a) 1 (b) 0 a OO 
1. Iftan-! x+ tan! y + tan"! z= x, thenx + y +2= 

(a) xy +yz+zx (b) xyz (c) = (d) —xyz 
12. Let sin! x + sin y + sin"! z= x then - 


(a) xyz (b) 5392 (c) 2 xyz (d) — 


Numerical Value Problems 


13, If cos"! x + cos y= 2m, and sin x + sin"! y = P, then find value of 4 + [P 
where [x] is greatest integer function. 

14. Find number of solutions of cos"! x = tan x V x € [-1, 1]. 

15. Find number of solutions of sin x=1~x V x € [-1, 1]. f 

16. The values of ‘x’ satisfying the inequality cos! x > sin x V x € [-1, 1] 8 

{-1, PJ, then find the value of [P]; where [ ] is greatest integer function. 


17. The value of ‘x’ satisfying the inequality 2 (tan! x) — 5 tan! x + 3 <0 is 


(tan K,, tan K,) then find the value of K, + 2K,. 
t 


(Two) 


- Solutions 


- 1 
= cos tan! sin cot! 0 = —— = 


v2 
Now check options (a), (b), (c), (d) for x=0 
2. (c) |Using T-3] Put a=b=1 
=> 2tan'x=0 > x=0 
Now check options (a), (b), (c), (d) fora =b=1 


3. (a) [UsingTl)Put e=-0 = u=0 


Now check options (a), (b), (c), (d) for 9 =0 and u=0 


4. (c) [Using T-3|Put x=) 


z=0 => tan0=0 


Now check options (a), (b), (c), (d) forx =y=z=0 


5) (6) (Using T-i] Put x=1 


Now, check options a, b, c, d for x = 1 


3n 
6. (c) [Using Tl] Put x=1 => tan"! y= > y=-l 


Now, check options (a), (b), (c), (d) for x = | 
7. (a) [Using Tl) Pur x=0 


= sin”! cos (0) + cos sin 


8 (c) 7-3) Put, tan”! x = tan"! y = tan! z= 


3 
cl 


(b) [Using T2] Put n=1 


=> tan(tan"(2)]=2. 
3 3 
10. (b) (Using T-2) Put p=q=r=1 


-1 


B+ tan V3 + tan! 3 =, 


=3 


xyz. 


12. (c) [Using T=3)Put sin'x= sin"! y=sin"! z= 2 


=> @= tan 


1. (b) [UsingT3] Put x = y 


> xtytz=3V3 


13. (0) [Using 1-3] Put costx=cos!y=n => x=y=-l 


Now, sin!(-1) +sin'(-1)=P=-n 


=>4+[-n]=4+(-4)=0 


14. (1) [UaingSCA] Drawing graphs of y = cos! x and y= tan we 
‘i 


> y=tan'x 


Number of intersection = | = No, of solution. 


Number of intersection = No. of solution = 1. 


(0) Drawing graphs of y = sin x and y = cos! x 


1 
. cos"!x > sin“'x when x €| —1,—= 


“P 57 [P] -[z]-1070 =0 


3 
va 13) 
=> tan xe( 5 


Now, drawing graph of y = tan"! x 


uts- 


“ioaeney 


a tan= 
tan | 5 


Hence, it is clear from graph that 


xe fan tan = K,=1,K,= 


lw 


Hence, 


‘ouueupcoeeraceesacutoacveegvaceronocao area craeacacaaneaaen A 


a | Review of Key Notes and Formulae { 


If y =f (x) function takes indeterminate form at x = a, then we use concept of 
limits. 


2. 7 indeterminate forms are: {e. al 0 — 00, 0 x 00, 0°, 00°, r*} 
ao 
3. Process to apply concept of limits is: 


Lim f(x) = Behaviour of f(x) in neighbourhood of x = a (x # a) 
xa 


Step 1: Find left hand limit = Lim f(x) = Lim f(a-h) 


xa 


Step 2: Find right hand limit = Lim f(x) =Lim f(a +h) 
xa* ho 


| If LHL = RHL =a finite quantity 


=> Limit exists at x = a. 
(where, ‘h’ is very small positive quantity) 
4. Fundamental Theorem Over Limits 
If Lim f(x) and Lim f(x) exists and is finite then, 
xa xa 


(i) Lim J (x) + g(x) = Lim J (x) + Lim g(x) 
(ii) Lim I(x): g(x) = Lim f(x): Lim g(x) 


(ii) Lim £@ _ relia 


xa g(x) Lim g(x)’ sles a(x) #0 


(iv) Lim(K f(@)) = K Lim f(2) ty 


(v) Lim f (g(x) 


5. Methods of Find 


= i x) |; 
yas ( Lim g( | 
provided f(x) is continuous at x = Lim g(x) 


ing Algebraic Limits 


(i) Factorization 


(ii) Rationalizati 


ion 


(iii) Double-rationalization 
(iv) Use of Binomial theorem (Neglect higher order terms) 


6. Limits of Trigon 


ometric Function 
1 


@ Lim 88 < Lim = Lim —— =Lim 0_* 
x90 Xx x90 sinx x30 sin’ x x30 & 
-l 
= Lim = Lim #2 _ | 
x0 tanx x0 x 
- . l= 
(ii) Lim S08 _ 1 (iv) Lim@2*_x 1 
0 2 As 
iii) Lim S8@2=2 _ =1 (v) Lim Sit _ 
aD. oe 6 x90 x 180 
7. Limits of Logarithmic and Exponential Functions 
7. In(I+x) hia 
peck 2 JO — —— 
(i) Lim 1 (ii) Lim ( : ax = 
x 
a | 
(iii) Lim “=! _ | ‘ anf —-x-1_ 1 
m0 y ' (iv) Lim = ; 
* 
(v) Lim =¢7 = 2x _1 Rte 
rari 3 = (vi) Lim (1+ Ax)! =e" 
* 
i) Lim &—! x 
(i) Lim =I g 
8. L’ Hospital Rule 
Let f(x) and & (x) be two functions RRA 
(i) Lim =Li 
xa 4G) Lim &(x)=0 OR Does not exist 


(ii) f(&) and g (x) must be continuous and differentiable at x = a. 

(iii) f"@) and g’(x) are continuous at x = a, then 
vim£ < Lim £O ~ im LO) iabes f(x) and cog, 
xa g(x) xa g'(x) xa g"(x) |are continuous at x =a 


* We can continue this process until indeterminate form vanishes. 


TPS TIPS AND TRICKS: (T-1) 


In case of algebraic rational expression we can use Binomial theorem to eval- 
uate the limit. 


As we know that: Gisyet snes 2 


* We can neglect higher order terms for x > 0 
=> (1+x)" elim 


Illustration 1 


x0 2x? 
@ Short-cut solution : 


2 2 
i= a =[= " Er 
i =Li aoe 
f ie 2x? 2 
Illustration 2 
i+ 2x - /1-2 
Find the value of Lim 2 *“*—V'= 2* 
x0 sin x 


@ Short-cut solution : 


Illustration 3 
Let a (a) and (a) be the roots of the equation 


(fi¥a-1)x2+(Jira-1)x+(ira ~1)=0 


where a>—1, then Lim a.(a) and Lim B(a) are 
a>0* aor 


@® > and 3 [AIEEE 2 


(c) —and 2 


Gsnoreest solution: 
a 
Osin (vet-t}re(reg-a}ea(ieg-t}e9 


= 2ar+3xata=0 > 2x2 + 3x+1=0 


= xe-ba Ans, | 


TIPS AND TRICKS: (T-2) 


“Law of Love-We love infinity in denominator and 0 (zero) in numerator”. 


if Lim om is of the form % and both f(x) and g (x) are polynomial of x 
290 gi x oo 
Then, we divide numerator and denominator by the highest power of x and put 


ie a 
‘0’ for —, >, =, ... etc. 
tuts 


Illustration 4 


443,2 
Find the value of Lim atlabal | 
rym x7 45 


@ Short-cut solution : 


: |Using.I-2} Take highest power outside from N’ and D’. 
| x (! + = + 5] 
s j= x x! 


= 15 
4 
4)-——%— 
(3 5) 


Illustration 5 


=00 


3 
Find the value of Lim 2x) -Ix442 
ro 5x" 43x74] 


‘ GD Short-cut solution : 


Illustration 6 


2 2 
Find the value of Lim 2% —1~ 2x -1 


A39 4x+3 


@ Short-cut solution : 


AFE-F o 


[Using T-2| [Using T-2| 


ae 


TIPS AND TRICKS: (T-3) 


Short tricks to evaluate limits of the form: 
= 2_ 72 

Lim £08 & coats LE a 

x30 x 2 


l-cosax a? 


x0 I—cos bx b? 


Lim £082 = Cos bx _ ab? 
¥90 cosex—cosdx ¢?—d? 

Fi x x x x _ sinx 
Lim cos = cos — cos —... cos — = —— 
x70 2 4 8 2 x 
Vx _ et 


Lim (cos x + a sin bx) *= 
*90 


Lim [<os =) =! 


mo m 


Illustration 7 
. cos 25x — cos 9x 
Find the value of Lin ——,———. 
x0 


@ Short-cut solution : , 


~ 9-25)" __ a7 
2 


Illustration 8 


3. 
Find the value of Lim Joos 
+40 1—cos 2x 


7 


: Shorteuts-Tips & Tricks in Mathematic, 
Ga Short-cut solution : 
OP 
= — 
a 


Illustration 9 
Find the value of Lim 
x 


0 cos 2x — cos 5x 
GQ srorvest sottion : 
a rh 
ie: (2° (5) = 21 
Ulustration 1000 
Find the value of Lim (cos x43sin 2x)!" 


Short-cut solution : 


=__- =e = 


cos x — cos 3x 
SES os fall 


TIPS AND TRICKS: 


Illustration 11 


The 
rae o Lin —E rage +2] ic 
GDsnor-cut sottion ; 
[RIAN =~ Lim PtP 43 ++ nt 
n> n-1 (eq p=) ( 
— we 2 
4 I 


Illustration 12 
Find the value of uin( oe +4] 


@ Short-cut solution : 
Using T-4| - g-p=1 


fied 
5 


Illustration 13 


n 
Find the value of Lim = = 
xl x] 


@ Short-cut solution : 
r nat? 
[Using T-5| 7= mel = 


__— 


n 
m 


TIPS AND TRICKS: (T-6) 


Short trick to solve limits of the form: 
1 
i = (by ba wc)!" 


x0 


tin[ te te 
n 


Illustration 14 
1 


x x x\y 
Find the value of: Lim [ze } 


x0 


@ Short-cut solution : 


Illustration 15 


Ix Mx Vx \ 
F . (att bes 
Find the value of Lim [steatenee) 


xO n 


a.) 


is-Tips & Tricks in Mathematic, 


@ Short-cut solution : 
Using’=6] /=(a,-a,-a;...a,)" 


= G)-Qy*Ay...d, 


1 


TIPS AND TRICKS: (T-7) 


— 


Sum of the infinite series of the type: 


1 1 
Lim | ——+ we l= 
lil 5, Pot Pads +| Pi - Pi) 


where p,, Py Ps... are in AP, 
Qs Va» Vp are in other AP. 
and common difference of both AP must be same 


I Pi = 92 — Pa = 


Illustration 16 


Find the value of Lim deel L tut l 
n 0/25 5.8 8.11 Gn 1) Gn +2) 


@ Short-cut solution : 


“. Both series [2, 5, 8, ...] and [5, 8, 11, ...] are in A.P. 


2 jp hae ea 
PAM -P) 2(3) 6 


Illustration 17 


Find the value of Lin| d u 4 +..+ . 
n> 397 9.15" 15.21 (6n —3) (6n + 3) 


Gsnor-eut sotution : 
i Ai Temes os. I. 
-P) 399-3) 3.6 


a PAM 


Limits 
TIPS AND TRICKS: (T-8) 


In 0° and 0° indeterminate form, best way is to take log to both sides. 
OR 


lim f(x)8) =e lim g(x)In f(: 


xa x) 


Illustration 18 
Evaluate Lim (x)* 
x0 


@D Short-cut solution : 


Using T-8] Let / = Lim (x)* 


x0 


log, (J) = Lim x log, x = Lim —— log, x 
x0 I/x 


Now, Apply L’ Hospital Rule 
1 


=> a => l=e=1 
x90 
2 


x 
Illustration 19 


Let f: R > R be such that f(1) = 3 and f'(1) = 6. Then in ( Lt) 


x0) 


f() 
equals 

(a) 1 (b) el? (c) & (d) é& 
Short-cut solution : 

[Using 3] Given f: R > R, f(1)=3 and f"(1)=6 


Wx 
Then lim [A422] 
rol f() 


lim dog s(+x)-log f()] 
=ex0x 


! " 
ine den! OY 
=er0 1 [using L’ Hospital rule] 
£0) 
SOV 


y 


Use of Expansion in Limits. 4 
‘We need not to learn any expansion 
Use Taylor’s Series: (In order to expand /'(x)) 


, P 0)-x? m0) 2 
SO 


This is the Master shortcut to remember any expansion series, 


series. 


Illustration 20 
Expansion of sin x = f(x) 


@ Short-cut solution : 
ro Bet) f'"(0)-x* 


[UsingSC] f (x)= /(0)+ 2 3! 


3 5 7 

4 x -x x x 

> si =0+— — — ame 
nx =0+ al 5 }: al i Jr 


Expansion of f(x) = cos“! x 
@ Short-cut solution : 


] (=>, F=-1, f"0)=0,... 
< t if 
3 baneor ayn F [re SE, ) 
Illustration 22 


Expansion of f(n) = (l+xy" 


Dsnor-cur solution : 
LO=1, £0) =n, £10) =n (1-1), 


, > Ora)" =14 me OD ay 


eS ste memes, fo) 
IMustration 23 
Expansion of f(x) = log, (1 +x) 


@ Short-cut solution : 


Using SC-1} /(0)=0, (0) =1, (0) =-1.... 


= log (+ x)= 


Illustration 24 


Let f(x) be a function such that lim f(x) =1 and 


x0 xX 


x(1+acosx)—bsinx 


lim =1, then b — 3a is equal to 


x0 f(iop 


@ Short-cut solution : 


UsingSCal] lim x(1+acosx)—bsinx _ 


§ 3 
=>1+a—b=0 and ~S45e1 a and iat Thus b-3a=6 
SHORTCUTS: (SC-2) 
Limits of the form 1° 2 
Let, Lim (f(«))®” is of the form 1” 
xa 


where, Lim f(x) = 1 and Lim g(x) =% 
xa xa 


a) 2 Ee Dae) 
Then, lim( f(x) =& 


Illustration 25 


Ix 
lim wn( Z+>)] is equal to : 
x0 4 


(a) e (b) 2 (c) 1 Pyke 


@ Short-cut solution : 
[Using SC-2| tin( a 


—0\ 1—tanx 
lim 2 ao( Eo] lim 1am.) 
=> e707 4 1 es 


. ( 2tanx \1 _ ( tanx 2 
lim} —— |- lim} — | —— 
=> er 1-tanx )x =exX x Al-tanx =e? Ans.(i 


2 peed 3x7+2 
lim—> 4 
ene a 


erie 
jim) a 
: = ore fas} = oi = 4 | 


QUE 
Sandwich Theorem (Squeeze Play Theorem) 
Sandwich theorem helps in calculating 


the limits, when limits can not be 
calculated using any formula. 


Sandwich theorem: If F(x), g(x) and 
A(x) are any three functions such that, 


and lim f(x) = lim (h(x) =1 (say) 
xa xa 


Then lim g(x) =/ 
xa 


Illustration 27 


@ Short-cut solution : 
We can have f(x) = tees and h(x) = ies as x—1<[x]< x. 


x- 
3 oo ORC Soe s a sie r F F 
lim f(x) = lim ——= lim —-=0 (using L Hospital's rule) 
x00 x0 2X x20 | 
2 Rey ese te o/s 5 ; ah 
lim h(x) = lim ——= lim ——=0 (using L' Hospital's rule) 
x—>00 x20 X-1 x40 1 
. tim 28% <9 
x0 [x] 
Illustration 28 


Find the value of Lim a + ~ + = tot a =/ 
POON AE EI ieee a +3 n+n 


S(n) 


=> Lim =1=1Lim eo 


=1 
ie no ny? 4] 
n 


Hence / =] 


Illustration 29 


Find Lim 4 {qr X]+ (27X41 x] 4... 4 [22 x} 
aa 


where [x] is greatest integer function, 


@ Short-cut solution : 


Assume greatest j sleeet function as a 
2 
= Tide x+2? X+3 xt ..4 ny 


x0 n 


simple function, since [x] <x 


=< Lim +2 4374, wt) x 
me ye 


1 
Now, 3* ( g-p=1 


x 
Se 
3 


(a) 3 (b) 4 (c) 1 (d) 2 


, visit y* —V2 
Ite 
x90 y 


is equal to [JEE M 2019] 
@ = : 
ae pune 
a2 Con 
1 
gg Ne ee F 
(c) aGa+) (d) Does not exist 


; Lis finite, a > 0 then ‘a’ is equal to 


[AIEEE 2009] 
1 1 
(a) 2 (b) 1 (c) 6 (d) 32 
Lim febiese’ +2247. is equal to 
ron x 44x4—1 1x? 
(a) : (b) 1 (c) 0 (d) Does not exist 


cos ((2m + 1)x) — cos (2 — 1)x) 
im 


3 is equal to 


x0 x 
(a) 2[(n—m) (m+n+1)] 
(b) (2 +m) (n—m-—1) 
(c) 2[(n +m) (n—m—1)] 
(d) (a—m) (m+n+1) 


2 2 
vin| oe oe tty us z | is equal to 


1 1 1 1 
(a) Fo (b) sae (c) 3 (d) =a 


100 _ 5100 
7, Lim [SS] is equal to 
pad 


(a) 99x2 (6) 100% 2 = (c) 101 x 2 (d) 100 x 2100 


Vx 
8 Lim ee) is equal to 
x0 n - 
(a) (nln (b) (nly! (c) (n= 1)!" (d) (n= 1) 
Nee : 
mig. Lt 
* tim ( ev ay ay — 
1 1 I g 
@ 5 ) ©) 5 Os 
2 n 
ee! sf 
a pes Va eI Leora 
(a) 0 (b) 1 (c) 2 (d) 3 


ed 
i. Lim =} where [x] is greatest integer function is equal to 
x 


nO 
“ (a) 0 (b) 1 (c) -1 (d) Does not exist 
NUMERICAL VALUE PROBLEMS 


ry adax 
12. Lim at 43" *=12 


Soy ecperres is equal to [JEE M 2020] 


13. Let the variablex, be determined by the following law of formula 
ad aga 
where, a> 0, Lim x, sft 


10 


, then find the value of p + g. 


1 xa 
14, Evaluate: uin( 4] 
xoll x] 
A 


Acos x + Bx sin x— p=, 
15, If Lim y(“osetaranas) exists and finite, then find the value of 


+90 x" 


im cos Liece tLe a eh 
ea C087 008 4 C08 0087 i8 equal to y. Then find the value of oI 


where [x] G.LF. 


= 7 


- Solutions 


1. 


2. 


= “ 14x2)!2_ 
(a) | Using T-1 Lim — 12 - =Lim 2, =3 


xt x90 3x 
2 ke 3+—-3 
a(t = 3 + 9 


@) 


Lim =x = 
x0 y* 30) y! 4/2 
(a) [Using T= 
2 4 2 
ofits sas 2-5 Oe ies 
R 3 
Lim fo SE =Lim 24_84__4 
x90 x 90 x* 
ai ais i} a 
Since Lis finite = Lim 24 4 8a° = g=2 


1 x90 x 
=>L=— 
64 


(c) | Using T-2 | Take highest power outside 


s a avin 
(©) Usngrs@] =" a =2(n+m)(n—m-1) 
~(q- p=) 
2 2 
=> lim = ae +t Jelenl 
non =) n—l n=l n-1 q 3 


8. E 
9. (a) [sing TZ] > (gy - p, =1= a2 - Pr) 
& i a 
Pm -P) 2-3-2) 2 
10. (b) 3-2 | Sandwitch theorem 
ie Es 2 ae 
Mane mel neko tan n+l 
S(n) 


ie 
Lim—— < Lim f(n) < Lim 


nOn+N non? +] 
uy Y 
1 1 
Hence, L=1 


Il. (d) In this we solve using graph. 
We draw graphs of y = e*— | =and y=x 


BG) = (kha hy ...ky)!" =(1-2-3... 0)!" = (ny! 


For RHL, x>0,e*-1 > x = lim Fae 


x0] x 
ex e*-1 
Z1 LHL + RHL 
= Limit does not exist. 
For LHL, x<0,e"=1 > x = lim [= )+s 
x0] x 
e*-1 
> <l 
Xi 
Py il -12 
12. (36) Put 3°? =1 > Lim—_+ 
a diame 
t 2 


4 Sxintn 2 
ce Tat +27-12r 


Sree \ : 
Lim es = Lim 4 24t[L' Hospital rule] 


= 4(27)- 24(3) = 36. 


13. (5) Let x, = a+ Jat Jat... => x, = Jat+x, 
1+ J1+4 
=> x3-x,-a=0 => x, =v ™ 


Laney 
Negative sign will be rejected. 


1+ /4 +1 
Soi Ne 


x00 2 


=> p=l,q=4 


Hence, p+ q=5 


14. (1) [DUSIREFERT] Since it is 6° form 


= Take log to both sides 


= In) = Lim @-1) »( 4) 


x- 


lathematics 


1 
-0(- ao 
=Lim i 
xl ] x1 


1 
ce) 
=> In(/)=Lim 


(x=1) (x1)? 


=> In()=0 > I=0=1 


15. 


A f - a + 4 + Bx (: = ab 5 — higher | 
ee) 


i order terms, | 
=> Lim 
x” x 
4-8-0 and Aygo AL, 
B 


COUT U nnn tnt 


ee 


< j Review of Key Notes and Formulae f 


Continuity of a Function at a Point : 


A function f(x) is said to be continuous at x 


lim f(x)= lim f(x) f(a) 


Otherwise, it is said to be discontinuous, 


2. Continuity of a Function is an Interval : 


(1) A function f(x) is said to be continuous in an open interval (@, b) 


point of the interval 
A function /'(x) is said to be continuous in a closed interval [a, b}, if F(x) 
's continuous in (a, 5). In addition, f(x) is continuous at x 
and f(x) is continuous at x = b from left 


* Note : To determine function’s continuity in 
is to draw graph. 


EF (x) 
1S continuous at every 


(11) 
a from right 


an interval, the best way 
If graph of a function has no break 


K or gap, 
otherwise it will be 


then it is continuous, 
discontinuous function 


Reason’s of Discontinui 


: 
(i) lim f(x) does not exist, 


ra 


(1) lim f(x) exists # f(a) 


(iii) (a) is not defined 


Finste type lettre 


Both LHLand = At keast one of 
RHI are fimte LHL OR RHL 
b « RHL do not defi 


detines! 

si 
fg fs)" 6 r 
5. Jump of Discontinuity 


Jump Hl I 


Theorems Continuity 


fix 
Aes) gi) fix) +g ( f n) Se 


a 


_- + + 

D / 

—- + + 

D ) 
Where C ~> Cont 


7. Continuity of Composite function 
If f(a) ts contunuous al 
is CoplamwoUs al 1 = a 


TIPS AND TRICKS: (T-1 


jez {a,b} and f(a), /(5) are opposite in sign, thee 
of ion f(x) = O in x @ (a, b) 


Mustration | 
Bow that x =a sin. x + b, where 0 <a < |, b > 0 has al least one posibve 
which dovsn't exceed b + « 


ont 


function. 


+6)=a—asin(a+b)=a(1—sin(a+b))>0 
4 Hence, one positive root in [0, a + 6] 
Illustration 2 

Show that f(x) =x} + 2x — 1 has root in the interval x € (0, 1] 


A) Short-cut solution : 


f(x) is continous in x € [0, 1] 


f(0)=-1<0| 


Since, = There exists at least one c in (0,1) such that f(c)=0. 
f()=2>0 | 


es 


J: R > R, if f (x) is even degree polynomial whose leading coefficient and 
absolute constant term are of opposite in sign, then f(x) = 0 has at least 2 real 
roots. 


Illustration 3 


Iff: R > R, f (x) = 2x° ~ 3x5 + 4x x hen prove that f(x) 
have at least two real roots 


0 must 


Absolute term <0 (—7) 


Hence, f(x) = 0 must have at least 2 real roots 


is continuous function and takes rational values for all x then /(x) will 
‘Illustration 4 
Let f(x) be a continuous functions for.x < [1, 3]. If/(a) takes rational values 
for all x and f(2) = 10, then value of f(1.5) is 


5 (b) 10 


8 (d) 9 ; ) 


rt-cut solution : 


a  f (x)is continuous and takes rational values. 


[f(@)=10]—> f(1.5)=10 Ans. (b) 


TIPS AND TRICKS: (T-4 


is monotonically increasing and continuous on an interval x € (a, b) 
s and continuous and monotonically increasing 


Illustration 5 


Check whether inverse of f(x) = sinx + 1 Vx e (—™ 2 x2) is continuous or 
not. 


Short-cut solution : 


r eee n apy 
+. f (x)is continuous in ve ( 1 


=> f'(x) is also continuous 


TECHNIQUE 


Intermediate value theorem (IVT) 
Let /(x) be continuous in closed interval (a, b] then /(x) will attain the least 


Walue (Say 7) and the greatest value (say M) for x < [a, b] then there exists at 


7 Aym+A,M . 
Teast one ¢ € [a, 5] such that f(c)=— ts 1,20, A,20,A, +4, 40 
a4 


Illustration 6 


F x I 
Does function / (x)= 7 sin(mx)+3, take on value 2— within the 
interval 2, 2] 
Short-cut solution : 
Since, f(x) is continuous in [— 2, 2] and f(— 2) = 1, f(2)=5 


Hence, by IVT, it takes the value ai 
3 


—6x+1=Oonxe (1, a o 
(b) at least one real solutio ¢ 
infinite solution (d) None of these 
2, The equation 2 cos x + 6x —3 has 
(a) no solution 


(b) at least one real solution in x € (0, 73] 

(c) infinite solution 

(d) None of these 
a 


3. The equation —“!_ 
x— 


=0 where a), a,a,>QOandA, < A, <A, 


has 


(a) no solution (b) one real solution 


(c) two real roots (d) infinite roots 


p x; xEQO 
4, If f(x)= , then f(x) is continous at - 
| x; x€éO 
[AIEEE 2002) 
(a) Only at zero (b) Only at 0, 1 
(c) All real numbers (d) All rational numbers 
: x 
Bent (x)= >! , then on the interval [0, 1], then 
(a) f' (x) is continuous (b) f' (0) =0 
(c) f! (x) is discontinuous (d) None of these 


NUMERICAL VALUE PROBLEMS 


6. H7)-| etext; x€Q 


; is continuous at x = 1, 2, 3, then find a+b + c 
ax’ +2x+b; x¢O 


[AIEEE 2010] 
Let: R  R be a continuous function defined by 


P(x)= 


1 
e* +20" 


'C'is equal to — 


1 


ial 


there 0 </(x)< ,VxeER 


Let f (x) = 2x — 6x + 1 ~ f(x) is continuous 
~3<Oandf(2)=5>0 

‘one root in x € (0, 2) q 

] Let f(x) =2 cos x + 6x—3 -- f(x) is continuous function — 


=-1<0and #{¥)=2(0-)>0 


=> J at least one root inxe( 0,2) 


ay ay ay 
a 
x-h; x-A, x-A, 


Let f (x)= 


a ay a 


Now, f'(x)=- = <0 


fein: (xy) (x—A,)° 
= Decreasing function 


Hence, two real roots 
4. (a) (Using T-3] One point is common i.e. 0 
Hence, /(x) is continous at x= 0 
5. (a) [Using T4) «: /(x) is continuous is x © (0, x] 
=f * (x) will also be continuous 
6. (4) Since, f(x) is continuous 
al 
> (a=1)x? +(2-c)x+(b-=1)= 02 (on subtracting) 
\ 
23 
1,2, 3, must be roots of above equation 
Bhs od => Equation becomes identity (Because more than one root) 
~ =a=1,b=1,c=2;Hence,at+b+c=4 
2 
a + 


As we know that AM > GM => < >(2)!? ae 


Differentiability 


suse csesternussrisiaeiensesssret spo sztesseetnsoe mR me 


— V/ review of Key Notes and Formulae/4 


c ha 


1. If function y = / (x) is differentiable if the cur 


sharp edge 


2. Differentiability at a Point: 


A function f(x) is said to be differentiable at a point ‘a’ in its domasr 


(x ( 
FO) =I) _ ji LO- LY finite = f(a) 


lim 
roa x a ca a 
Left hand derivative Right hand 
(LHD) (RHD) 
# Note: If f(x) is differentiable = Unique tangent of finite slope exists 


3. Relation between Continuity and Differentiability —> atx ~ a 


Continuous 


Differentiable 

Continuous x Differentiable 
Discontinuous > Non-differentiable 
Non-differentiable , 4 Discontinuous 


4.  Differentiability of a Function in an Interval 
(i) A function f(x) is said to be differentiable in an interval (a, b), if f(x) is 
differentiable at every point in (a, b) 
(ii) Above point and in addition / (x) is differentiable at x = a from right and 
x= b from left. 


Theorems over differentiability > 1 5 > 


. aa pees lp 
) fen 
| Ste : gy f@jtety sta gt) met” 
D 
SD. orl 
Recitiitne Le etvinwalielly Ritsodnn teh : 4 
ND i D ND ND oD [ND or 
3 [xp [sped | NDeD | NDar 
Determination of differentiable f (x) satisfying a given functional rule 
fix+hy~ fbx 
Step 1: Start with the equation => f(x) = lim - 
a0 h 


Step 2: Manipullate thrs term and use functional rule 
Step 3: Express f"(x) in terms of *x" 
Step 4: Now, /"(x) is obtained, integrate and get f(x) 


TIPS AND TRICKS: (T-1) 


Shon trick to check differentiability. Find derivative of given function and put 


the value on which differentiability is to be checked. Then, 
HPs) © faite > f(x) is differentiable at x = a. 


Mustration | 
Check differennability of f(r) = | x -2| at x = 2; 
(G Smon-ct sotution 
> s-2 x22 
x2 s<2 
a -% s22 = RHD=1 
=> fin= 
i~k ; a<2 = LHD=-1 
Hence. fix) ts mot differentiable at « = 2. 
2 


tiffice seatzabalaty Onx<2 
Check of ah) ; 
m ix-Dfe} ; 2ex<3 


where, [x] ts prowtest imeger function 


“ 


i) Short-cut solution : 


L2(x-1) ; 2sx<3 


Osx<2 


2sx<3 


ea 
=> f(x) | x 
Hence, /(x) is not differentiable function 


Illustration 3 


1+sinx Osx 
Check differentiability of f(x) =| atxere 
}2+| x 22 ; 
G short-cut solution : ; 
j nt 
lcosx ; 0Sx<— 
(Ganga) 7x) =| 
la(=-3) = ees 
2) 2 | 
0 LHD | 
Now, | = 
3} 215 sf] 0 => RHD 
“egy 


TIPS AND TRICKS: (T-2) 


IfLHD and RHD both are finite but are unequal then function f(x) is continuous 
axa, 


Mustration 4 
Check the continuity and differentiability of [ATREE 2011] | 
a. ae a2 | 
: ig 2 


S(x)=4-cosx ; -F<xs0 


tak 2 0<xs4 
Inx  ; xl 


oer Pee ae . a 
r.. —— ee | 


(a) (0) is continuous at x = 


(b) f(x) is non-differentiable at r=0 
(c) (x) is differentiable at x = | 


(d) (x) is differentiable at x = 


Short-cut solution : 


® 


| i 
Using T-1 re =| ani 
; 1 - 
1 
x 
Now, / (=) =—1= continuous function 


Using 2 AOS eer => Non-differentiable but 

ising T-2| RHD —1{ = Non-differentiable but continuous 
; 5 .{-3 ee . 

‘Using T-1) /'(1)=1 and r(=) = Differentiable Ans. (a, b, ¢, d) 


SHORTCUTS: (SC-1) 


Checking Differentiability using graphs. 
If y =/() curve has: 


* No break and no sharp edge => Differentiable function 
* Break or sharp edge => Non-differentiable function 


Illustration 5 
iff: R > R, f(x) = max. {x, x5} then set of points where (x) is 00! 
differentiable. 
(a) {-1, 1} 
(b) {- 1,0} 
(c) {0,1} 
(d) {-1,0,1} [AIEEE 2001] 


As shown in the figure th: 
Illustration 6 

Discuss the differenti 
G Short-cut solution : 


Drawing graph 


x 


= Figure shows, non-differentiable at x = 1, 2. 


Ans. (d) 


3. 


{(x)= 
4-x 


{a) Differentiable 
{c) Discontingous 


(>) Non-differentiable 


(d) None of these 


fjx-3 ce 


The function defined by f(x)=/ } : 3. 8 


{a) Continuous at x= 1 


{c) Continuous at x = 3 


= =e feet x 
2 4 


(b) Differentiable at x 
(d) All of these 


If f(x) = min {1,27, x7}, then, 


{a) f(x) ts continuous V xe R 


fb) f(x)>0V x>1 


{c) Non-differentiable but continuous VW xe R 


(4) f(x) is differentiable for two values of x" 
Consider the function (x) =|x ~2)+|x-5| V xe R, then 


fa) #4) = (0) 
fe) #(2)=f(5) 
+b 


[AIEEE 2006) 


1 


{AIEEE 2012) 


(b) #(x) is continuous in (2. 5) 


(d) f(x) is differentiable in (2,5) 


xs-l 


fax 
If fix) = LiPicons soe aa differentiable at x = — 1, then find 


a and b. 
(3) a=l,be=1 


<3 
{c) a= ao! 


(d) a@=-1,b=1 


| Solutions 


Differentiability 


UaniT 3log.3 ; -I<x<l 


1. (>) fUsingT-Y] f(xy={> Fe" 
t 1 


3log.3 = LHD 
= => RHD 


=> f(D=s5 


Hence, function is non-differentiable. 


— xa 
2, @ (UsingT-H fis=i 3 ; 
Song tt pee 13 
4) isha 
=a x21 
Now, f'(x)=}x 3 
perro che VASE 
> 2 


=> fO=s_ 


Now for x = 3 


f'(3)=— 1 (LHD and RHD both) => Continuous at x = 3 


3. (a,c) Drawing graph 


As shown in the figure required function is continuous in.x € R but not 


differentiable at x = 1. 


j-1 => RHD| => Function is differentiable at x =1 
1 => LHD] = Continuous at x=1 


4. (a,b, c,d) 


rawing graph. 


y 


Hence, as shown in the figure: 
S'(4) = 0, f(x) is continuous in x € (2, 5] 
S (2) =f (5), f (x) is differentiable in x € (2, 5) 


5. (©) -: {(x) is differentiable and continuous 


a xs 
=> f= 


3ax74+1 ; x>-1 
=> LHD=RHD => a=3a+1 => a-> 


» Continuous 


=> a(-l)+b=a(-1P-1426 “=> b=1 ie and 


i a oo a. a | 


Methods of | 
Differentiation 


isang easton cacti ceseivciaiaeostitiertanetioinegtins 


sustenance tenuate asedt sce tere 


ge | Review of Key Notes and Formulae { 


1, Differentiation 


The rate of change of quantity y with respect to another quantity x is called 
the derivative or differential coefficient of *y’ with respect to ‘x’. The process 
of finding derivative of a function is called differentiation 


2, ives of Standard Functions 
d - d 
I (x) (f)) f(x) (fe) 
(eee Sees E Cee 
x mx" 'ineR See x sec x tanx,x¥# (2n + 1) > 
cosec x cosec x COLX 5x ¥ nT 
taal logt4;a eR : 
- cot x COSeC” xX, X ¥ nt 
: | 
a’ a’ log.a;a>0,a#1 sin! x poe -1S <I 
; Vi-x 
1 1 
log x x>0 cos’! x , l<x<1 
fe ‘ yl=x 
! ' ! 
log x ;x>0 tan’! x 7:xeER 
a ine 
vlog. a +x 
sin x COS x sec! x x[>1 
1 
COB x sin.x cosec ! x +|* 
jxlyx°-1 
fan x sec? x; 
nm cot! x 1 
x¢(Qn4))~,nel cet y;xeR 
2 | l+x 


86 


(R-1) 


(R-4) 
(R-5) 


(R-6) 


(R-7) 


(R-8) 


_ ‘Authentic Shortcuts-Tips & Tricks in Mathematica 
3. Rules for Differentiation 


GiK f(x))= K+ we (/(x)); where K is constant 
dx dx 
1 1 
© 6 ¥(3)% g(x} = ef OO) # (#09) 
dx: z dx 


Product Rule : ag a 7 (20) + 2(0)4 *(a) 
ax 


(i ‘0)) I(x) ret) 
; TAC) ba 
Quotient Rule : <| 
Chain Rule : 


If y is a function of u, u is a function of v and v is a function of, 
Then this impties 


xl g(x) (g(x) 


Parametric differentiation 
If x=P(t), y= Q(t), where ‘? is parameter then, 
d 
g) 
geo 
d (P) P(t) 
dt 


Differentiation of one function w.r.t. other function 
d 
a(feo)_ de F) _ prey 
vx) Gyan pray 
d(g(x)) 4 (g(x) #@) 
dx 
Logarithmic differentiation : 
It is applicable if 
Allare functions of *x' 


@Oy= Sha he 


f, — (product, divide or power form) 


(ii) y= (FO) 8 
* Take log to both sides and then differentiate, 
Successive differentiation ; 


Differential coefficient of a > fi (2) ay 


ne dx\de) dx? 
; y » 4 ) 
Differential coefficient of ay => d af. im )- d’y 
dx ax\ ax) ade 


Similarly we can proceed for higher orders of differential coefficien® 


| - 


ee Methods of Differentiation 

(R-10) Differentiz 

If required, we can reduce the given function in a simple form using 
trigonometrical substitutions. 


tion using substitutions : 


Function Substitution Function Substitution 
— B 


= 


@) Ja2=x? |*=7Sin@/acos® | y) Ya? rales cos 20/a tan 


: 

| 

: 

(ii) Jy? 4a? [X= tan O8/acot® | (yi) : x=atan’ 0 
‘a a+x 


mas ; ; | 
(iii) Y¥ —@ |x=asec@/acosecO} (yiz) | |x=asin’ 0 | 
a=—%. 


x=a cos 20 


. TIPS AND TRICKS: (T-1 


Short trick to solve differentiation of the form: 
ab 


se ca cd 


dele f(x)+d Mery eay 


SX) 


‘Ilustration 1 
Ay 3logx +8 fin dy 
—Tlog.x +9 d 


@ Short-cut solution : 
| 
(bang dy_ CER i 


dx (—Tlog,x +9)" 


Authentle Shortcute-Tips & Tricks in Mathematigg” 
Illustration 2 


) 4» Aeos x 


d 
Wy . then find “ 
cos xe 5 dy 


“ )) Short-cut solution : 
a Yoosx +2 
{Using Tel} v 


COS X 


Short trick on Derivative of Implicit Function 
if f(x,y) © 0 is a implicit function then, 


f a diff, it wr, to.x and keeping *y’ constant 


\ at , 
1, diff. itw.r. to y andkeeping ‘x’ constant 


Mlustration 3 


dy 
Find if.al + y+ Quy + siny - 100 © 0 


dx 
- 
(2) Short-cut solution : 
a= 
ate 3x24 042y+0) (3x7 +2y 
{Using T-2} dy | : : |] 
a dy (4 3y2+2x+cosy 3y*+2x+cosy 


Dlustration 4 


ay 
Find if, cos (ay) — ay’ + Spe 0 
ax 


ppp 
V4) Short-cut solution : 


dy _ ~(-siny)-y+y +0 


(wag) “ 


yainay+y? 


sin(xy)-x = 3ay" +5 


xsin xy xy? 5 


TIPS AND TRICKS: (T-3)! 


Short trick to find differentiation of the form 
atx) 
{ta 


{poy e{Groay i 
dk 


Illustration 5 


p Short-cut solution 
Using T-3 


Mlustration 6 


ap 
+ ~) Short-cut solution : 


—— 1 | d 
Us 3) (sce x)’ (sec x tan x) + log, (see x) « 
bas Sunt pay oF 
Illustration 7 
dy 
(sin” xy""" find 
dx 
2) Short-cut solution : 
ig 
d cox | COBX ! 
(sin “ x) X—pmer + log (sin x) -(—sin x)? 
J sn xy jy 
y 


TIPS AND TRICKS: (T-4 
Differentiation of the form: 


| [i Via l7a)> 70. 2 thea, 2 «Le 


dx 2y-t 


a 


Authentic Sh 
Illustration 8 


—-= 


If y= sin? x + \' 


PGDsroreur solution : 
5 dy _2sinxcosx  sin2x 
Wsioe ies] S . <Sinxcosx = 
5 dx 2y 


1 2y-1 


ortcuts-Tips & Tricks in Mathematicg: Sy 


* , then find 4 
dx 


Illustration 9 


ae 5 dy 
aX + Vlog? x +... ; then find : 
ax 


, ao 
If y= ylog: x+y 


@D Short-cut solution : 


1 
2 7 
(ible 


dx 


2 
(log,.x) 
x a 


Using T-4 


—1 


Infinite series differentiation 


IO ee Oe yf'(x) 
y=(S(~) ss et FOI vlog, Fay} 


Illustration 10 


If y= x then find ws 


dx 
@ Short-cut solution : 
Using T-5 (Se Els 


dx x{l~ ylog,x} 
Illustration 11 


If y=(sin x)" then find dy 
I 


Vp) Short-cut solution : 


dy_ yx cosx 
dx sinx {1— ylog, sin. x} 


Methods of Differentiation 
TIPS AND TRICKS: (T-6 


. dy 
If y= x+ » then find 
ee dx 


Y Short-cut solution : 


womemmeen (AY x 
OME 2. 2,-<° 


ad 2y-x 


TIPS AND 


Short trick on n"® order derivative: 
To find r* derivative of f(x) = (ax + by" 


Then, if (i) n> r, Po) =a’ -P(ax+by"" (ii) lfn<r,f" (x) =0 


Mlustration 13 


If f(x)» 2x! — x7, then find £'9 (x) 


G Short-cut solution : 


(aig TA) 7° (x) 210 (9p, ) x9 W_9 


> fo 250 BP. x? 
Mlustration 14 

We f(x) =x", then value of {AIEEE 2003} 

fy £0, £70) f"0) LO L®) 5, 

i! 2 BE icc nt 

QG won-eu soniton ; 

1-2, An) _ nf | 

1 2! 


NC IC, 4 Ay IC, + 1 AAPG, 


- 0 


Authentic Shortcuts-Tips & Tricks in Mathematieg 
TIPS AND TRICKS: (T-8 


Use substitution method to reduce the calculations 


Assume f(x) a function in simplest form or put constant = 0, 1, 2 
simplification 


Illustration 15 


Let /(x) be a polynomial function of second degree. If/(1) = f(-1) andy. 

care inA.P. then /"(a), f(b) and f’(e) are in 

(a) AP (b) GP (c) AGP (d) HP 

; 

(GA . ans 

Va) sats sun on 
[Using T°3] Let /(x) x > f(x) =2x 

Now, f(a) = 2a, f(b)=2b and fc) =2e | 

Hence, are in AP. 


Illustration 16 


, 2 ; : Py. 

If y= sin? 0+ cos? (0 +8) + 2 sin 0 sin 6 cos (0 +8), then “ ig | 
dx 

5 ~ 

sin” (0+6) 


(a) (b) cos(04+35) (c) 0 (d) none of these 
cos0 


@ Short-cut solution : 


(UsingT8] Let 6=0 => y=sin?0+cos 0-1 =» Bag 
Esrach¥ dx 
; 
> +30 
dx 
Here check the options (a), (b), (c), (d) for & = 0, Ans. (¢) 


SHORTCUTS: (SC-1) 


Let f (x) be a polynomial and x = a be ‘r’ times repeated root of 
S(x) = 0 then, 

ICA) f(A) £4 O)™ orrcss af Uia) ip 
*® Note: Reverse is also true, 


Methods of Differentiation 


P Illustration 17 
If f(x) has two times repeated roots then find the function. 


@ Short-cut solution : 


Using SC-1) If (x) has two times repeated roots 


=> f (x) = (x— a)? g (x); where ‘a’ is any root of f(x). 


SHORTCUTS: (SC-2) 


Derivative of inverse of a function 
Let g (x) be the inverse of f(x) 


> S(g(@))=x or g(f(x))=x 
y y 
f'(g()):g(=1 — g'(fQ))-f'@)=1 


Illustration 18 
If f(~)= ef +P +x and g (x) =f"! (x), then find g’ (e*) 


@ Short-cut solution : 
Using SC-2|] Letg(f(x))=x => g'(f())-f')=1 
Pita is ey Pl) =1 


=>e(e)= me Ce fQ) =e) 


Illustration 19 


If the function f (x) = x3 + e”? and g (x) =f! (x) then the value of g'(1) is 


@ Short-cut solution : 


SsingSC-2] Let g(f(x))=x 


> gf) -f@)=1 
Now, Putx=0 = g'(1)-f(0)=1 


> gi(l)=2 (:r@=4) 


Authentic Shortcuts-Tips & Tricks in Math 
TECHNIQUE 
To find the derivative of the product of finite number of functions, 
F(X) = 8,2) 8,0) 8,()..-8,(2) 

Take log on both sides 

log f(x) = log[g,(x) + g,(2)...g,(0)] 

log f(x) = log g,(x) + log g,(x) + ... + log, (x) 

z r(x)=£ ia) (x), sin(2) 

7s) g(x) g(x) B(x) 


(x) 4 82l ), Sink) 
PO=F (0 [2 got)... sl 


Illustration 20 
If f(x) = (x + I(x + 2)(x + 3)... + 2), then find /'(0). 


@D Short-cut solution : 
Using Tech. 


S(x)=L(2 fae eee] 
S()=S Ok ae =| 
= (1-2-3 va) | Lath a1] 


n 
lol “| 
=n lt—+—+...4— 
AEE) n 


Illustration 21 
If f(x) = (1 +x) 3 +22)!2 (9 +3)", then find /"(x). 


@D Short-cut solution : 


[Caine 
1 1x 2x 3x? 
I'@)= [Ol * ae 
ge 23 +x7)!? (343°)? aug 


ESTE — —— 
Illustration 22 


if f@) 


; then find /’(0) | 
@ Short-cut solution : 
[Using Tech.) 


f(0)= - 


F 1(-2x 2 2 
> Pio= fo { 2,  ,. = ——> th ipa 
{2@Q-x) 2 (2x+3) 3 (x° +2) 


fox] 


3]°2 


o 


Authentic Shortcuts-Tips & Tricks in Ma 


Concept Booster Exercis 


fo] > then /’(0) is equal to 
3sin(x” +1)—5 


(a) 1 (b) 0 (c) —1 (d) 2 


nN 


dy 
y + sin* x, then atx = 0, — is equal to 
ax 


(a) 0 (b) 1 (c) 2 (d) -1 


3. If f(x)= x", then /"(1) is equal to 


(a) 0 (b) -1 (c) 1 (d) 2 
4. If y > then dy is equal to 
dx Jr 
(a) 0 (b) —1 (c) 1 (d) 2 
: aah os dx 
5. If x=(e’)? . then find —- 
dy 
«) = Ce 
1+ xy 
> i : : 
6 If y= x° +———_ ——., then find ae 
a 1 dy 
2 1 
r+ 
NA Niet 
~ 
(d) = 7 
Re = 5 2y-x 
7. If f(x) = 3x!' + Sx®; the find /'° (x) (10" order derivative) 
(a) 3° P(x) (b) 3" 'P., Bx) 
(c) 31° Mp (3x) (d) 3° Mp, (3x)? 


8. If y=cos! (2x*~ 1), then find dy 


dx 


2 -2 
@——- _ (b) -  (c)- () : 
1-x° vis x 14x? i 


9. If y=(2 +1) e* cos x, then find #| 
ere) 


(a) 2 (b) ~2 (c) 3 


lie (hy Sat 


iO) be a polynomial wliet tw 


PO) beequal te 


iw) 
Hie afanetion of «and top co 


(at (hyd 
Tn 


Wweoe Sow find 


(a) SOS tb) S080 


law ‘ Host 
7 


(a) (by ovo 


£ fain” x cos (n)] is equal to 
ay 


(a) nsin® bx oon (nt Le 


fe) vain? bacon (me Te 


/ / 


Woy yor" x ' yeon’ a ‘ Jeor? 


7 idly 
Woy (eos ”, then find 
AX Son 


Maine pt trittenentintion 


the (veto aba finch fam pte 


then wt 


‘Aj } 
fou tie re 


’ “4 be 


thy 0 


id) tieafficient informally 


y) > Jay, then the valve af 
(e) iy 0 
fol) 
fol) 
fe) 4000 (dj 405 
d 
then iy equal to 
ds 
(c) yoo (d) 
at 
wot 


(b) asin! 8 Con nx 


(d) noi apin(ad Wye 


NUMERICAL VALUE PROBLEMS 


v4 © then find cs 


w 


AK St 


—— Authentic Shortcuts-Tips & Tricks in Mathematica, 


Solutions 


5 —6)-cos(x? +1)-2x 


1. (b) [Using T-1} re 


{Bsin(x? +1) = 5) 
> f(0o)=0 
2. (b) 5 f(x,y) = xe — y— sin? x 
2 f (e* + xe, y sin.x cos.x 
> F(x) = ao 
J xvé 1 
> f(O)=1 
“ 1 . | 
3. (ce) x + Inx—(x" )| 
x dn J 
- a 443 3 
> f (x)= x + (Inx).x* (403 Inx + 2x3) | >f(l)=1 
Lx J 
fink dy 1 
4.(b) (Using T-4 - GC fiG)=2) 
ax 2=1 
Now, put x= Oin the originaleqn => y=0 
a dy} 1 
lence, Aes 
$. (a) 75) This is similar to T-S but in this dependent variable is ‘x’ and 
independent variable is *y’ 
= na ate =f) y» Here f(y) =e? 
dy f(x){l- vlog, (/())} 
dx ve’ 
So CSCS Ae ae 
dy {l x log, e} 1 xy E 
6. (b) 
+(e) 10 


=f! (x) = 3! IP, (3x)! + 


asi ’ Methods of Differentiation 
8.(d) [OsHg TB] Pur x=cos0 => y= cos! cos 20 


>y=20 => y=2cos!x 


dy 2 
Hence, 
de Vi x2 


9.(a) [USF TH] Let y = f(x) 
=> f(x) = (x? + 1) e** - cos x | — + — 


=> f'(0) = 2 
10. (4) [W8ingSC2] fog (x) = x 


1 
> g(x) Taig 
gm” f'(@@) l 


1+ {g(x}? 


> g(x) = 1 + {g (x)}> 


1.0) (Uae) 


If four times repeated roots then, 
f(a) = f(a) =/"(a) = f"(a) = 0 


12, (a) Using T-2| Here, f(x,y) = log (x+y) — 2x7 


+2y 
dy / x+y 
Now, <2 =— =| in a (!) 
ECOG Beet 


1.0) ia 


L(x) i 120 (, nyo! ™\n(101 =n)  n(101 =n) 
Sa & (x nyt ny 


", 101 100 
w=» M01) ¥n= 5050 


Oi) 
Mie) [Using 't-8} Put n=) = ye lex 
Now, Y 1 | 


dx 
Here, check the options (a), (b), (c), (d) forn™ 4 
> yrx=1+x-x=] 


Authentic Shortcuts-Tips & Tricks in Mathems 


15. (a) Using T-8] Put n=1 => & (sin x cos x) = cos 2x 
ax 


Now, check options (a), (b), (c), (d) for n = 1 
=> cos 2x 


16.(0) [Using T-4] -- s(x) =cos?x 
dy _ 2cosx (-sinx) dy | i 
=> = = =0 
dx dx ih =0 


17. (0) Using T-3] Here, F(x) = cos x and g (x) = e* 


dy 


Now, =-=(cosx)” [cing + log (eos2)-¢| 
dx cos x 


a 
dx },-9 


=0 


Application of 
Derivatives 


‘avrsvceaeaveecoeeeeraevaennneeonanaeeencreeaaezeaaneaenenaneennaanecc cnn 


Sa | Review of Key Notes and Formulae / 


Let the tangent and normal drawn at point P(x,, y,) to the curve y = Nx). 


= dy 
Equation of tangent: y—y, = ~~] (x¥-%) 


dx |p 
3 5 = 
Equation of normal: y — y, = ray (x-x) 
ly | 
dx |p 
* Note: 
(i) If tangent is parallel to x-axis then 
one 0 
dx 
(ii) If tangent is parallel to y-axis then 
dy 
— =o 
dx 
(iii) If tangent makes equal angles with the axes 
d) , 
GPa 
dx 
(iv) If normal is parallel to x-axis then 
dy 
—_ = o 
dx 


(v) If normal is parallel to y-axis then 


dx 
(vi) If normal is equally inclined from both the axes or cuts equal intercept 
then 


dy\ _ 
(2) =+] 


——~ 


Length of Sub-tangent, Sub-normal, Tangent ang Norm, 
pal 


‘al 
(i) Length of sub-tangent = 


2 
fe 
(iii) Length of tangent = Ly Ade) 


E) 


dy F 
wie 
, (2 


where, a is slope of tangent. 


(iv) Length of normal = 


Monotonicity 
1, Monotonic Functions: 


(i) Monotonically increasing function: The value of f (x) should increas’ 
(decrease) or remain equal by increasing (decreasing) the value of x 


Let x,, x, belongs to domain of the function 
Then; x, <x, => f(x) Sf(x,) 
Or x>x, = f(x)2/f(x,) 

(ii) Monotonically decreasing function: The value of f(x) should det 
(increase) or remain equal by increasing (decreasing) the value of « 
Then; x,<x, => f(x)2f(x,) 

Or x,>x, = f(%)</f(,) 

* Note: 


() Maya, => flx,)<f()Wx,,x, € D, then f(x) is strictly incre 
in domain D. 


agsitlf 
i) Way <x, => f(x\)>S05) ¥.x,,x, € D, then f(x) is strictly dee" : 
in domain D. 


_ 


me 


Properties of Monotonic Fu 


Application of Derivatives 


netions 

(i) Iff(@) is strictly increasing (decreasing) function on an interval [a, 6], 
then f exists and also a Strictly increasing (decreasing) function. 

(ii) Iff(x) is continuous on [a, 6] such that f"(c) < 0 for each c € (a, b) then 


[ i@ Tm | ey | wo] 


2. Maxima and Minima: 
(i) Local maxima: A function J (x) is said to have local maxima at point 
x = a, if there exists a very small positive quantity h, such that 
I(%) <f(a) Vx € (a—h, ath). 
(ii) Local minima: A function f (x) is said to have local minima at point 
x = b, if there exists a very small positive quantity h, such that 
L(x) = f(b) Vx € (b—h, b +h). 


* The point x = a is called the point of local maxima of the function. 


(iii) Global maxima: A function ‘f” has a global maxima at ‘ce’, if f(c) > f(x) 
for all x € D. 


(iv) Global minima: A function ‘f” has a global minima at ‘d’, if f(d) < fix) 
for all x € D. 
Local maxima & Global maxima 


Local maxima 


Local maxima 


Local minima 


Local minima and Global minima 


3. Methods for Testing Maxima/Minima: 
(i) First derivative test: Find the critical points (say x= c) by putting /"(x) = 0 
(a) Iff'(x) changes sign from positive to negative atx = c, then the point 
is said to be point of local maxima. 
(b) Iff'(x) changes sign from negative to positive at x =c, then the point 
is said to be point of local minima. 


> 


in Mathematic, 
(ii) Second order derivative test: 
Step 1: Find f’(x) and equals it to zero (f"(x) = 0) 
Step 2: Find the real values of x by putting f’(x) = 0 (say 
Step 3: Find f(x) and substitute the values of c,, c,. « inj 
the sign of f(x). 
Step 4: (a) Iff""(c) < 0; then it has local maxima at x 
(b) 1£/f(c) > 0; then it has local minima at x 


4. Greatest and Least Values of a Function: Ifa function /(x) is defi; 
interval [a, b] then 


Greatest value of f(x) = Max. {f(a), {(b), f(©)} 
Least value of f(x) = Min.{ f(a), f(b), f(c)} 
where x = c is a point such that /(c ) = 0 


PS TIPS AND TRICKS: (T-1 


If the curve passes through the origin, then the equation of tangent at the origin 


can be directly written by equating to zero, the lowest degree terms appeann 
in the equation of the curve. 


Illustration 1 
Find the equation of tangent at origin. 
(i) wtp +2gr+2fr=0 


(i) re +y-3ry+der+eP-P=0 


QG snor-cut sotution 
() Lowest degree term = 2gx + 2fy = 0 
> gx=-Sfy 


TIPS AND TRICKS: (T-2 


Wop a. c are intercept made by a tangent to the curve x" + y"= «°° 
oF shen. (OFF + OOH ot, 
IMustration 2 


The sum of intercepts made by a yy yio=2at™ 
(. Oa “eee 9 a curve x! + y 


a 


B Application of Derivatives 


@ Short-cut solution : 


Using T-2| Curve: x!3 + yl/3 = g3 


= (OP) + (OQ)=8 


Illustration 3 


Ifthe tangents at any point on the curve x23 + y23 =p? cuts off the intercepts 
‘a’ and ‘b’ on the coordinate axes, then find the value of a5? + b°?. 


@ Short-cut solution : 


Using T-2 


Equation of tangent to the curve x” + y"= a" at (x), ¥)) is 


xox” lg yy Vagn 


Illustration 4 
The equation of tangent to the curve x23 + 23 = 22 at point (x;, ¥,) 


@ Short-cut solution : 
2 cay) 2 2 
Using T-3} Put n = B= x(x) + (3 = 23 


i, i * y / 
Equation of tangent is => jy +a = mee 
Piney | 


Illustration 5 


2 
The tangent to the curve, =xe* passing through the point (1, e) also 
passes through the point: [JEE M 2019] 


4 5 
@ @3e) ($.2.] (©) (3:2e) @ G,6e) 


fi 
@ Short-cut solution : 


2 
: ee: 
The equation of curve ¥ = x 


/ dy x? 
Cee tee aa +x.e" .2x 
dx 


— 


tcuts-Tips & Tricks in Mathematics 


: . » = xe* 
Since (1, e) lies on the curve y= xe" , then equation of tangent at (1, e)is 


y—e= (e* (14+2x”)),-4(x-1) 


y—e=3e(x-1) 
3ex—y=2e 


So, equation of tangent to the curve passes through the point 3° 2e] Ans, (b) 


TIPS AND TRICKS: 


If two curves p,x* + q,y? = 1 and p,x* + g,y” = 1 cuts orthogonally to each 
other then 
1 1 hia) 


PL’ P22 


__—= 


Illustration 6 


2 


If curves a 1 intersects orthogonally, then find 


the condition: 


GDsrorr-cut solution : 
j-ptet-t 


" 
Pp q mon 


! TIPS AND TRICKS: (T-5 


Area of triangle formed by tangent to any point of curve 2xy = p? with 
Coordinates axes is constant and it is equal to p?, 


Illustration 7 


Area of triangle formed by tangent at any point of curve xy = 9 with 
coordinate axes is 


@ Short-cut solution : 
" Curve is 2xy = 18 


= Area = 18 sq. units 


Application of Derivatives 


Let f@)= p.sinx+q.cosx 
il r.sinx+s.cosx 
Pq 


TS 


q 


>0 = Increasing function 


(i) | 


con i <0 = Decreasing function 


Illustration 8 


sinx + pcos x 


Iff(x) = is increasing function then find the interval of ‘a’. 


2sinx+3cosx 


@ Short-cut solution : 


Using T-6(i) 


5 
=>6a-10>0 > Bo 


Illustration 9 


If f(x) = pelleeer COS is decreasing function then find the interval of ‘p’. 


2sinx +3cosx 
@ Short-cut solution : 
Using T-6(ii) 


3 
=>3-2p<0 => poe 


<0 


p 
7X} 


Illustration 10 


The function, f(x) =(3x—- 7)x?3, xR, is increasing for all x lying in : 
[JEE M 2020] 


14 0 (3 } 
(a) -a,0u(8.2) (b) (—»,0)U ae 


14 
(c) (-« i) (d) (-. -#)va, 20) 
“15 15 
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@ Short-cut solution : 


f(x) = (3x-7)-x7? 


23 2 
Sfx) = 3x7" +Bx- Ds 
+ 2 nue 
ae 
-0 0 wo 
a 
15 
For increasing function 
f'(x)>O then x €(—<, off 2| Ans. (a) 
Illustration 11 
lf f(x) = xe" | then f(x) is [AIEEE 20015} 
(a) increasing on [-1/2, 1] (b) decreasing on R 
(c) increasing on R (d) decreasing on [-1/2, 1] 
@D Short-cut solution : 
S (x) =xe 


=> fix) = eFC) + (1 - 2x) x 8) =_ (1-9 (2x + 1) 1) 


= 4 | 
Critical point are x = wy and | 


= + i 


—+—__}— 


-1/2 1 
Hence, /(x) is increasing on [-1/2, 1]. Ans. (3) 


Ties! TIPS AND TRICKS: (T-7 


tie f (x) be a polynomial function, then between any two roots of f (x), ther? 
exists one root of its derivative i.e, S'(x). 


Illustration 12 


E f its 
Prove that between the roots of x2 — 3x + 2 = 0 there exist one root o! 
derivative, 


Some Shae “ages 
“2 -3x4+2=0 


“. 3 Sp 


Application of Derivatives 


Descarts rule of sign for the roots of a polynomial. 
Rule 1: The maximum number of positive real roots of a 
Soe a) xa = 0 is number of changes of the 


f(x) = age" +a a I+a 
signs of coefficients from positive to negative and negative to positive. 


polynomial equation. 


Example: f(x) =x? +3x7 +7x=11=0 
ee 


= Only one change of sign, then the number of positive roots of above equa- 
tion is atmost “1”. 
Rule 2: The maximum number of negative real roots of the polynomial equa- 
tion f(x) = 0 is the number of changes from positive to negative and negative to 
positive in the sign coefficients of the equation f(—x) = 0 
Example: f(x) = x +203 + 7x2 -x + 12=0 

=> f(-x)= —95 2x3 + 7x7 +x+12=0 

8 Sas @ ® 


=> Only one change of sign, then negative roots is atmost “1”. 


TIPS AND TRI 


For the trigonometric functions of the type: 


Maximum value = Va2 +b2 
(i) If f(x) =a sin x + b cos x 1. 
Minimum value = -Va2 +b? 


(ii) If f(x) = a?sec?x + b?cosec2x —> Minimum value = (a + by 
23 4 p23)3/2 


imum value = (a 


(iii) If f(x) = a sec x + b cosec xX —> Mini 


Illustration 13 


a 
es 


sin?@ cos 
@ Short-cut solution : 
Using T-9(ii) | r = vVa?cosec”® +b? sec” 0 


> nig = a+b 


For the curve 72 = , then minimum value of ‘r’ is equal to 


— a — 
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Illustration 14 


; sin 2x T 
The greatest value of the function y= ————:x €| 0, il is equal to 
@ Short-cut solution : 
Using T-9(iii)]_y = ees Ve 
Sinx , COSX secx+cosecx 
v2 2 
22 2v2 22 
ya SSeS = =1 
Ymax ~ (see.x+eoseex),4,, Ymax~ (73 4 2332 9 Ja 


Illustration 15 
The maximum value of 3cos@ + Ssin| 8 -3] for any real value of 0 is: 


[JEE M 2019] 


79 
(a) Vi9 (b) a 
(c) 34 (d) 31 


@ Short-cut solution : 


Let, the functions is, 


A) = 3eos0/+ Ssind- cos — Ssin = cos® 


= 3c0s0+5x > sind-5x--coso 
2 2 


eee 76 ) 
ax (0) = J—+—x3 = J— = J19 Ans. (8 
max f( 7 rea ri 
_ 


TIPS AND TRICKS: (T-10 


The sum of two natural numbers is ‘a’ then their product is maximum, if 


= (2-$)}so0+5% 2 sino = 1 650+ 5¥3 sino 
2 2 2 2 


a a 
numbers are x = 2 and y= ea, 


ae , aes Application of Derivatives 
Illustration 16 


The sum of two natural numbers is 20 and their product is maximum. Find 
the numbers. 


@ Short-cut solution : 
Using T-10} Here, a = 20 


Then, numbers are x = 


N|s 


= 10 and y=a— 


wis 
WW 
o 


Hence, numbers are x = 10 and y= 10 
Illustration 17 


The sum of two natural numbers is 30. Then their product is maximum if 
numbers are 


@ Short-cut solution : 


Using T-10} Here, a = 30 


Then numbers are x = 2 = 15 andy =30-15=15 


TIPS AND TRICKS: (T-11 


2 
Maximum area of rectangle whose perimeter is *P’ is equal to (=) - 


Illustration 18 
Maximum area of rectangle whose perimeter is 24 is equal to 


@ Short-cut solution : 


Here, P = 24 
Pi 


py 
=> Maximum area = (7) = 36 


Illustration 19 
Maximum area of rectangle whose perimeter is 36 is equal to 


@ Short-cut solution : 


‘UsingT-11| Here, P= 36 


py 
=> Maximum area = (F) =81 
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TIPS AND TRICKS: (T-12 


Least perimeter of rectangle having area ‘A’ square units is equal to 4,/4 Units 


Illustration 20 
Least perimeter of rectangle having area 49 m? is equal to 


Y Short-cut solution : 

Using T-12] Here, A= 49 

=> Least perimeter = 4VA = 4/49 =28m 
Illustration 21 


. F : 81... 
Least perimeter of rectangle having area W m? is equal to___ 


@ Short-cut solution : 


=> Least perimeter = 4VA = aft =18m 


_— 


If the triangle is inscribed in a circle of radius ‘7’, 


then the area of inscribed triangle will be maximum if 


triangle is an equilateral triangle. 
3 | 


=> Maximum area = FN3y a. 


Illustration 22 
Maximum area of triangle inscribed in a circle of radius 5 m is equal 0 


Short-cut solution ; 


Here, r= 5 


=> Maximum area = Bssiy = ais m 


Application of Derivatives 


Maximum and minimum value of y = ax2 


+ bx + cis as follows: 


If a> 0 (coeff. of x2) Ifa <0 (coeff. of x*) 


ae 


Max. value Min. value Max. value Min. value 


[=] 4ac—b? 4ac—b? [==] 


4a 4a 


Illustration 23 


Find maximum and minimum value of y =x? +x + 1. 


@ Short-cut solution : 


Here, a>0 
me 4-1 3 
=> Minimum value = eer 
Maximum value is 2. 
Illustration 24 


B : eae EES) 
Find the maximum and minimum value of y = —2x7 + 3x41. 


@ Short-cut solution : 


Here, a <0 


=> Minimum value is — © 


4x(-2)x1-9 _ 17 
Maximum value = ee = cai 


Illustration 25 
The minimum distance of a point on the curve y = x? — 4 from the origin is: 


[JEE M 2016] 
19 
(a) oe ) ya 
© |e 


@ Short-cut solution : 
D= yo" +(a7 EAyy 
D? =a? +a4+ 16 8a? = a4 — 702+ 16 
dD? 
da 
20(207-7)=0 


=4a3-14a=0 O 


PD bette Ans, (a) 


SHORTCUTS: (SC-1) 
To find whether f(x) > g(x) or g(x) > (x) i.e. to establish inequalities. 


The concept of AM 2 GM can be used => Split the function such that on 
multiplication (GM) it becomes unity. 


Illustration 26 


Prove that; 2sin x + tan x > 3x, x € [0 z| 


2 
@ Short-cut solution : 
[Using SC-1] Let /(x) = 2 sin x + tan x — 3x 
* f'(x) = 2 cos x + sec2x —3 
= cosx+cosxtsec? x—3 
cOs.x+ COs x + Sec? x 


Now, apply AM > GM => <a Ga 2 (cos*x.sec2x)! 


=> 2cos x + sec*x 23 => f(x) >0 


Hence, 2sin x + tan x > 3x, Hence Proved 


Application of Derivatives 


SHORTCUTS: (SC-2) 
In order to find condition for roots of cubic polynomial 
f@)= ao + bx? + ex + d= 0 if f(x) is non- -monotonic 
the steps. 


. ‘ x 
Step 1: Differentiate f(x) => f'(x) = 3ax? + 2bx + ¢= roe ! 
roots (D > 0). Let the roots be x, 


function then follow 


Now, quadratic equation must have 2 real 


and x5. 
Step 2: If f(a) S(@) 7 9 => 1 real and 2 imaginary root. 


Iff(&,)f >) =() => 3 real (2 coincident roots) 


lf f(x) 2) <( = 3 real (Distinct roots) 


Illustration 27 

If the cubic y =x 
274° <0 (b) 4p? 
(d) None of these 


34 px + q has 3 distinct real roots, then 


(a) 4p*- 2793 >0 


(c) 4p? +279? <0 


@ Short-cut solution : 


Using SC-2 =3x27+p=0>x=+ 


ACE) RR 


ate | Peg <0 
9 3 


= 4p* + 279? <0 Ans. (c) 


SHORTCUTS: (SC-3) 
Maximum and minimum value can be find by using AM 2 GM. 
Split the terms such its multiplication (GM) becomes unity. 


Illustration 28 


2 
If p2x4 + q2y4 = c®, then find the maximum value of xy. 


— 
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@ Short-cut solution : 


Using SC-3| «> AM>GM 


Dean 24 
es 1S = J > (pxtq2y4)!? 


6 
c 
aS > pgxry 


3 
: 
OS Pea 


Illustration 29 


If xy =c’, then find the minimum value of px + gy (p > 0, q> 0). 


@ Short-cut solution : 
i, 
UsingSC-3] - AM>GM= ae > (pqxy)!? 
=> px + qy2 2c? Ixy (co xy =c4) 


Illustration 30 


If p and g are positive real numbers such that p* + g? = 1, then the maximum 
value of (p + q) is [AIEEE 2007] 


@D Short-cut solution : 
Using SC-3] Let p = sinO and q = cos0 
=> p+q=sin0 + cos 


> (P+ Vmax = V2 
TECHNIQUE 


Angle of intersection of two curves: 


Let C, and C, be two curves having equations y = f(x) and y = g(x) respectively 
and 0 be the angle between intersection of tangents of curves C, and C. Then 


: my my (2 #) 
tan @= T+ mm, » Where my = ds Jo, and m, = | Gy B 


© ‘Application of Derivatives 
Illustration 31 


Find the angle between the curves y = sin x and y= COs x, 


@ Short-cut solution : 


zi . A uu) 
Using Tech.) Point of intersection, sin x = cos x => x = a 
y=sinx=> al =e 

dx),*~ 2 


_ mam v2 2 
eo Team 1 (4) 
v2\ v2 
23.2 
= —=x—=2V2 
alia 


@= tan !(2V2) 


9. 


Find the equation of the tangent to the curve x° + y3 — 3xy = 0 at origin, 

(a) xy=1 (b) »=0 (c) xy=-1 (d) xy=2 

If OA and OB are intercepts made by a tangent to the curve \/x + y=4 at 
point (4, 4) on coordinate axes is: 


(a) 42 (b) 8v2 () V2 (d) 256 


The equation of tangent to the curve — vu ] at point (s 7 ) i 
+2 = V2 | is equa 
ib 9° 4 v2 a 


(a) 2x+3y= 6V2 (b) 2x—3y= 6V2 
(c) 2x+3y= 3V2 (d) 2x—3y= 3V2 


If 2x7 + 3)? = 1 and px? + 2y? = 1 cuts orthogonally to each other then value 
of ‘p’ is equal to 

2 =3 —2 3 
(a) 3 (b) 2 (c) a (d) 2 ; 
Area of triangle formed by tangent at any point to the curve 5xy = a is 


2 


2 2 2 
2 Pa ie Pp 
(a) p° ® G Oh @ 5 
The value of ‘b’ for which f(x) = ssinxtbeosx_ is increasing, is equal to 
2sinx+3cosx 
> 
(a) b> (b) b> (c) b< @) b<5 
The number of real roots of (x + 3)? + (x + 5)? = 16 is 
(a) 0 (b) 2 (c) 4 (d) None of these 


c ; air 
For the curve — = a*cosec”@ + b*sec0, then maximum value of ‘” is: 
r 


ve c c ve 
(a) Fai (b) a (Oh args (Ciera 
The sum of two natural numbers is 10 and the product of numbers 4° 
maximum, then the numbers are 
(a) 2,8 (b) 5,5 () 4,6 (d) 3,7 


a 


Application of Derivatives 


10, The maximum of a rectangle whose perimeter is V3 , is equal to 
3 3 
= aca 3 3 
@) 4 (b) 16 (c) 3 (d) 2 
11, Least perimeter of rectangle whose area is 9 square units is equal to 
(a) 12 (b) 24 (c) 6 (d) 36 
12. Maximum area of triangle inscribed in a circle of radius V3 m is equal to 
3y3 9 B 3 
Os (b) — jp Ae Ne 
4 4 (c) 4 (d) 4 
13. TEf(&) =x? + 2bx + 2c? and g(x) = -x? — 2ex + 5? such that min. f(x) > max. 
g(x), then relation between d and c is [AIEEE 2003] 
(a) No real value of b & c (b) 0<c<b V2 
(©) |el< [61/2 (4) |e|>|6| v2 
14, IfA>0,B>0andA+B =~, then maximum value of tan A . tan B is: 
1 1 1 1 
pod by) = ee = 
(a) 2 (b) 3 (c) 5 (d) 6 
15. For 0 <a <x, then minimum value of function log,x+ log,a is 
1 
(a) 3 (b) 2 (c) 3 (d) 4 
NUMERICAL VALUE PROBLEMS 
16. Let x and y be two real variables such that x > 0 and xy = 1. Find minimum 
value of x + y is 
17. Ifax?+ e 2c for all positive ‘x’ where a > 0 and b > 0, then 27ab? > Ac} then, 
x 


Er ee ee oe 


. The function f(x) = oe 2 has a local minimum at x= 
x 


y is equal to 


[AIEEE 2006] 


. Let f: RR be such that for all x ¢ R (2! + 2'*), f(x) and (3* + 3) are in 


AP, the minimum value of f(x) is [JEE M 2020} 


. The value of ‘a’ so that sum of the squares of the roots of the equation 


P—(a— 2)x —a + 1 = 0 assume the least value, is 


Solutions 


(b) Putting lowest degree term = 0 


=> x»=0 


(a) (Using2} Curve: x"? + y!2 = 161? 


=> Sum of intercepts (OA)! + (OB)! = oe = V256 


(@) [BEGET] puri =2 ands, = Fy = 


x3 BS 
—= 2x tie) 
Tipe => yy = 6v2 


(@) [QSRET] Here, p, =2, p,=p, 4, =3,4,=2 


(b) [Using 5) 2xy = 


Hence, area = 2 


1D, 
(© ea | 


3 
=>3-2b>0 wii 


(b) [Using T-8(i) By Descarts rule: 


SP +94 6x +22 +25 + 10x-16=0 
=x +8rt+9=0 


Rule l:(/(@)) (4) ( & 
Rule 2: (f(-x))_ x?-8x+9=0 
QRY 


= 2 real roots. 


c 
2 
Kn 6 ee 
Max.“ (a?cosec?@ +b” sec” ®)Min, 
nr = = ve 
=> "ax. = max. 


(No sign change) 


(Two sign change) 


——. 
* —— ; BEE, eee 


14. 


15. 


16. 


Vi. 


(b) | Using T-10 | Numbers are — Desa 10-— = 5,5 


(b) (Using TY | Areay,..) = é 


(a) | Using T-12 | Perimeter (Least)= 4VA  4V9 = 12 units 


3 By = ae m? 


(Max) 4 


(d) | Using T-13 | Area, 


(d) | Using T-14 | - Min. (f(x) > Max. (g(x)) 
4(2c?)—4b? _ 4(-b?) — 4c? 
OO = S 
4 4 
=W<c = c|>|b|Vv2 
™ 


(b) For maximum A = B = 3 


us 1 
tan tan ae 
= tanA.tanB = (z G } (z 6 } 


1 
(b) [UsingSC-3] AM > GM fi ERS a. 


log,x+ ee, 
> Sages >(1)!2 = (log, x+log,a) yi, = 2 
(2) [UsingSC-3] AM > GM 
= 27Y sy)? >xt+y22 (+ xv=1) 
(4) [Using'SC-1] AM > GM 

Bene), 12 21/3 

px 2x 5 (2b) eo uae 
or. | ne Ue re 
=> 27ab? > 4c3 (On cubing both sides) 


19, 


x 
See 


2 
= JSy-) > 
ad =), 
@) Since (2!**+2!), fay, (+3 


2 42h 43 +3 
=< ae 


Now, applying AM > GM 


S24 24 34 34> 6 


Ix. ol-x ax ax 
2"* +2 = +3 >3 


(1) [Using ETA) Let o, 


> 0? + B= (q+ Bye 


= 


B be the roots of the quadratic 


2ap= (a-2P- 2(1—a) 
(yg BEA 


Indefinite 


Integration 


TL 


f ; 
, Review of Key Notes and Formulae { 


1. Definition: Reverse process of differentiation 


J f(x) dx = g(x) +C — Indefinite Integration Constant. 


L 


Integrand 


2. Standard Integration to Remember 


Es Integral / Primitive / Anti- derivative 


Integrands Integrals Integrands Integrals 
(i) fx" a xT Lc |eexi) footxdr —log, |cosx|+C 
n+l 
(ii) Las log,|x|+C |(xii) franxdx log, |secx|+C 
ze 
(iii) ferax e+e — {Csi Jsecxdx log, |secx+tan x|+C 
7 
(iv) fatax a’ +c. |(xiv) Jcosee xdx | log,|cosec x—cot x|+C 
log, 
fee sin~4+C 
(v) Jsinxde —cosx+C |(xv) J [ia 2 a 
—s 1x 
; cos: —+C 
(vi) Jeosxdx sinx +C wi) [7 la? a 
7 dx Ress 
=F —tan—+C 
(vii) Jsco? xdx tanx+C  |(xvil) = ae ka 
+- 
ahi 
ais = eon: 
(viii) Joosec? prvien|iaacot* * S a Ss a 


— 


te & Tricks in Mathematics 
|Integrands Integrals Integrands Integrals Ta 


Gx) fsccxtanxde seext C_ | (xix) j = : u sectt4c 
|xlyx? a? |@ ig | 
—dx Ma: if 3 4 al 
(x) Jcoseexcot xd — cosec x + C}(xx) Joeman aid (=} ‘g 
3. Methods of Integration y 
(A) Integration by substitution method: 
For integral Jf{e@} 8'(x) dx, We create a new variable 1 = g(x), so 


dt 
that g’(x) =— 
at g'(x) ae 


* Special Integrals in Substitution Method 


1 1 a+x 
i dx =—log, - 
@) ice) a 2a Be a- ne 
dx 1 
ii dx =—\ #iCy 
i) Ja Dalene 


(iii) laos. xt ea |+c 
(iv) ar =log, Jx+ yx? +a? 


“iC: 


Different forms: 


px+q px+q 
RM-I : dx OR 
see ty ler J axt+bx +e 


=> Put pxr+q=K, A tbs Hoye K 
oe 2 


Now, find K, & K, and integrate it, 
(B) Integration by parts method: 
We use this method when there is a product of two functions. 


J £0): 860) de= f() J ea) de —f {2 Fe) Jace) as ar 
I I 


* Order to follow: Inverse > Logarithm > Algebraic — Trigonometri¢ 
— Exponential. 


- —Z Indefinite Integration 
* Some Special Integrals in By-parts Method 


faz, 2 1 Fconpea a ae 
(i) J mae o dx =— xyx°+a? +a>log|xt+yx +O |re 
22 i = : : 
(ii) [Y= ax =+ xya?—x? +a7sin '(2)]+< 
he a 
_ Ape ee tsp 
(iii) Jus —a® dx =—| xx? - a? —a? log|x+ yx —@ |re 


Different forms: 


FORM-I: [(px+q) Vax? + bx +c dy 


ao 1 
i (ax + bx+c)|+K, 
Ldx a 

Now, find K, & K, and then integrate it. 
(C) Integration by partial fraction method: 
If degree of numerator < de 


=> Put pr+q=K 


gree of denominator then partial fraction 


method will be applicable. Decompose £@) into partial fraction. 
gtx 


E i BN pee + z + © 
* WO Goad («-9) x-b (x-b) 
D E F 
+ ati 3 
(x-c) (x-cy (x¥-cy 
pyar __4 BiaeG 


= +— 
(x —a) (x? + bx +c) x-a x +bxt+e 


Now, find all values of constants (assumed) and then integrate it. 


dea Od =P) jog ext d|+C 
c re 


— 


& Tricks in Mathematics 


@ Short-cut solution : 


[2% Zap = 2* 0-28) 


4x+5 4 


log, |4x+5|+C 


ee tog anps| Re 
=o8 


Illustration 2 


@ Short-cut solution : 


Using T-1 aos Sule TO og. jax 114 
4ax+ll 4 16 


= tee SUVs pa 


Short trick to solve integration of the form: 


dx 2 al d (ax?+bx+c) 
a tan” | — +¢ 
Ne res Area [é ‘4ac —b? 


where, 4ac — b? > 0 


Illustration 3 


[Using M2] .- 4ac—4? =100-36=64>0 


dx 2 (x8) 1 a) 
=> |——— = tan” +C=-t +C€ 
leas v64 64 Tek 4 


Illustration 4 


Soe: | aa 


eo Indefinite Integration 
@ Short-cut solution : 


Using 12) = 4ac—b* =28~16=1259 


Short trick to solve integration of the form: 
fx" J (x) dx; where f(x) is trigonometric or exponential function. 
Tabular Method : (Process as follows) 
Ex: [=f (sin 2x) x7 de 
i 1 


Derivative of I Integral of II 
sin 2x 
see beer Multiply the 
2 terms as 


arrow indicates 


sign changes 


alternatively 


— 


128 lathematic, 
@ Short-cut solution : 
(Using T-3] Differentiation Integration 


12.2 ie e 
eae e 
— so cn 
0 .- ss x 


=> xtet— 4x5" + 12x20 — 24x oF + 2det 


en 


TIPS AND TRICKS: (T-4) 
—S ee 


Short trick to solve integration of the form: 


dx 1 a = a 
tee ate pean [\esr=x}}+¢ 


® Note: In case of ‘sin? x’ use sin2x = 1 — cos? x 


Illustration 6 
j dx 
3+2cos* x 


@ Short-cut solution : 
Using Ta) «- a=3,b=2 


» solve the integration 


Illustration 7 


dx r ; 
f Toy? Solve the integration 
6+ 4sin® x 


es Short-cut solution : 
of 


oer x 


pee : Indefinite Integration 
Here, a=10,b=—4 
dx a dx 1 | 10 i{ flo | 
= rere Waar oem 6 tn} +6 


rips TIPS AND TRICKS: (T-5 


Short trick to solve integration of the form: 


[eet ae Bet b0 
coh +d aoak cd 


log, |ce“+d|+C 


Illustration 8 


3e° +5 
2e*+7 


@ Short-cut solution : 


3e° +5 5x , 21-10) —10) 


[Using T-5] (Wangs) |- Ge = a log, |2e°+7|+C 


Illustration 9 


dx 


Solve: J 


Te™* +10 


dx 
—8e* +3 


Solve: J 


@ Short-cut solution : 


Gas (ngs (7 +10 Odea of 1 og, 3-86 1+ 
ares AND TRICKS: (T-6 


Short trick of the form: 


mx 


(Jer sin (nx) ax = —F— 
m+n 


(m sin (nx) —n cos (nx)) +C 


mx 


mos (nx) +n sin (nx)) + C 
2 


(ii) fe™ cos (nx) dx = ¢ 
m 


+n 


_—— 


th ps & Tricks in Mathematic, 
Illustration 10 


Solve: [= fee -sin 2x dx 


@ Short-cut solution : 
Here, m=3,n=2 


3x 


> fem sin(nx) dx = a 7 (sin 2x —2 cos 2x) +C 


Illustration 11 


Solve: | = fe* “cos 7x dx 


@ Short-cut solution ; 
Here, m=-5,n=7 


at 


mx e . 
ix) dx = - 3 Tx 
=>fe cos(nx) dx OEM 5 cos (7x) + 7 sin ( x))+C 


___ 


TIPS AND TRICKS: 


Short trick to solve integration in the partial fraction form: 


* This trick is valid only when denominator can be factorized into the linear 
form. 


f 2x-1 
(x1) (x + 2) (x - 3) 
Step 1. Putx-1=0=>%=1 and Substitute x = 1 in rest of the factors, 
multiplied by log, (factor which has avoided), 


Step 2. Similarly repeat the process for other factors which are in denominator 
ie. x=—2, x =3 and add all the parts, © 


2()-1 ean 
d+aG-3 I* Cap easy let 2h 
2(3)-1 


SS njx-3]+C 
@G-1)@+2) 


Illustration 12 
x44 
SOlVCsi eee 5 0X 
ee 
GOsrorvcut solution : 
x+4 
a 
8 es 
(Put x = 0, x = 1, x = 2 systematically as discussed earlier) 
i +4 By x44 0+4 
> = x= 
x -3x? +2x x(x-1)(x-2) (0-1)(0-2) 
1+4 
In| x|+ In |x-1|+ Injx-—2|+C 
masa a@-y *-71* 


=> 2In|x|-SIn|x-1/+4In|x-2|+C 


TIPS AND TRICKS: (T-8 


Short trick to solve integration of the form: 


| dx 1 te 
i =—| +C;neN 
® a n a + s 


Illustration 13 


pees 
x (x°+1) 


@ Short-cut solution : 


Solve: i} 


a 


132 


= ips & Tricks in Mathematics 
Illustration 14 


dx 
Solve: J xD 


@ Short-cut solution : 
Using T-8 (ii)} «> n=4 


Short trick to solve integration of the form: 


acosx+bsinx ac +bd ad — be 
J saree edie [eran head (ee 
ccos x+d sin x e+d Cast, 


} In (Denominator) + C 


Illustration 15 


2 cos x +sin x 


SANE J 4cos x+3sin x 


@ Short-cut solution : 
Here, a=2,b=1,c=4,d =3 


Ly ee (522 )x+(S4) ni co8 +35 x|+¢ 


4cosx+3sinx 25 25 


SHORTCUTS: (SC-1) 


Reverse process of integration i.e. differentiation. If we have to find the 


unknowns then differentiate the given integration both sides and reach ! 
answer. 


Illustration 16 


5 tan x 
f 
pe 


dx =x+aIn|sin x-2cos x|+K [AIEEE 20121 


Then ‘a’ is equal to 
(a) 1 (b) 2 () -1 (a) —2 


Ce) 


@ Short-cut solution : 


; a dl 
Using SC-1| Taking = of both sides 
dx 


Indefinite Integration 


5 " 3 
5 tan x = 14 2 (cos x +2sin x) 


tan x—2 sin x —2 cos x 
Stanx _ i=2 (cos x + 2 sin x) 
tan x—2 sin x —2 cos x 


(Divide N” and D’ by cos x in RHS) 
4tanx+2  a+2atanx 


= 
tan x—2 tan x—2 


On comparing both sides > a =2 Ans. (b) 
Illustration 17 

iT, = f tan” xdx(n>1) and J, + 1, = 4 tan) x + bx> + C; then find 

ah: [JEE M 2017] 


@ Short-cut solution : 
Using SC-1} *- ftan* x dx + fran® x dx=a tan’ x+ bx? +C 


On differentiating both sides, we get 
2+ A 

= tan’ x + tan® x = 5a tan‘ x - sec” x + Sbx 
een 
=> tan? x + tan® x =5a tant x +5a- tan® x + Sbx 


On comparing both sides = 4= 


Integrals of the form j sin” x cos” x dx 
| Case-I: If n is odd, put cos x =! 

| Case-II: If m is odd, put sin x=! 

| Case-IIl: If m and n both odd, put sin x or cos. x =f 
se-I'V: If m + n is negative even integer, put tan x= 


Illustration 18 


Solve: j sin” x cos’ x dx 
GQ short-cut sotution : 
(UsingSCQ] m=3 and n=99 = Case-Ill 


Hence, put sinx=1 => 4 =cos x 


years fi00 ioe 
=> fra-r ya 
sin x)' (sin x)'" 
tg aa 
Illustration 19 
dx 
coe: J sin’? x cos”? x 


Qsvor-eut sotution : 
[Using Sc-2] ~~ m+n=—4 => Case-IV 
Hence, convert in terms of tan x. 
2a J sect x peop eamies: 
sin.x tan x 
cos x 


Now, put tan.x = => a = sec? x 


= 2 Yan += tan 29°? +C 


Indefinite Integration 


e Illustration 20 


x+sin x 


dx 


Bolke: J 1+cos x 


@ Short-cut solution : 


Using SC-3 (ii) 


= f(x dee? +tan2 d: c HG 
2 2 > dx Fy eto 


f'(x) f(x) 
Illustration 21 


x (y2 
e (x mere) ee 
(x +3)" 


@ Short-cut solution : 
ES | (22), 1 a e (H2)se 


7 
MAB) xr 8)° 

ear, Uae 
f(x) s(x) 


ECHNIQUE: (Tech.1) 

Algebraic Twins : To find the integral of the form 
24 2 Wee) 
x +a 2 bee?) 

ae 

ees * | 


To evaluate the integral of these above forms, first we divide both numerator 
and denominator by x? and then express the denominator in the form 


Solve: ) 


dx 


2) 2\2 2 

a 2 

(2) +k? and [+=] +k? respectively. Then put x-“—=+ and 
) x x 


=t respectively. 


\ Alithentic|Shortcuts-Tips & Tricks in Mathematics 
Illustration 22 


2 
Evaluate ——— dx 
oats PL 


@ Short-cut solution : 


dt 


ae at 


+€ 
v3 


TECHNIQUE: (Tech. 2) 


To find the integral of the form aa dx, where P and Q both are pure 


quadratic expression in x, Such that P = ax? + b, Q = cx? + d. 


Then, put x=t andc +d? =. 


Illustration 23: 


1 


ee res 


Evaluate dx 


. pg = i 
@ Short-cut solution : 


Tech. 


; 1 1 
Putting x = ; and dx = -—dt, we get 
Pr 


Let ? +1=u", we get 21 dt = 2u du 


— ——— 


uw —(y2)? anh 


+ 2| 


ft +102) 
1 Xa 


+c=- log +c 


a2 esta 2 


Fe = 


ve ae: 


pit x? —v2x =V2z| 
- ee ee 


“a5 


fate is equal to 
x+1 


(a) x—log,|xt+1|+C 
(c) —2log,|x+1|+C 


a | 
(e+) (x+2)(x43) SCqualto 


(b) x-2log,|x+1|+C 
(d) —log,|x+1|+C 


(a) Flax + e43)|-In]x+2)/+C 


(b) Fln|x+ii+c 


(c) Finjx+2|-In]x¢l]+C 


(d) Sin|x+3|—In]x42/+C 


j ——— is equal to 
2+sin?x 


(@) 5 tan! aes 


oar} 
f 2x3 e* dx is equal to 
(a) et (-x3 - 3x? - 6x - 6) 
(c) e7* (- - 3x? - 6x - 6) 
pee 

Ie 


—5x 75 
(a) + gq eee lI e* 


dx is equal to 


5 


7 S 
(b) 4 Bel ble? ~2\+4C 


©) Jgtin o( Ses), 


(d) None of these 


(b) e-* (G3 + 3x2 + 6x + 6) 
(d) None of these 


—2|+C 


—E 


(c) = + Ztog, 10-6" +5|+C 
2 2x : 
(d) poe |10-e +5/+C 


6. fer-sin 3x dx is equal to 
e o 
(a) Sia 3x-—3cos3x)+C (b) in 3x —3.cns 3x) +C 


: : 
© J (Sin 3x —3.c08 3x) +C @) sin 3x + 3.c08 3x) + 


(i is equal to 
x+3x+4 


1 1 ( 2x+3 
(a) un! (2743) +c (b) sz | Wi re 


2 =1(.2x-3 2 
(c) Srila (2,7 }+e (d) WG 


8 fea is equal to 


x(l+x 
| g noe, | he 
| = + 
| (a) log, “ae (b) 7 0g. ea 

1, Ef C d) 7lo x +C 

| (c) ~7 loge | 7 |* (d) Be ian! 
; % f—~ «x is equal to 

Sin x — cos x 

(a) 5 log sin x + c0s.x|+C (b) log|sinx~cos x|+C 


1 1 A Q 
(c) ylog sin x—cos x|+5+C (d) 7 log|sin x +08 x|+>+C 


10. 1 | sin x dx = Ax + B log: sin (x—a)+C, then value of (A, B) is 


I sin (x — a) 
[AIEEE 2004] 
(a) (sina, cos a) (b) (cos a, sin a) 

(©) (sina, cos a) (d) (—cos a, sin a) 


bei. 


il. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


y(22 


(a) 12In|1-x|-3x+C 


(c) -—12In| 1—x|+3x+C (d) 


(b) -12Inj1—x|-3x+¢ 


4). 2x+1xeR-{1,-2}, then | f(x) dx is equal to 


IEE M 2915 


12In|1—x|+3x+C 


4 
if | oe a= Ax + Blog (9e* -— 4) + C, then, ‘A’ and ‘B’ are 
e* 
sh) =2 35 
a) —, = S> 
@) 250: @) 3 36 
=3 36 —2 36 
© —,— ——— 
2S a Bis 
J sin’ x cos? x dx is equal to 
Q= cos’ x 3 2cos>x 2 cos? x ) - cos’x . 2cos>x _ cos? x 
q 5 3 7 5) 3 
cos’x 2cos*x cos? x 
(c) ——+———— + (d) None of these 
ii 5 3 
|e dx is equal to 
x+ 
a re 
(a) ) — 
(x= (x +1) 
e ee 
Cc d 
Os Oa 


NUMERICAL VALUE PROBLEMS 


Let f(x)= i} e*(x—1)(x—2)dx, then ‘f” decreases in the interval (a, }), 


then a+ bis 


[JEE M 2020] 


If ) e** cos 4x dx = e** (Asin 4x + B cos 4x) + C, then 44 + 3B is equal © 


e*+(1+x") e*tan! x 
1+ x2 


if 


2x+5 


dx = A-e*tan’'x +C, then‘d 


"isequalto___ 


If ae AN] - 6x—x? + B sit (2 AS)+¢ their ordere? 
Dae Ie 


pair is (A, B), then | A + B| is 


: ot 


| @ Solutions 


Indefinite Integration 


1. ©) [OSE] - a =1,b=-1,c=1,a=1 


2 


(a) 


(a) 


2 
= x—7 log. |x+1|+C 


(Using T-7 


Putting x =— 1 


= ine | 
2 


Putting x =—2 
—In|x+2| 


Putting x =—3 
= ae +3] 
2 
Hence, eee rt Gy 
(x+1)(x+2)(x+3) 


aa 


me |. “+ sin? x =1—cos*x) 

3—cos* x 

Sela eke 3 

1a —=3,b=—1 =|> esis [Guns] ve 

= er 

3x’ =e 

6x + ex 

a 

0 Seer 


=> J2xe* dx =—x3 e* - 3x? -e* - 6x * —6e* 
> &* (x3 — 3x? - 6x -6) 
a=10,b=5,c=11,d=-2,k=2 
2x 
=fiees ao eechan ( 15 


log, |11-e°*-2|+C 
M-e* Say} = Bul} g 21 


— ~~ 


_ Authentic She STips'& Tricks in Mathematic, 
6. (b) [Using T6@] m=1,n=3 ' 
= fet sin(3x)dx= : (x))+C 
7. (a) [UsingT2)-- 4ac—b? =16-9=7>0 
=] os Se n(#223).¢ 
x 43x44 V7 iT 
8. (b) —  n=7 
7 
x 
=4 So ——]|+C 
ew) Somes 25 ieee 
0-cos x+1-sin x 
fame) Here, | — COS + bsin x 
eG) aa erseemer ees 
' a=0,b=1,c=—l,d=1 
=/—~_ sin de ={ 1) + (4) injsin x 00s x1+.c 
sin x —cos x 1+1 2 


sinx ‘ 
| 10. (b) [Using SC-1] Pree De ake 


Differentiating both ae 


sin x a B-cos (x —«) 
sin (x — a) sin (x-@) 
sin x _ sin x[A cos a + B sin a] + cos x[B cos a — A sina] 
sin (x — a) sin (x — a) 


On comparing both sides > A=cosa, B=sina 
_2t+4 
l=? 


| 2t+4 _ 3(t)+9 3x+9 
= s=2[%24)1. am =f dx 


i. 


a=3,b=9,c=-1,d=1 


(2 )becit-xivc 


13. (b) 


14. (b) 


15. @) 


16. (ay | 


aR Integration — 


ly numerator a anaes by eS k=2 


Now, j 4*6 aes 


a5 = 30 Jos, se" -4|+C 


[Using SC-2] n=S,m=2 = ‘nisodd 
Wade 


Hence, using case-I, put cosx=1 => dx = -——— 
5 sinx dx 


- dt=-[P-Py dt 
—sin x 


= fsin’ x: 


=—f (-2% +0) dt 


cos’ xy 2cos*x cos? x 


x) x+1 2 e 
fe at Ff Te 
(e+ (x +I) (x+D 
See, 


om f(x) 
Since f(x) is decreasing => f"(x)<0 
=> e* (x-1)(x-2)<0 
=> xe(I,2) 
Hence, a + b=3 


1-6 (ii)| Here, m=3,n=4 
3x 

3x a te. 
=fe cos(4x) dx 9416 


(3cos 4x + 4 sin 4x)+C 


= © asin ax +3e084x)}+C 


Bye 4 nA p=—-- => 44+3B=1 
25 25 


— 
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(1) (UsingSC3] ~ fe* {i rele 


As we know that fe*{(f(x)) + f'"(x)} de =e* f(x) +C 


=> e tan! x+C 


=> A=1 
Peet | 3 
18. (4) |UsingSC-1 | Batis ga= ANT 6-9 + Bsint( = 
V7-6x—x? 
Differentiating both sides 
2x+5 A(—2x- Oey B 1 
= = tt 
\i=6r=x? 27 ~6x—x? ea 4 
4 
2x+5__ __A(-x-3) B/2 


On comparing both sides => A=—2\B=-2 5 |A+B|=4 


+C 
:) 


Definite Integration 


nnn sectors estecca neonate 


(\ 
, | Review of Key Notes and Formulae / 


1, Definition: Let f(x) be a function defined on an interval [a, b] and F (x) be 
ib 
its anti-derivative. Then f f(x)dx = F (b) —F (a) is defined as the definite 


integral of f(x) from x =a tox=b. 
2. Properties of Definite Integral 


P-1 ih [(x)dx = i [(t)dt 


ae a 
P-2 Ip f(x)dx=—[" f(ax 


b b 
P-3 I f(x)dx=| f(x)dx+ f {[(x)dx,a<c<b 


a 
Pt f- f(xdx=["[f(0) + fn] dx 
Very Important 


b b 
f(x)adx =| f(at+b-x)dx 


P-5 King Property: 


P-6 Queen Property: lf [(x)dx= Ik {f(x) + f(2a—x)} dx 
P-7 Jack Property: For a periodic function “/(x)” 


(i) [" fooax = nf fede; nel 

(ii) fe" feyac=nf? f(x)dx; nel 
a 
a+nT n T 

(iii) i. I (x)dx = d [(x)dx =(n=m){, f(x)dx; mnel 
la+-m m 


Oo sande=f or 


| See 


- _p 


& Tricl ‘in Mathematics 


P-8 if fis continuous on [a, b}, then there exists anumber ‘c’ in [a, b)at wh 
ich 


f= I S(x)dx 
J 


Mean value of the function f(x) on the interval [a, 5) 
3. Leibnitz Rule for Differentiation under Integral Sign 


| If g (x) and h (x) are defined on [a, b] and differentiable at point x € (¢, b) 
and f(t) is continuous, then 


A(x) 

4 i} Fea) =r) 8e)~ Fat) 
g(x) 

4. Summation of Series by Definite Integral 


Method: Replace = by x, a by dx and 
n n 


Limit of the sum by integral, 


ff P(x) tim + 2A) 


where, Lower limit = lim t= a Upper limit = lim tn =p, 
non non 
5. Some Important Results to Remember 
n/2 n/2 


f sin xx = J cos xdx =1 
0 0 


n/2 n/2 
(ii) if sin’xdx = J cos *xdx = 5 
0 0 
x/2 x/2 2 
(iii) i} sin*xdx = J cos*xdx aa 
0 0 
n/2 n/2 3n 
(iv) f sin’ xdx = J cos! x dy === 
‘i 4 16 
n/2 n/2 


(v) psa = ! In cosx dr = In 2 


a .; oe 
(vi) \e tanxdx = ts 0 


oh f 
(vii) ! In secxdx = i In cosee xd =F In 2 


— 
Shoat trick to solve integration of the form 
x) ie b-a 


leenes-0 


ustration 1 
sy Veot x 


| ——— ax 18 ogual t 
0 Vootx + Vianx 


@srore-cur sorution : 
cot|=—x|=tanx, Here, a=Oandb=~ 
E90 
7 x 
a. * 
2 4 
Mustration 2 


cos x 


x 
é 
—— dx is equal to 
08x cos 
of +e 


GQ short-cut sotution : 
*: cos(m—x)=-—cosx, Here, a=Oandh=r 
n-0 
> —=- 
2 2 


; TIPS AND TRICKS: (T-2 
Short trick to'solve integration of the form: 


x eal i ;if a-biseven 

+ ee 

-— a vif a—bisodd 
pt" 


Mustration 3 


a 
Jsin(4x) cos (10x) dx is equal to 
0 


i a 


— 


148 | Authentic Shortcuts-Tips & Tricks in Mathematics 
’ 
@ Short-cut solution : 
Using T-2} «- a=4 and b=10 = a-—biseven 
Hence, answer = 0. 
Illustration 4 


K 
fain (60x) cos(41x) dx is equal to 
0 


@ Short-cut solution : 
Using 2] «- a=60, b=41 => a-hisodd 


2x60 120 
3600-1681 1919 


TIPS AND TRICKS: 
Short trick to solve integration of the form: 


/2 
i dx ea 
9 @ cos x+b?sin?x 2ab 


Hence, answer = 


_—— 


Illustration 5 


n/2 


dx 
aay eee, 
9 25cos” x + losin” x 


. is equal to 


@D Short-cut solution : 
Using T-3] a=5 and b=4 


ee ee 
2ab 2x5x4 40 
Illustration 6 


/ 
n/2 dx 


! 


» 10sin? x + 9cos* x 


@ Short-cut solution : 


(Usingt-3] a=3 and b= V10 


Hence, 


, is equal to 


sin 


ua 


Hence ae re aS 
* 2ab- 2x3xJi0 6V10 


ie D 
— efinite Integration 


Short trick to solve integration of the form: 


a dx 
a) eae -* 5 b>a 


b 
ci) J GOO -x) de= = (b-aP;b>a 
a 


Illustration 7 


dx . 
locas is equal to 
@ Short-cut solution : 
meme t4)) -- a=2, b=7 and b>aon 
Illustration 8 


9 
j V(x +5)(9 — x) dx, is equal to 
-5 


@ Short-cut solution : 
Using T-4 (ii)) «°° a=—5, b=9 and b>a 


2 2 9 
eee) = © (94.5)? = = x 196 = 
8 8 8 


__— 


TIPS AND TRICKS: 


Short trick to solve integration of the form: 


b 
Gh wth yrtart minal 
Ie evade (m+n+l1)! 


Illustration 9 
2 


Jo 1? (2-x)*dx, is equal to 
1 


@ Short-cut solution : 


In! (1)° 2!3! 
> bm ayrrntt__ ae IA 
sea) (m+n-+1)! 6! 


* a=1, b=2, m=2, n=3 


= 60 


Short trick to solve integration of the form: 
iz 3)..2 
fo ee 1)@n—3)...2 or 1) ((n—1)(n-3)...2 orl) | 


(m+n)(m+n-2)(m+n-—4)...2 or | 
n/2; when m and n, both are even 


1 jothenvise 
Illustration 10 


where, =| 


J sin*x a, is equal to 
C) 
Q) short-cut solution : 
 m=4, n=0 = botheven 
Hence, @=DG=3), a _3x 
Hee a4 =D) 2 16 


Illustration 11 
xi2 
f sin’ x cos? x dx, is equal to 
0 


@ Short-cut solution : 
 m=3 n=2 = otherwise | 

G-1)(2-1) pa 

5(5-2)(5-4) 15 


SHORTCUTS: (SC-1) 


Hence, 


b 
If [ f(x)ax=0, then the equation f(x) = 0 has atleast one root in (a, 5), 


provided f(x) is continuous in this interval. 
lustration 12 


If 2a + 3b + 6c = 0, then prove that the equation ax? + bx + c= 0 has a" 
in (0, 1). 


od 


id 


eh 


@ Short-cut solution : 


WangSC-1) Let f(x)=ax2+py +, 


Definite Integration 


1 a 
2 3 2 
aq J@ +bx+c)dx= [ ax* a bx Pa 
ty a 
ab ; 
p= 3¢5¢¢ tv Ithasa root in (0, 1)} 


=> 2a+3b+6c=0 
SHORTCUTS: (SC-2) 


Ify =f (x) and x = g (y) are inverse of each other and f(a) = c, f(b) =d 
then, 


roar jeorey =bd—ac 


Illustration 13 


ip 
In(In.x) dx 


I e 
Find: fel ax +2 
0 


Qesnor-cut solution : 


Using SC-2 


Since, 2 In (In x) is inverse of eve anda=0,b=1,c=e,d= ee 


ve _gxe=e% 


e 


=> I=bd-ac=1* e 
SHORTCUTS: (SC-3) 
Sandwich theorem for Definite Integral. 


Ifwehave, g(x) </(x) <h (x), Vx € [4,4] 
a b 6 


Ea 
Illustration 14 


T n/2 a : 
It =i < | Ginx)'°a<— thenA+ Bis 
> m4 B 


— 


a ientic rtcuts-Tips & Tricks in Mathematics 
@ Short-cut solution : 
Using SC-3]| Since, 5 Ssinx <1 


n/2 


a 10 
Hence, Jae < Foc xy dx< fr. dx 
m4 ni4 n/4 
us ae ua 
— io ey = 4 


Hence A+B=128+4= 132. 
SHORTCUTS: (SC-4) 
Solving definite integration using graph. 


Take area above x-axis be positive and area below x-axis be negative 
and then find the algebraic sum of the area. 


Illustration 15 
3n/2 


ij [2sin x] dx, is equal to (where, [x] is greatest integer function) 


n/2 


snore solution : 
nt (rt 2n T 
me «-$-(5)-(8) 3 


SSOUE Define iagreon eee 


Transfer one integration in other by proper substitution 


b 1 
f foode=(b-a)), f(b=a)x+ayax 


[lustration 16 


x 

. / 99 x—— 
Find the transformation of 3f7Pe (* 3] ee 
V3 : 


@ phorscut solution : 


1/3 3 0 
2 
eal 
As) 
=),° dx 
1 (x-1)? 
ye? 4 


— 


t log.x? 
1. The integral } — ———$"__ a. js equal to JEE } 
i Pers + log (36 — 12x + x”) : IEE M 2015) 
(a) 2 (b) 4 (c) 1 (d) 6 
my 
2. The value of the integral [ ____ ig equal to [JEE M 20) 
I + Vtanx 4 
(a) 7/6 (b) 1/12 (c) 2/3 (d) 2/2 


x 
3. The value of the integral fain 2x-cos 20x dx is equal to 
0 
2 2 
(a) 1 b) 0 — d) - — 
(b) (c) H) (d) 50 


ni2 


4. The value of the integral J cs 
0 


49sin? x + 11cos? x 


is equal to 


(a) 1/14Vi1—(b)_x/Vi1 (c) /14 (d) n/12Vi1 


43 
5. The integral J V(x + 2) (—x +3) dx is equal to 
2 


25n 25n 24n 25n 
(a) non (b) car (c) asi (d) 


6 
dx i 
6. The integral |. is equal to 
eer, 


(a) x (b) "4 (c) 2n (d) -1 


5 
25 te: -3)7(5- x) dx is equal to 
3 


15 14 16 16 
=e — a a 
(a) 16 (b) 5 (c) B (d) G 
n/2 
8. The value of the integral [ sin? x cos? x dx, is 
0 
| 2 2 15 3 
ts 15 pce Ghyes 
(a) 6 (b) is (©) 5) (d) 7) 


14, 


15. 


16, 


17, 


10. 


il. 


12. 


13. 


Definite Integration 


he value of the integral fsin’ xcos® x dx is 


30 3 3° cj 
Se (Qa) es 3) eee —> 
@ 952 262 © 556 iw easee 
[f2a+ 9b + 12c=0, then the equation ax? + 3bx + 2c = 0 has a root in 
(a) (0,2) (b) (0, 3) (c) (0, 4) (d) (0, 1) 
The value of fe%dx + j Inx dx is equal to 

4 . 
(a) e-2e (b) 2e?-e (c) 2e? (d) 2e 


Let f(x) =x — [x], for every real number x, where [x] is the integral part of x. 


1 

Then J= Js@ dx is 
-l 

(a) 1 (b) 2 (c) 0 (4) — = 


dx is equal to 


jane 
The value of j teas ie 


1 1 1 
2 b) — = d 
(a) 3 (b) 4 (c) a (d) 1 
2nn 
The value of f max.(sin.x, sin”! sin x) dx is equal to 
0 


x } le ) 2 = } 
(a) (Es (b) n madi (c) n(x? — 8) (d) 7 3 8 


; B> a is equal to 


Find the value of ae leersyieese 
(x= a) (B= x) 


@ (b) (©) F B-a? (@ an 
NUMERICAL VALUE PROBLEMS 


The value of the integral [x44 ;| dx is equal to (where, [x] is greatest int 
function) J 2 a , ae 


If K,< fs Boe, dr < , then the value of K, + K, is equal to 
2 


1. 


Solutions 


(©) Es: a=2, b=4 


a a 


©) Eee os es 


is) 
nN 
is) 


(b) [Using T-2] ~ a=2, b=20 > b-a=18iseven 


Hence, answer = 0 


(=) [Using] - «0-7, b= Vit 


T 9 
>a 
2ab 14Vi1 
(d) [Using T-4Gi) 
=>a=-2, b=3 3 I= F(b-ay=* 26) = 3 


> a=3, b=6 a 


(d) » a=3, b=5, m=2, n=3 


years mia 2iai_ 16 


(m+n+l1)! 6h 15 
(b) " 
= -2-)G-)) 2 
5(S5—2)(5-4) 15 


() [Using T-6]  m=4, n=6 (Both even) 


— 4-1(4-3)6-1)6-3)(6-5) x 3 2 


10(10-2)(10- 4)(10-6)(10—8) 2 256 2 


m=2, n=3 (Both not even) 


a 


— a Definite Integration’ 
(d) [GinsSC2) Let f(x) =ax24 3bx + 2¢ 


10. 


> 1 
= fiw? + 3he+ 2oydc=| 2 Sox? +2e| _ 6a+9b +12c 
10 


3 2 6 
since. 6a + 9b + 12¢ = 


0 (given). Hence root will lie in (0, 1). 
. (b) [Using SC-2] Since In x is inverse of e* 
Sie bd—ac=2e?—1 x e=22_¢ 


v. (=) (USRSE4] ~ f(x) =x-[xJ= py 


Now, Drawing graph of y= {x} 


“+ 


M4. (b) -- [Using P-7(i) 


2n y =sinx is 
I= nf max. {sin x, sin” sin x} dx periodic with 
0 period ‘27’ 


T 2n 
=>I= ofan Janna 
0 


x 


1 ua 
= nj—xnx—-2 
Hence, I nfo 2 | 


2 
s1-7(%-s) 
4 


15. (b) a=a, b=B 
>n 
16. (4) Drawing graph 


We will find area of shaded portion 


aia 
oi= (142431 =>J]=4 


4y 


17. (3) For x€ [03] 


2 sinx 
Asweknow, —=<——<1 
“Sune 


Application of 
Integrals 


—_OCOTUTT CRT 
o 


£ | Review of Key Notes and Formulae { 


{, Quadrature : The process of calculating area under curve is known as 
Quadrature. 


b 
A= + fre dx 


it 
i] f(x)dx| 


y 


x=b 
2. Area between Two Curves : (Upper curve — Lower curve) 


A= lee ~ f(x))dr+f (F(x) —g(x))dx 


a G 


b 
+] (g(x) /@) dx 


The average value of a function y = fx) wrt. x over an interval x  [a, b] is 


3 
_™ Average Value of the Function: 
defined as 


-_— —~ 


WAUithentie Shortcuts-Tips & Tricks in Mathematic, 
b 
Jf@ax 


: y. = 4 ® Average value can be positive, negative ,, 
5 or z 
ane b-a 


: 4. Root Mean Square (rms) Value of a Function 


Area of the region bounded by y? = dax & x? = 4by is A= — Sq. units 


Illustration 1 


The area enclosed between the curves y = ax2 and x = ay (a > 0) is | sq 
unit. Then value of ‘a’ is [AIEEE 2004) 


@ Short-cut solution : 
ye (2): and x? = (z)» 


16. 1 1 i 4 
Hence, A = —x—x— = 1 => a= —~sq. units 
oe 3. 4a 4a 3 e 


Illustration 2 


The area of the region bounded by y? =x and y=x—-2 in sq. units is equal 
to 


@ Short-cut solution : 
a=7,m=1 


y a nit 
—| =—=sq. units 
384 


Application of Integrals 


filustration 3 
Find the area of the region bounded by y2 = gx and ys 


@ Short-cut solution : 


(ng T3] a=2,m=2 


Illustration 4 
The area of the region bounded by x? = 4y and x = 4y —2 in sq. units is equal 
to [JEE M 2019] 


@ Short-cut solution : 
vet 
P= ay &y= X44 

1 

D) 


where, b= 1, m= C= 


iB 
a 


ey ‘ 8 - 
Ps ead region bounded by x? = 4by & y= mxis A= xo sq. units 


Illustration 5 


Find the area of the region bounded by x? = y and y = 3x in sq. units. 


@ Short-cut solution : 


2 
3 Ly 9 z 
Hence 4 = Sem’ = $.(=) -(3)° Saat units 


Aticg 


Area bounded by a parabola between its roots is 


= ial Jo — BI? sq. units 


a B 


* Note: Here, ‘a’ is coefficient of x2, 
Illustration 6 


Find the area of the region between the roots of the quadratic polynomial 
y =x? —3x +2 and x-axis is Sq. units, 


| @ Short-cut solution : 


Using T-6] Roots of polynomial are a = 1, 


Here, a (coefficient of x2)= 1 = A = 


x1 «(2-13 = % sq. units 


TIPS AND TRICKS: (T-7 
——S—— ee 


A. 
6 


2 2 
Area of the region bounded by an ellipse satis =1is A=nab sq. units 
a 


Illustration 7 


2 te 
Find the area bounded by the ellipse rt = 1 (in sq. units), 


@ Short-cut solution : 


Here, a=4, b= J7 


= A=nab= 4/7 x Sq. units, 


Application of Integrals 


2 
8a" 


3 


d by the parabola y? = 4ax and its latus rectum x =a is A= 


tion 8 
Find the area bounded by the parabola y = 8x and its latus rectum in sq. 


units. 


Short-cut solution : 


Bae 18,2. 32 
—* =-(2) == sq. units 
5 3! ) 3 So units 


My ie curves? 4a(x+a) and? =4b(b-x)is A= = RGD) 
sq. units 


Illustration 9 
Find the area bounded by the curves y* = 4(x + 1) and y? = 8(2 — x) in sq. 
units. 


QBsron-eut solution : 


(GRGHED) Here, a=1,b=2 
>A= § Jab (a+) = =V/3(1+2) =8V2 sq. units 


TIPS AND TRICKS: (T-10) 


quadrilateral formed by the tangents at the end points of latus 


Bie) 2 
Ops ie a _ 2a an 
llipse mae =1lis 4=— sq. units 


e 
h ‘eccentricity of ellipse. 
“stration 19 


area of the ecrsteral formed by the tangents at the end points of latus 


2 
Teclum to the ellipse “~~ 9 Soe = | in sq. units. [AIEEE 2003] 


@ Short-cut solution : 
ex fl-g=3 


2x9 
Hence, area = 2a? SLoLee 27 sq. units 
e (2/3) 


TIPS AND TRICKS: (T-11) 


The area bounded by the parabola and a line x = k, perpendicular ; 
O it 
symmetry is 4 = F(a. ss es) sq. units 


Illustration 11 


Find the area of the region bounded by the curve 2 
x=3. 


4x and 4 


@ Short-cut solution : 
Using T-11| a=1,k=3. 


Hence, A = Fava: yal F(Wi3")=8 


To find the area of convex polygon with n-vertices having coordinates 
(X,Y), Opp Yq)s (%35.g)> «+5 (Xj Y,)» then follow the steps. 


Step 1: Roughly arrange the coordinates in the argand plane. 


Step 2: MN * Foruptodown , 


bw. 
take positive N 
J2 * Forbottomtoup 7 
4 “oS take negative. 
Area=—] ; 
7 fa at 
x 


in is 


3 


SS 


= Area = Sly) + (er) +O, 9)+ +(x, : 
= fx, + X32" 


5 Application of Integrals 


ust? ration 12 
wb Findahe area ofthe quadrilateral formed by (4, 10), (11, 2). (2s 2) and (9, 7) 


in sq. units: 


Os sro solution : 


We take clockwise-direction 


a y 

ys A 

' > wa (4, 10) 

=) baie ,: (9, 7) 


2) e~, 
i 
4 eo 2,2) (11,2) 


Sarea=|; {28 + 18 + 22 + 20)} — 5 {(90+77+4+8)}1= 2 sq. units. 


SHORTCUTS: (SC-2) 


bounded by the inverse of the function. Fol 
low example. 


low the steps as used 


Illustration 13 
Let f(x) = 3 + 3x +2 and g(x) is inverse of it. Find the area bounded by g(x), 
the y-axis and the ordinate at y= —2 and y = 6. 


@ Short-cut solution : 


z Symmetric 
Area required: area about. ~—_ 


the point 
y= g(x) 


y=2 & y=6 
x=0 


Reflection 


y=fx) 
y=2 & y=6 
x=0 


@ if Mathematic., 
Hence, required area (A) ' 
A= 2[Area(Rect. OABC) — Area of f(x) with x-axis] 

1 
A= 2[6— f(x? +3x+2)dx] 

0 


ee 
oh 


TECHNIQUE 


The surface area of a curve y = f(x), a <x <b when rotated about x-ayi, i 


s=[!2m fo(2) ie 


‘The surface area of a curve x = g(y), ¢<y <d when rotated about y-axis js 


2 
d dx 
S=) 2nx,/1+| — 
Si (Se 


Illustration 14 


The part of straight line y = x + 1 between x = 2 and x = 3 is revolved abou 
x-axis, then find the curved surface area generated by solid. 


@ Short-cut solution : 


(Using Tech| The given curve y=x +1,2<x <3 and Bye 140 =1 


) Ix 
2 
b 2 
.. Curved surface area = 2ny, (2) dx 
) : 4 
. 


= y 2n(x+l)y/1 +(1)?de= anf (x+ I)dx 
3 
= nia | =72n square unit 


2 


1. The area bounded by the curves y? = 4x and x2 = 4y in sq. units is equal to 
[AIEEE 2001] 


32 8 
a (b) — < 0 
@ 3 (c) 5 (d) 


The area enclosed between y? = x and y = |x| in sq. units is: [AIEEE 2007] 


1 
@ 2 (b) > (c) ; (d) 3 


The area (in sq. units) of the region described by {(x, y); y2 < 2x and 


y24x-1} is [JEE M 2015] 
7 5 15 Orth 8 
& ayes ae 25 

® 3 64 Oa ® 30 


. The area (in sq. units) of the region A = 


[JEE M 2019] 
(a) S (b) 18 (c) 30 (d) 16 


. The area (in sq. units) of the region A = {(x, y):x2<y<x+2} is: 
[JEE M 2019] 


31 13 9 10 
a Da a di 
(a) 6 (b) 3 (c) 7) (d) 4 
The area (in sq. units) of the region y = Vx , 2y—x+3=0, x-axis and lying 
in the first quadrant. [JEE M 2013] 
(a) 36 (b) 18 (c) 2 (d) 9 


Find the area of the quadrilateral formed by (1, 1), (1, -4), (3, -5), (3, -2) in 
8q. units is 
(@ 8 (b) 10 () 6 (d) 12 


» Ifthe area bounded by the curves y? = 4ax and y = mx is = . Find ‘m’, 
(a) 2 


(b) 1 (c) 3 (d) 4 


10. 


ll. 
12. 


13. 


14, 


15. 


168 


The area bounded by the ellipse 
2 2 


eae : 
6 ct 9 1 in sq. units. 
(a) 2V6 (b) 3V6 (©) v6 (d) v2 


Area bounded by the curves y? = 8(x + 2) and y? = 32(8 — x) is equal to (in sq 
units) ; 


300 310 300 320 
(a) a (b) <a (c) a (dd) — 


NUMERICAL VALUE PROBLEMS 
The area of the region described by y? < 4x and y > 2x — 1 is equal to 


The area of the region between the roots of the quadratic polynomia| 
y=x? ~8x+7 and x-axis is equal to sq. units. 


The area bounded by the parabola y? = 8x and x =2 line is equal to *P’ sq. units 
then [P] is equal to (where [P] is G.I.F.) 


The area bounded by x? = Sy and 2y = 4x + 8 is equal to 


The area of a quadrilateral formed by (1, 1), (1, —4), (-3, —5) and (3, -2) is 
equal to sq. units. 


= 3: Sq. units 


a units 
pep © 


4, 1-2] Equations are y?<2vandx<y+4 


2 
>A= eas -7(3] = 18 sq. units 


5. (©) [UsingT-4] Equations are x2 <yandysxt2 


Since, b= n=l 
4 


=> A=72b*m? = (7) eS 3 sq. units 


—_— 


|Mathematic, 
3 ' 


St HL ete = 
6. (a) [Using TED| Given: y= Vx,y=5-5 


: 3 ae, 
= y? =x, on squaring y= = 5 (Remember to divide the area by 22) 


Now, dividing by 2? => 2 =9 


7. (a) [Using SC*1] We take anti-clockwise direction 
y 


14 
1 a 
eal ~5 
Aas a 
3 2 
aber 1 
1 
= 5l{-4-5-6+3)-(1- 12-15 -2)}|=8 sq. units. 
my <e 
3 
=>m=2 
9. = ¥6,b=3 


 A=nab>A=3J6n Sq. units. 


Ti stions a are y? < 4x ee 
-lm=2 


72a 72x1 


ms Imaxz ~ 2 84 units 
Roots of x* — 8 +7=0,a=1,B=7anda=1 


= (New) ' 
” (42.287) = 32 
2] =10 


Equations are x? = (zp and y=2x+4 


x 


x=8 


e —- 


1 
=>A= al(A-5+6-3)-(1 + 12+ 15 —2)}|= 16 sq. units 


Differential 
Equation 


wc 
Ove seceece vn acaarnaaaengnansseaeceseoetnanacecsacieanaii TT 


£ | Review of Key Notes and Formulae / 


1, Definition: An equation involving independent variable (x), dependent variable 
(y) and derivative of dependent variable with respect to independent variable 


(2) is called differential equation. 


Order of differential equation : Order of highest derivative occuring in the 

equation. 

Degree: The degree of a differential equation is the exponent of the derivative 

of the highest order in the equation, where it is in polynomial in derivatives. 
2. Formation of meer Equation : Suppose we have an equation 


PGC > Co --- C,) = 
where, C), Cy, C3, .- C, are arbitrary constants, then to form differential equation. 


Step 1: Differentiate the equation as many times as number of arbitrary 
constants. 
Step 2: Eliminate the arbitary constants in the given equation, which leads to 
the required differential equation. 
3. Solution of Differential Equation: 
(i) Variable separable form: Separate the variables and then integrate to 
obtain the solution. 
3 peal, fear = fea 


(ii) Homogeneous differential eq' 


dy _ f(y) 
dk g(x,y) 


uation: A differential equation of the form: 


where, f(x, y) and g(x, y) are homogeneous functions of same degr.,. ‘ 
To solve Go = F(Z) , Put y= vx 
dx x 


= Ba vaxt 


Then the given equation reduces to 
dy 

x— =F(v)- 
i (v)-v 


(Now, separate the variables and integrate) 
(iii) Linear differential equation: A linear differential equation of first order 
can be of the form: 


« + PQ)y = Q(x) 


where, P(x) and Q(x) are functions of ‘x’. 


Steps to follow: 
Step 1: Consider the equation & + P(x).y = Q(x) 
Step 2: Find integrating factor (I.F.) =e?) 
Step 3: Solution is: y(I.F.) = | Q(x) (LF.)dx 
4. Some Important Results to Remember: 
(i) xdy + ydx = d(xy) 
(ii) adem as a(2) 
x 


x 


= d(log xy) 
(vy 2a 4( toe) 
xy x 


dx+dy 
x+y 


(iii) aber 


W) = Ad(log(x + y)) 


to form differential equation for the type: 


the™ DE. 


Y2—my=0 


Find the differential equation of the family of curves 


y=Ae* + Be for different values of A and B. 


Gsnor-cu solution : 
(sing T=] sm=4 
= ee. loy=0 
Ilustration 2 
Find the differential equation of the curve 
B26"? + 362 


Bsnorr-cur solution : 


— 


& Tricks in Mathematic, 


Illustration 3 


Find the differential equation of the curve: 
y=a.e* + b.e* for different ‘a’ and ‘b’ 


@ Short-cut solution : 
om=3,n=5 


d*y ody 


—=8—+15y = 
Axcis ax hes 


Illustration 4 


Find the differential equation of the curve: 
y=2.e-3.e% 


@ Short-cut solution : 


Using T-2] " m=1,n=2 


TIPS AND TRICKS: (T-3 


Short trick to form differential equation of the type: 


y=(atbx)e™ P= 5} y, —2my, +m?y =0 


Illustration 5 


Find the differential equation of the curve 
y= (2+ 3x)e* 


@ Short-cut solution : 
[Using] ~ m= 5 


d?y_, dy 
=> Fem ex 5+ 28y =0 


Differential Equation ~ 
TIPS AND TRICKS: (T-4 


J2—2my, +(m? +n*)y=0 


Find the differential equation of the curve 
y=er[sin(3x) + 4cos(3x)] 


Garona solution : 

(ag 22-3 
> A 2x2% +4499 =0 

de dx 

dy 4% 

—=—+13y=0 

ie 
Ilustration 7 


"Find the differential equation of the curve 
y= e"[2sin3x — 12cos3x] 


Gsror-cut solution : 


—  ——_ 


Short trick to solve differential equation of the type: 
(Solution of differential equation) 


dy _m(axtby)+c In other words: 
dx nlaxtby)+d | po, “x thyta _ dy 


Gx+byy+ce, dx 


wipe = =k then use this method. 
Ba) 


= p(say) 
q(say) 


il} 


bitte er +bm) + log| (ax+by)(an+bm)+(ad tbc) |=c 
nce—md 


OR 


mx =") (p)+log| (axtby)p+q |=c 
—md 


* Note: Don’t learn the above formula but only understand the procedure. (In 
order to explain the procedure may be long but once you understand 
it, then it will a magical tool for you.) 


Illustration 8 


; . ‘ y —-x—-y+2 
Solve the differential equation @ ee LS 


x-y+2 


@ 


Differential 


iinstration 9 


Solve the differential equation dy _ 2(2x-Sy)+6 
dx 3(2x—Sy)—12 


Se 5 = 
Si 6 24-30 =-54 


na, 2x-3y 


(-4) + log| (2x-Sy)(-4)-54 |=c 


* 8+24) 


Fa,=0 => Cross multiply and integrate. 


Illustration 10 


Solve: 4Y _ 4x-3y 
dx 3x-2y 


QD shor-cut sotution : 
(aigSC-T] b, +a,=-3+3=0 (Cross multiply) 
> 3x dy —2y dy = 4x dx —3y dx 
> J3d(ay) = Jardc+{2yay 
S3y=224+ 240 


Illustration 11 


Solve: CAP Cast) 
dx bx+cy 


. @ Short-cut solution : 


Using SC-1|b, +a,=-b+b=0 (Cross multiply) 


=> bx dy + cy dy = ax dx — by dx 
= JbCedy+ y dx) = faxdx—[cydy 


2 
=> b: or o 3 
VD ae aa 
‘ 2 2 


SHORTCUTS: (SC-2) 


Substitution Method: Substitute the options to check the correct answer. 


Illustration 12 


dy 


2 
A solution of the differential equation, (2) = x 
dx dx 


Jey=0 


(a) y=2 (b) y=2x 
(c) y=2x-4 (d) y=2x°—4 


@ 


(a) a =0, on substituting => 0-O+y#0 


) 2, on substituting = 4-—2x+y#0 


d ‘ 
(c) ee =2, on substituting = 4-2x+y=0 Ans. (°) 


Differential Equatio 


‘The solution of the differential equation, 


ydx+ (+X y)dy= 0 is [AIEEE 2004] 
@ loey=Cx b) + +logy=c 

xy 
(c) —theey =C (d) xy=logy=C 


Short-cut solution : 


(a)  logy=C 
dy 
=> a Cy does not satisfy 
pe logy=C 
(b) a 


a --Se4-s)} 4-0 Ans. (b) 
B\ yr jdx y\ x y 


ition of this Clairaut's equation is obtained by replacing p by con- 


—_— 


6 in Mathematic, 


@ Short-cut solution : 


(Using Techy y = px pee where p = 7 then solution is 


P dy 


c 
V1+e? 


Illustration 15 


yr=caxt+ 


Solve y*log y = pxy + p? 


@ Short-cut solution : 
| 


ldy_ dt 


Let | =. Then —— = — 
et log y ears fH 
vp at 
So, if —= p, 
he P. 


So the given equation can be written as 
t= yp xy + py? or, t= px +p? 

Which is in Clairaut’s form 

Thus, the required solution is 

t=cx+c? orlogy=cx tc 

(c being an arbitrary constant) 


: Find the differential equation of the curve 
y=8er+ se" 
(a) y"—Ty'+ 12y=0 (b) y”—6y'+ 12y=0 
(d) y"-y=0 


© y"-'-12y=0 
4 “Find the differential equation of the curve 
y=(4+7x) e 
yay +y=0 (b) y"—-2y'+2y=0 
S y= 4y'+ 4y=0 (d) y"-4y'=0 
jind the differential equation of the curve 
[5 sin 6x — 8 cos 6x) 


y'+ 52y=0 (b) y"—8y'+ 5S2y=0 
(d) y"-y'+2y=0 


lution of differential equation, ie Ha dat is 
dx 2(x-y)+5 
ytlog|x—y+z|=c (b) x-3y+logk—y+2|=c 


4y+loge—4y+2|=c (d) x-2ytlogk-yt2l=¢ 


n of the differential equation 2 = == satisfying the condition 
[ATEEE 2008] 


(b) y=xlogx+x 
(d) y=xlogxt+x 


SOTviCKS in Mathematic, 


7. Acurve passes through that point C £). Let the slope of the curve at 


‘ 


Cach 
x 


point (x, y) be 2 + see x > 0. Then the equation of the curve is 
x 


IEE M 2913 
(a) sin( 2) <togx+4 b cosee( =o x+2 
= a (b) = gx+2 


(c) see{ 22) <togs+2 (d) cos(22) log ++ 
x 


8. The differential equation which represents the family of curves = qe 
where c, and c, are arbitary constants is 


@)y =" (b) y"=y'y 
(c) yy"=y' @) yy"=OP 
9. The differential equation of the family of curves, x? = 4b(y + b), b & Ris 
(a) x(y’)?=x—2yy' (b) xy"=y! 
(c) xpP=x+2yy' (a) xy’? = 2yy" 


10. Let ‘I’ be the purchased value of an equipment and v(t) be the value after 
it has been used for ‘/’ years. The value v(¢) depreciates at a rate given by 


“0 


differential equation —~- =-k(T — ¢), where k > 0 is a constant and “T's 


the total life in years ie - equipment, Then the scrap value of v(T) of the 


equipment is: [AIEEE 201] 
1 kr? 
T-— ah 
(a) py (Bb) 5 
52 
(c) , k=)" (d) ett 


2 


185 


NUMERICAL VALUE PROBLEMS 


— a - 
RR bea continuous function, which satisfies f(x) = ff (dt. 
“ 0 

h > value of f(In5) is [AIEEE 2009] 


function fix) = x° + e*? and g(x) = f(x), then the value of g’(1) 


6. 


dy 
53-0442 eroeay = 0 
y"—7y'+ 12y=0 
(©) [CRRER] v m=2 


y"—2 x 2y'+2?y =0 


(b) [f 


—2x 4y'+ (16+ 36)y=0 
y= by’ Beay = 0 
(da) 


*=2Y(2-1)+ log|(x- y)(2-1)+(S—3)|= 


=> (x—2y) + log|(x-y)+2|= 
(a) (USHGSCA x dy =x dx + y dx 
xdy~ydx _ ay 
x 
= Xdy=ydx _ 1 ay 
x? x 
1). Ve TS 
~ fal {- =e logx+C 
wy)=t 


=C=i 


% =logx +1 y=xlogx+x 


ll. (0) #(x) = f(t)at= £"(x) =£(x) 
0 


Sef ix = (dx = tog (x)=x+ 


f(x) 


k 
= f(x)=e%tk <e%ek = f(x) =Ce* (say ¢ =c) 


“.£(0)=0=> Ce® =0>C=0 
-. £(x)=0= f(In5)=0 
12. Q) f(x)=x?+e*? ae =3x? +5er? 
“£(0)=18'(0)=5 
» B(x)=f "(x)= a(f(x))=x 


1 
=> g[f(x)]f'(x)=1> 8[f(x)]= F(x) 


y 6 Ona? 


nna 


& | Review of Key Notes and Formulae { 


1, Complex Number: A Number of the from z = x + iy where x, y © R and 
i= J-1 is called a complex number where ‘x’ is called as real part and y is 
called imaginary part of complex number. 

ie. Re(z) =x, Im (z)=y, 
* If Re(z) = 0 = Purely imaginary complex number. 
* If Im(z) = 0 => Purely real complex number. 
2, Algebra of Complex Number: 
Ifz, =x, + iy, and z, = x, + iy, be any two complex numbers 
(i) Addition: z, +z, = (x, +x) + iy, +) 
(ii) Subtraction: z, — (x, — x) + iQ, —y2) 
(iii) Multiplication: z, . 2, = (x, —,¥2) + icy. 


2 + XV) 


. eee Z, x, +iy, (x, + iy, (x2 = 
(iv) Division; 2. = 2171 = Mit" 


5 = [On rationalisation] 
2 xy tiy, (%) +2 )(%—Iy2) 


(4X2 + M2) ti, — XV) 


2 2 
X2 + yz 


* Note: Additive inverse of z is —z and multiplicative inverse of z is —. 


Conjugate of Complex Numbers: If z = x + iy is a complex number, the 
Conjugate of z is denoted by 7 =x — iy. 
Properties 


® @-=2 

fw) z+ Z =2 Re(z) = Purely real 

(ai) 2~Z =2i Im(z) = Purely imaginary 
(iv) 2.5 =2+~=|2)2 


——— 
(v) at2z, = 74% 
Ot) SS es 
@ 412) = 22, 


(vii) (2) =i15240 
z. 


72 2 
(viii) 2" = @)" 


(ix) ifz=lz,), then 7 =/(Z) 


(X)  2)2) +2)2) = 2Re(Zz,) =2Re(z,Z) 
(xi) 22) —2)2) = 21m(%zp) = 2Im(z,29). 


Modulus of a Complex Number: If z = x + iy, then modulus or ma 


of z is denoted by |z|= x? + y? 


Properties: 

(i) (20 

(ii) +2] < Re(z) < || 

(ii) 42] < Im@) < || 

(iv) lel= 12] =|-2|=|-2| 
(v) 2 =|z/? 

(vi) iz, -2.|= {2,1 25 


a e: 
(vii) z! = ad 
(viii) |2"| = [2|" 


Fey Es ae 
glee 


\BNitud 


(x) |z, +2,)? =|z,/? + |z,|? + 2Re (2,2) 
(xi) |e, +2, + fz, —2,/ = fle, + z,/7) 


(xii) fz, + 2)? = fz)? + leg? <> = is purely imaginary. 
Z. 


(xiii) Triangle inequility: 
(a) fk, +2) lz, +|z41 
(c) |z, -2,] $ |lz\|—lzyll 


(xiv) z is unimodulus, if {z| = 1 


Amplitude/Argument of a Complex 


Number: 


The argument of a Complex Number z is 
the inclination of the directed line segment 


representing z, with real axis, 


2 


(b) 2, +2.) 2 [z\| — 2) 


bs “Note: Principle value of argument of a complex number lies between 
al 
amp(t) 0; IfkeR’ 
= 
) nm, IfkeR 
(ii) amp(2, +2) = amp(z,) + amp(z,) + 2k, (k is any integer) 


ES 
(ii) amo? = amp(z,) — amp(z,) + 2kn, (k= 0, 1 or =1) 
2 


{iv) amp (2) = -amp(z) amp( +) 


Le ‘amp(2") = n amp(z) + 2kx (k= 0, | or ~1) 
(-z) = amp(z) + 7 

(vi) amp(2) + amp (2) = 2kn; (2kr € (x, x) 
>... Complex Number : Polar form of z =x + iy is 
+ fsin0), where r= fx? + y? 

(2) 0. 

Representation of Complex Number: 

=r, arg(z) = 0 


a 


1+ i sin 0) = cos(n0) + i sin(n8); n € 1 
6 +i sin @ is one of the value of (cos 0 + / sin 0)". 


of Unity: 
of unity are 1, w, w?, where w= a8 and w? = = 


“lorw'= 1, witha wand wre wre t 
two 
of unity lie on the unit circle jz| = | and divide its circumference 


parts, 
id w? always from equilateral triangle. 
of =1 are =1, -w, = 


10. 


ll. 


12. 


in Mathematics 


n™ Roots of Unity: 
It means any complex number z, which satisfies the equation >" 


=lorz (1)lm 
aoe +isin 2 , Where k= 0, 1, 2, ..., (n — 1) 
n n 
Properties: 
() __n® root of unity form a GP with common ration e?*” 
(i) Sum of n root of unity is always zero. 
(ii) Sum of p®* powers of n“* root of unity is 


. oT 
If‘p’ is a multiple If ‘p’ is not a multiple 
of ‘n’. of ‘n’ 
(iv) Product of n“ root of unity is (-1)"~! 
(v) The nth roots of unity lie on the unit circle |z| = 1 and divide its circum. 
ference into ‘n’ equal parts. 
Concept of Rotation: 


Ifz,,z,, z, be the three vertices of a AABC 
described in the anti-clockwise direction. 
Draw OP and OO parallel and equal to 
AB and AC respectively. Then, point P is 
Z,—z, and Q is z, —z, then, 


43-% _ 143-41 
2-% = |%-%/ 
Some Important Results to Remember: 
Ifz=cos6+isin@ 


@ 4 —Dcondands— = 26inp 
z Zz 


(ii) 2+ e. = 2 cos(n) and z" — a = 2i sin(n®) 
iz, z 


(iii) Ifx=cos a + isin a, y= cos B +i sin B, z= cos y + i sin y and giN™ 
x+y+z=O0, then 
1 Oe 


(a) SEG) (b) xy tyz+2x=0 
eyes 


(©) Pe +y¥+2=0 d) P+ +2=3xyz 


Complex Numbers 


complex expression of the form: 
fl (4) a + i’ 
pore, qand r are quotient and remainder when ‘n’ is divided by 4 
flustration 1 

Evaluate: (1 +i)! + (1 — i)! 


@ Short-cut solution : 


*, When 12 is divided by 4 then q=3,r=0 


= Expression = (—4)3(1 + i)° + (-4)3 (1 -1)°=-128 
Illustration 2 

The expression (1 + i)** + (1 — i)58 is equal to 
GY sronvcut solution : 


Fl) . When 58 is divided by 4 then a 14,r=2 
= Expression = (—4)"4 (1 + i)? + (—4)!4 (1 - 
=(-4)!4(2i) + (-4)!4(-21) = 0 


1S TIPS AND TRICKS: (T-2 


-‘Mlustration 3 


find square root of a + ib, first find the number ‘ and then factorized this number 


insuch Away that difference of square of these stiri is equal to real number ‘a’ 


Square root of 5 + 12i is equal to: 
ZO) Short-cut solution : 


RRA] Let /5rin; - Navi 


ie 2, 6% = Jeri -43+29 


YY 
“stration 4 
gy Square root of 3 — 4; is equal to: 
O Shortcut Solution : 


Here, |b|=4 2 + 1G 
© N3~4) = 402-1) 


— 


Minimum value of the expression of the form: 
lz—k|| + le—k,| where, k,,k, eR 
Step 1: Mark k, and , on number line. 


Step 2: The difference of k, and k, will give minimum value. 
=> Minimum value = k, — k, 


Illustration 5 
Find the minimum value of |z — I| + |z-2| 


@ Short-cut solution : 
Using T-3 


Illustration 6 
The minimum value of |z — 2| + |z + 5| + |z— 10] 


@ Short-cut solution : 
Mark —S, 2, 10 on number line 


Neglect 


= Minimum value = 1 


> +>—— > Minimum value = 15 
-5 2 10 


TIPS AND TRICKS: (T-4 


ples ry) 
Zz 4 =a, then the greatest and least value of |z| are respectively Ne 


-a+Va'+4 


2 


If 


and 


Illustration 7 


The maximum and minimum value of lel if z+— al 5, is equal to 
@ Short-cut solution : 
(Daag « = 5 


pe _ ~5+V29 


= Plax 


tion method to solve complex number problems. 
=] orz=iorz=-i 


en it is given that |z| # 1 then 
sume z = +2 or z= +2i, etc. 
one option matches, then change the substitution of z. 


i041) _ 
i(1+i) 
ions (a), (b), (c), (d) for 0 = n/2 


~2sin® ae 


in Mathenar,, 


Ifil=1,22-landa = then real part of 'a' is equal to 
4 VANHY, ayy 

GD snon-csr soraion : 

= +1 i+) 

Using TS Letce isa : “= ‘ 

=>Re(a)~0 e 
Tlustration 11 
l+(l~Ba)z 


) 
number for all z © C satisfying {ri = | and Re (z) # | is [JEE M 2019) 


G snor-cut sotation : 


The set ofall a ¢ 2, for which w 


is a purely imaginar 


Since, purely imaginary => Re({w) = 0 => 8a = 0 
=> la=0) 


Illustration 12 
Ifz € C of unit modulus and arg 0, then arg | i: 
+ 


} is equal to 
[JERE M 2013) 


al 


(a) =-6 (b) 6 
2 
(c) x-0 (d) -6 
Qsnorrcar sotution 
(CRT = = 1. Let = 1 
a() =arg (2)=0 ans 
Illustration 13 
Sa l+a+ib . 
Ifa? + & = 1, then 
= l+a-ib Ihanctad 
(a) i (b) - 


(c) Iti (d) 1-J 


Ans, (a) 


) are two fixed points and a point P(e) moves in a plane 


aan moot Ik = |z, — 23] > Locus is line joining 4 and B 
: ae # |2) 24] > Locus is ellipse 


a Ifk= |, ~ 23] > Locus lies on ray BA 
alk 


~ IPA # |z) —2y| > Locus is hyperbola 
a K=1 = Perpendicular bisector of AB 
Ifk# 1 => Circle 
=} =k => Locus is a square. 


on 14 
bus of jz — 1] + |z + 1] =4 is: 


Land |z, —=,|=|1 + 1]"2#4 


‘+ k= 1 => Locus is perpendicular bisector line joining 2, 
and 2). 


> 


ps & Tricks in Mathemati., 


aay ee ‘hawtec 
uthentic Shortcut: 


Illustration 17 


The locus of |z+Z|+|z—Z| = 10 is: 


@ Short-cut solution : 


\Using SC-1 (iv) Since Z is a conjugate of z 


=> Locus is a square. 


Use of AM 2 GM in complex numbers. 


Illustration 18 
Ifz is a complex number satisfying |z’ + z*| <2, then the maximu 
value of |z + 27) is 
(a) 2 (b) 2 
(c) 22 (d) | 


@ Short-cut solution : 
Using SC-2] As we know that |z? + 


AM 2GM 
1 
So when |z| = 1 => |e? + — =2 
|z| 
1 
Now, |z+—| coll =2 


Hence, maximum value = 2 


SHORTCUTS: (SC-3) 


Square root of any complex number: 


(i) Gixvavio~s| fltRete fae] 
ci) i= Vi-ie-a| ferme, Eezoy 


Illustration 19 


Square root of 2 4 i is equal to: 


Complex Numbers | 
p= ~| fs | 
2 4 4 3 
20 


nl 3- a is equal to 


¥ V229+15 ae 
z =+) {————— - ;, | 
10 10 


—2z,) + |z— z,|* =k, where keR will represent a circle with 


cose 
z,) and radius 5 2-1-2 P when k > slime ie 


he centre and radius of the circle |z— 2? + |z - 4i/? = 


Here z, = 2 and z, = 4i 
fte= (e425) = (2+4i) =14+2i 
yy a2 oa ae 


= 540-20 = V5 


function or find expansion of sin" or cos"®, 


200 s 
Illustration 22 


cos 2a + cos 2f + cos 2y. 


@ Short-cut solution : 
| 
| 
| Let a= cos a + isin a, b= cos B + isin B and c= cos y + isin y. 
1 ese | te, 1 E 
“~~ = Cosa —isina.,—- = cosB —isinf and —=cosy—isiny 
a b a 


Now,a+bh+c=0 and Se Osa he dca <0 
mob ¢ 


Ps (at+b+cP=a +b +0? +2 (ab + be + ca) 
> @t+h+c=0 
=> (cos a + isin a)? + (cos B +i sin B)? + (cos y + i sin y)? = 0 
=> (cos 2a + cos 2B + cos 2y) + i(sin 2a + sin 2B + sin 2y)=0 
= cos 20 + cos 2B + cos 2y = 0 

Illustration 23 


If sin® x—cos® x = A+ Bcos4x, then find A and B 


@ Short-cut solution : 
[Using Tech, 


We have A + Bcos 4x 


us 4 [9C (e295(e-¥) + °C(e)3 (3 + 6C,(e*\(e -*9)5] 


= Hole 4ix 4. endixy ty 20) 


sade <a 3 
= 39 [(6) (2 cos 4x) + 20] = guste 5 
Thus, A=5/8 and B=3/8 


If sin & + sin B + sin y = cos @ + cos B + cos y = 0, then find the y,) 
lug 


-_ — 


‘sin Mathemat; ee 


ot of 8 — 67 is equal to 


(b) +6 -i) (c) +3 +, (d) None of these 
nplest form of z= (1 + i)! is equal to 
rth, (b) 8+8% (c) 64-647  (d) 64+ 64: 
form of z= (1 +i)!3 + (1 — j)!3 ig equal to: 
(b) 64 (c) 64 (d) -128 
um value of the expression |z — 4) + lz - 6| + |z~1| is equal to: 
(b) 10 (c) 5 (d) -10 
num value of the expression |z + 2) + |z— 4| is equal to 


(b) 4 


Zz 


| and z # +1 then all values of 7 lies on: [AIEEE 2007] 


—Zz 


ine Which doés not pass through origin 


242) t..42, 
1 “—| equals to 
a hey tat z, 


(b) I/n (c) |z, +25) (d) 1 


Zi) 


= [z,|= 1, then 


mbers z = x + iy which satisfy the equation a 


| = 1, lie on 
Si 


‘ 


Teieks in Mathematic, 


10. The cone Panter sin x + i cos 2x and cos x — i sin 2x 


ALE COnjyos, 
each other, for 


1)* 
(a) x=nn (b) x=0 (c) x= (n+) (d) No value «: 


11. Ifzisacomplex number such that |z| > 2, then the minimum value of 


(a) is strictly greater than 5/2 

(b) is strictly greater than 3/2 but less than 5/2 
(c) is equal to 5/2 

(d) lie in the interval (1, 2) 


[JEEM 2014) 


2+3isind . 


12. A value of @ for which -——— is purely imaginary, is: [JEEM 2016) 
1—2isin® 


(a) 7/6 (b) sin 2) (c) sin'(4.) (d) 2/3 


13. The value of the expression 


Coca les aromas Caer 


where @ is cube root of unity 


2 2 2 24.91 
(@) } (b) ae © wo @ mo 


14. The locus of |z - 3 — 4i| —|z—2-—3i|= V2 is 
(a) ellipse (b) hyperbola (c) liesonaray (d) circle 


Figg, anti hears ae 
z-\+i 


(a) ellipse (b) circle (c) hyperbola  (d) None of thest 


2 is: 


ginal) 
16. If Z; #0 and Z, be two complex numbers such that 2 is a purely imagin® 
1 


> 2013) 
number, then |221+322! ;, equal to: [EE M? 
2Z, -3Z 
(a) 2 (b) 5 (c) 3 (d) | 


17. The radius of the circle |z — 2i? = 25 —|z~—3 + if? is 


3 = 2 
(a) 2 (b) 5 © 5 (d) 


° aplex Num! s 203 
NUMERICAL VALUE PROBLEM 

and a, b, c, x, y, z be non-zero complex numbers such that 
x, a+ bwt+cw=y a+ byt 


2 
Pi let is [AIEEE 2011] 
+(e 


+ cw =z. Then value of 


3 then minimum value of |z + 1| is 


i| <4 then the difference between the greatest anc least value of |z| 


then ‘p” is 
of (1 + 7)*4 is equal to 


1+i 


n/3 
i) =1, (m,n EN), then the greatest common divisor of 
= 


ues of m and n is ‘ [JEE M 2020] 


(b) 


(c) 


(da) 


(a) 


(d) 


(b) 


@) 


(d) [U 


(d) 


(d) 


Solutions 


[Using 73] Let J8—6i = Ja—ib 


3 
Here, bj=6 IDI? , 4 => 8-6 =4+3-1 


1 
[Using TA] -. When 13 is divided by 4 then g =3,r=1 
= Expression = (-4)3(1 + i) = -64 — 64; 


= Expression = (—4)3(1 + i) + (-43(1 —i) =-128 


Mark 1, 4 and 6 on number line 


Neglect 
x 
— a a => Minimum value = 5 
—— 
Mark ~2 and 4 on number line. 
= i => Minimum value = 6 
6 


= 2+ 
[Using 4 ee 2,2, --1+ 
5] ie]=1, Letz=7 


Ten = (lie on imaginary axis) => y-axis 


1-z 
i Let n=2 and z,=1,z,=i 
242. 1+i| 
=> = 2 =| = 
Zz +25 l-i 
Jsing T-5] Let z=5 
z—5i| 5-Si 
=> = =] ‘ 
FSS |pac| Baca 


Check for the options (a), (b), (c). 
Since, no value of ‘x? satisfies => Correct option is (d). 


1 
ais) slel+5 (Triangle Inequality) 


lzj+= le[ 2 
By AM>GM=> 522 (lz!) (Elin = 2) 


neglect the equality, since lz| 


correct option is (d). 


jx4 


Checking options for (a), (b), (©), (d) 


. er Perel : 

ore, on substituting @ = gin! _!_ => Expression = 2+ 2+iv3 
N3 7 

V3 


v CB +2) _ 5 


ne V3 +314 4i— 2y3) is purely imaginary, 


1 1 
(tog) -0 00m 


, correct option is (a). 
)| Comparing with |z —z il-k-z,)= 
k= |e, —z,|=|(3 + 4i)-(2+31|= J2 
locus lies on ray joining points. 


i)| Comparing with |>—*! 
2-2, 


=k 


ve, k# 1 => Locus is circle. 


Letz,=1+iandz,=1-i 
» TE _ (=i (1-i) _ 
ti (1+i)(I-i) — 


4 =a) 
|22| 


72 


Say ortcuts-Tips & Tricks in Mathematics 
17. (a) (Using SC-4] Here 2, =2i and z,=3-i 


1 spe 
Centre So 2)= tk 


2 


Radius = 52-21-22 = =5V50-2 =5. 


2, 

18. (3) Using T-5] Let a= b=c=1=>x=3,y=0,7=0 
(elwesiivinenten, 2 9°! 
laP +|bP +|cP 14141 


19. (0) . e+ 1]=|(e+4)-3} Pea nangle inequality 


Therefore, expression = 


As we know that iz, - 2,| $|lz\|—- \z5ll (equality holds when z= 


> 2+ Mein = [3] - 1-3] =0 

20 (13) (Using T=4] -: |2| =|2—3 + 27+ (3-24) 
=> Zing = 4+ VIB andz,,.=4- Vi3 
Then difference = 2V13 = P= 13 


21. (256) ©. When 24 divided by 4 then q = 6, r= 0 


Hence, (1 + i)*4 = (-4)4(1 +.) = 256 


.\m/2 .\n/3 
22. (4) (USEING Given that (=) -(4) = 


melt i-1 


(2 f (ee y 35 
2 2 


=> m2 jy" <1 


m (least) = 8, n (least) = 12 
GCD (8, 12) = 4, 


2) 


Quadratic Equations 


eee 


¢ review of Key Notes and Formulae 


Definition: Quadratic equations are the polynomial equations of degree 2 in 
one variable of type flx) = ax? + bx + c; a,b,c € Randa #0 


Nature of Roots of Quadratic Equation: 


1fD =b? — 4ac > 0 => Two distinct real roots 
{fD = b? — 4ac = 0 = Two equal real roots 
IfD=b? — 4ac < 0 > Two imaginary roots 
IfD = 6? —4ac is a perfect square => Rational roots 
If‘D’ is a perfect square, a= 1 & b and c are integers => Integral roots. 
4 Quadratic Equations having Common Roots: 
(i) Ione root is common. (‘a is common root) 
ao? + bya +c, =0 
a0? + bya. +c) = 0 


a PoeAL LE St 


Be, —cyb, aye, + cay aby — yay 


ii) both roots are common 


. op =< 


z + 2. - ax* + bx +c; a,b,c ER, a#0 
f(x) = 


Use of method of substitution 


Au i rtcuts-Tips & Tricks in Mathem, 
(ii) Iff)>0V¥xeR>a>0,D<0 

(ii) Iff@)20VxeR>a>0,D<0 

(iv) IffQ)<0VxeR>a<0,D<0 

(v) Iff@)<0VxeER>a<0,D<0 

Location of Roots: Condition for ax? + bx + e=0,a#0: 
(i) Both roots greater than ‘k’, (kK € R) then 


atics 


%bcER ‘Ohaye 


(a) D>0 (b) 57k (c) af(k)>0 


<a 
(ii) Both roots less than ‘k? then 
—b 
(a) D>0 (b) oi <k (c) af(k)>0 
(iii) Both roots lie on either side of *k then 
(a) D>0 (b) af (kK) <0 
(iv) Exactly one root lying in k, and ky (ky, ky © R) 


F(K).F(k2) <0 | % Note: Check for f(k,) = 0 or f (ky) =0 
(v) Both roots lie in k, and ky 


(a) D20 (b) bx chy 
2a 


(c) af(k,)>0 and af (kx) >0 
(vi) One root is less than k, and other root greater than k, 


af (ky) <0 and af(k,) <0 


TIPS AND TRICKS: (T-1 


___— 


For ax? + bx += 0, a #0 -> Choose any two roots of this equation and further 
manipulate the equation. 


Illustration 1 


ey and 
Let p and q be real numbers such that p # 0, p3 # q and p3 =-q. Ifa “ 
are non-zero complex numbers satisfying a + B =—p and a3 + B= 4, the 


a quadratic equation having 5 and WW as its roots is: [AIEEE 20101 


@)_ + ghx?— (p+ 2g)x + (p +g) =0 
(b) (+ qx?— (p29 x + 3 +q)=0 
(©) (3 —ahx? — (Sp —24)x + @—q)=0 
() (@—ghx? (Sp + 2g) + @—q)=0 


5 
“2 Ans. (b) 
OF the equation x? m(x +1) — n= 0, then valve of 
Is equal to 
(b) 0 
(d) 4 
land B=2 
g with x° — m(x+ 1) +n=0-m=3,n=-5 
a 5 
@°+2a+1 f° +2B+1 
~ SSS ee Ans. (c) 
a°+2a+m B°+2B+n 


are distinct positive numbers, the expression 
(e+ a—bXa+ b-—c)—abcis 
iV (b) Negative 
(d) Non-negative 


a=1,b=2andc=3 


=4x2x0-1x2x 3=-6 <0 (Negative) Ans. (b) 


Px Alithentic Shortcuts-Tips & Tricks in Mathematic, 
Illustration 4 


If (a, B) are roots of px* + 2qx — p = 0 and quadratic equation whose 
SE roo, 


i Link hare re : 
are (x.-4) and (2-1) Isax” + bx +c=0, thena+h+ c iS equal tg 


(a) 2p (b) 13p~15q 
(c) 13q-15p (@) 0 


@ Short-cut solution : 
Using T-1| Leta =1,B=-1 = Equation is x? | =9 


| Comparing with px? + 2qx—p=0 => p=1,9=0 


| Now, roots of other equation are (4, —4) — Equation is x2 


—16=0 
Hence, on comparing with ax? + bx + ¢=0 => q+ BeC=—15 Ang. ( 
Illustration 5 
If a and B (a < 8) are roots of the equation x2 + bx + ¢ = 0 where 
c<0<b, then [ATEEE 2000) 
(a) 0<a<Bp (b) a<0<B<|a| 
(c) a<B<0 


(d) a<0<ja\<p 
@ Short-cut solution : 


[Using T=] Let b= 3, c=-4 
a 
a+ 3r-4=0 


4 a=-4,8=1 
Now checking options Ans. (b) 
Illustration 6 


a » the rool 
Let a, B be the roots of the equation x2 ~ px + r= 0 and ci 28. be the 108 


of the equation x? — qx + r= 0. Then, the value of ‘”’ is "| 
[AIEEE 200 


(a) 5 24~p) (b) 549-Pep-a) 


2 
©) 2(g-2V2q-p) @ 5 @p-gea-P) 


Ans. (d) 


(b) 2a+c=6b 
(d) a=0 


Ans. (b) 


@ Short-cut solution : 


Using T-2] - P+Q+R=0 


=> P=R 


=> a(b? — c)= c?(a? — b?) 


For positive values 4), 49, 45, ..., a, 


AM > GM > HM 


oe 


Geometric Mean Harmonic Mean 


Arithmetic Mean 
Illustration 9 
Ifa>0,b>0andc>0 then prove that: 


arbro(tetst)so 
abe 


@ Short-cut solution : 
** AM 2 HM (for a, b,c) 
atbt+e 3 
aes 
abe 
Least a 
=> (a+b+c)|-—+—+4+-|>9 Hence prove 
@ibe 
Illustration 10 


The least value of the expression 3lo 
(a) 2 


(c) 1 


Bio X+log, 1000 is 
(b) 4 
(d) 6 


ju 213 

olution : 
Applying AM > GM 
ae 1/2 

>| 3logi)x +: log, 10=——— 

10 1og19 x He logio * 
Bix + logx 1000 > 6 
Ans. (d) 


st value of the expression is 6. 


7. 


Leta>0,b>0,¢> 0, Then both the roots of the equation ax? + by + 
(a) are real and negative (b) have negative real parts 
(c) have positive real parts (d) None of these 


0 


Let a and be the roots of the equation ax? + bx + ¢ = 0 then equation hose 


1 Ls 
roots are @+= and B+— is 
B o 


(a) abx? + b(e + a)x + (ct+aP=0 (b) (c+ ax? + ble + a)x 4 ac 


0 
(c) cax? + b(ctae+(c+aP=0 (d) cax2+blet+ ax + (ce +a? 


If one root is square of the other root of the equation x? + px + q = 0, then 


relation between p & g is [AIEEE 2004) 
() p> Gp-1q+q?=0 () Pp} . 
(c) p> +q(3p—1) +q2=0 (d) p> +q(3p +1) +q?- 


We and q are the roots of the equation x? + mx + m? + a= 0 then the v alue of 
p +q + pq is equal to 


(a) 0 (b) a 
(c) -a (d) tn? 


If a, B are the roots of the equation ax? + bx + ¢ = 0 and S,, =a" +p", then 
aS, + S,_, is equal to 


(a) 2S, (b) dS, 
(c) -bS,, (d) 268, 
If b > a, then the equation (x — a)(x — b) = 1 has [AIEEE 2000] 


(a) Both roots in (a, b) 

(b) Both roots in (0, a) 

(c) Both roots in (b, 20) 

(d) One root in (0, a) and the other in (b, ©) 

If the roots of x — bx + ¢ = 0 are two consecutive integers, then b? — 4c 18 
(a) 1 (b) 2 

(c) 3 (d) 4 


Quadratic Equatior = 
) U (2, ©) then roots of the equation x? + 2kx + 4 = 0 are 

and one imaginary (b) real and unequal 

| equal (d) complex 


sof the equation a(b —c)x? + b(c —a)x + c(a—b) = 0 are equal, then 
(b) GP 


(d) None of these 


lue of the expression 2log,) x—log, (0.01), for x > 1, is 
(b) 2 
(d) None of these 


y oe (2) 


Se ep 


4 (©) 


ae (.)) 


Then, x2 + 4x+3=0 > x=-1,-3 


Again, a= b=c= 1, then 


Then equation is x7 - 3x+2=0 comparing with 


ae +hx+c=0=> a=1,b=-3,c=2 


Equation with root a+yand B+tis 

2 -9x+9=0 

car? + We +a)x + (c+ a)? =0 > 2x7 -9x+9=0 
Leta =2,B=4 

Then, the equation is x* — 6x + 8 = 0 compare with x2 + px + q=0 
=>p=-6,qg=8 

+ [3p llg+q?= (6) - [3-6-1] x 8+ 8? 
=-—216+19x8+64=-216+216=0 
(GST Let p= 1, ¢=2 

Then the equation is x? - 3x +2=0 

Compare with x7 + mx + m?+a=0 

So, m=-3, m?+a=2=>a=~7 

Pet Pt+pq=l2+224+1x2=7=-a 
(GRRE Let a = 1, p=2 

Then the equation is x2 — 3x +2 =0 

Comparing with ax? + bx +c=0 = a=1,b=-3,c=2 
S,=a"+p™=1+2" 


[a Spx 1 + Sy Sor 
po x2"+2+2" 
43x 2" =3(1+2") 


S, ib = 3, S,=1+2"] 


Let a= 1, b =2, then the equation is 
—2)=1=2?-3x+1=0 


___32v5 
a 


3-V5 


5345 - (6,0) ara Se 
2 2 


€(-2, a) 


Let a = 1, B = 2 are two consecutive integers which are 
the equation 

x2—3x+2=0 

sng with x2 —bx +c=0=> a=1,b=3,c=2 


=34V5 


the equation is x? 6x +4=0 >» 


oots are real and unequal. 
us P+ Qt R=alb—c) + He— 


a)+c(a—b)=0 


ce aa SMT Tipe i Ticks in Mathematics 
(d) [Using T-3] -- 2log;yx —log, 0.01 = 2 log, gx log,(10°2) 


= 2log x + log, 10 
Applying AM > GM 


2logio x+2log,10 
9 


2 (Zlogyg x- 2log, 10)! A 


12 


= Blogig «+ 2log,1022{slogig x : *s log,.10 “ 
logyg x 


login. 


= 2 log, gx + log,0.01 22 
2 log)ox + log,0.01 24 


-. Least value is 4. 


Matrices and 
Determinants 


jcveuurnennnett) 


 — a 


| MATRICES | 


g | Review of Key Notes and Formulae { 


I Definition: A matrix is a rectangular arrangement of numbers (real or complex) 


4 % %3 Ay 

doy) 492, 2n3 *** Gdn 
A=[4yj)m xn = : : 

Am 4m2_— m3 Ginn 


+ Order of matrix A =m xn 

*Note: Upper Triangular Matrix: A = {a,, . , is called a upper triangular 
matrix, ifa,=0,Vi>j 
Lower Triangular Matrix: A = (a,j), . , 18 called a lower triangular 
matrix, ifa, =0,Vi<j 

2 Alegebra of Matrices: If A = [4], «, 04 B= [bid x n 

(i) Addition of matrices: A + B= [a, + Bj]y, +n 

(ii) Subtraction of matrices: A ~ B= [4 ~ ihn « n 

(iti) Multiplication of a matrix by a scalar: = kA = [kay], , 

(iv) Multiplication of matrices: Let A = Lay) xn and B = [bj), « » Then, AB 


n 
18 multiplication, is given by C; yee Yan by 
kel 


* Positive Integral Powers of a Square Matrix: If A is a square matrix, then 
A= 4" Arn EN 

il) 4m At gmen 

aah m,neN 

of a Matrix: 4! = A’ = [a,)), . 


in xm 


(i) (A+B) = ATSB? 


— 


in M tics 
(iii) (KA)T = kA? (iv) (AB)’= BT4T ‘ 
(vy) (4P=(a?y" (vi) (ABO)! = CTBT4T 


5. Symmetric and Skew Symmetric Matrix: 
(i) A square matrix A = (a; labs 
a= 4; Viandj 
(ii) A square matrix 4 is said to be skew-symmetrics, if 47 = 
V iand j. 
Properties: 


is said to be symmetric, if 47 4 ie 


Aiea 
i 


(i) Elements of principal diagonals of a skew-symmetric matrix 
(ii) If A is a square matrix, then 
(a) A+ A’ is symmetric 
(b) A—A’ is a skew-symmetric 
(iii) If A is symmetric (or skew symmetric), then kA(k is a scalar) is also 
symmetric (or skew-symmetric) matrix 


(iv) Every square matrix can be expressed as the sum of symmetric 
skew-symmetric matrix. 


are all zery 


and 


, el 1 + | 
ie. A=7 A+ A) + 34-47 
6. Elementary Operations: 
(i) Interchanging any two rows or columns | 
R, Ror, CG, 
(ii) Multiplication of the element of any row or column by a non-zero scalar 
quantity. 
R, — KR, or C, > kC; 
(iii) Addition of constant multiple of the elements of any row to the corre- 
sponding element of any row, 
R, > BR, + kR, or CC, + kG, 
7. Trace of a Matrix: Sum of the diagonal elements of a square matrix A is called 
the trace of A, denoted by tr(A). 
8. Some Special Types of Matrices: 
(i) Orthogonal matrix > 447 = J, = ATA 
(ii) Idempotent matrix + 4? = A 
| (iii) Involuntary matrix > 4? = 7 
; (iv) Nilpotent matrix + A” = O, where ‘m’ is the least positive integer such 
that A” = O, then ‘m’ is called the index of the nilpotent matrix ‘A’: 
(v) Periodic matrix — If A‘! = A, where *k’ is a positive integer, then As 


a periodic matrix and ‘k’ is known as period of matrix ‘A’. 


Matrices and Determinants 


DETERMINANTS 


f Key Notes and Formulae 


~ 


: . Anexpression expressed in equal number of rows and column and 
pein two vertical lines is called as determinant. 


e i n of Determinant: 
q a 4 
, =a,b,—b,a, 
@ qwo order: ay by "2 tee J 
a bh 4 
a Three order: a, by Cz) =a,(b,c, —c,b,) — b, (a,c, — €,43) 
a, db, & 
z + ¢,(a,b, — b,a;) 
ia 412 13 bby OES 
i Minor ofa,,isM,,=| ~~ 
A= app 22 423) = OAS Lal eae 


1 32 933 


Gift Cy = (—1)""7 My 

re, cofactor of a,, is C,, =(-1)'*! My, =M,, 

() A= ay ,6,, + ayC17 + 24 3¢)33 Cte. 

il) C5) + y2Cyy + 4436); = 0; etc. 

of Determinants: 

lue of the determinant remains unaltered, if two rows and columns 
hanged 

‘two rows or columns of a determinant are interchanged, the 

ical value is unaltered but there will be change in sign. 

0 rows or columns are identical then the value of determinant 


determinant is multiplied by that number. 
of determinant is unaltered, by adding the elements of any row 
to the some multiple of the corresponding elements of any 
W or column. 

tion: Three variables equation 


a,x + byy 


d, 


a;x+b,yc 


Find the following determinants: 


a bh Gg db, a 
A=|a, b, ¢|,A,=|d, by = la, 
a, b, cy id, b, cy a; 


Now follow the steps below. 


Authentic Shortcuts-Tips & Tricks in Mathematic, 


dG |a, b, 
d, C|,A,=|a, b, 
ad, Cc a b 


Check value of A 
[a #0 


unique solution 
AL yada ods 
Be SiAS ts as 


Consistent and | 


Atleast one of Aj, A, A3 
Is not zero 


Inconsistent solution 


x= 


Use characteristic Eqn: A? — trace (A) + |4| /=0 
* Note: Trace (A) = Sum of the elements of dia; 
Illustration 1 


Te |e 
-10 


@ Short-cut solution : 
~ trace (A) =0, |4|=1 
=> A? — (A) + |A| T= 42-0+1=0 


Hence 420 = 7 = pee 
(as 


5 
5 ; then 4? js equal to: 


‘onals. 


Consistent and 
infinite solution 


* Note: Trivial solution: If A#0 and A, =A,= A, =0, then system of equation 


ze Matrices and Determinants 


3 50 
i then A*™ is equal to 


t solution = 
short-c 
g faq) « tr(A) = 0 and |A 46 
2 fP-tr(A)* |All = A? -0 - 461 = 0 = 45 = (467° 


ae 
2 | Le vil a = 
d\ 49 |All-e a 


Interchange the diagonal elements and change the sign of 
al elements. 


Iustration 3 


3: 5 
Find the inverse of A = “| 


3 2 -5]. ab ‘ 
Ifinverse of A = 1s is equal to 1 then find the value of 
2 Cc @ 


at+bh+c+d 
QB shorcut sowtion : 
ie] ab 
Ata 2 |A\=1 
Uiingar3 [; le ale ) 
Satb+ce+d=1) 


* 
ah 


Determinant of triangular matrix. 


abasic, a 050 
If A=|0 d e OR A=|b d 0 
00 fF cise: 

Upper Triangular Matrix Lower Triangular Matrix 


Then, | 4 |= Product of diagonal elements =(a.d.f) 


Illustration 5 
—-1 22 333 
If4=|0 2 44 |, then find |A| 
ORO! 67; 


@ Short-cut solution : 
(Using T3) |4) = 1 x2 x7 =—14 
Illustration 6 
Omen ~ 
IfA=|p (a—b) (b—c)], then find [4]. 
0 0 (c—b) 


@ Short-cut solution : 


(Determinant) 


Pp (a-b) (b-c) 
Using T-3| Applying R, <> R, => A=(-1)| 0 q r 

0 0 (c—b) 
Hence it becomes upper triangular matrix => |4| = pq(b — c) 


__——= 


4 TIPS AND TRICKS: (T-4 


Illustration 7 


al 931 gsr d 
IfA,=| a B r |, then the value of }’A,. is equal to 
grt gn grt rl 


ao 


(b) afr 
(d) a. 2"+P.3"+r.4" 


4 
r| =0 (-- Two rows are identical) Ans. (a) 
4 


[AIEEE 2012] 
(b) atb+c (c) abe (d) 4 
solution : 
Leta=0,b=1,c=2 
2 
2 3} =a(1)(3)(2) > 10+ 14=6a>a=4 Ans. (d) 
latb+c -c —b 
=/ -c at+bt+c —a_ | is equal to 
-b —a a+b+c} 
; (b) 0 
a+b) (b+c)(c +a) (d) (a+b) 
cut Solution 
Leta=b=c= 
1 -] 
—l} =3(8) + 1(-4) -4= 16 
3 


8 options (a), (b), (c), (d) fora=b=c=1 
(©) = 2(2)(2)(2) = 16 


226 Bae. 
Illustration 10 
Ifa, 6, c are in G.P., then the value of determinant 


fips & Tricks in Mathematic, 


| a b ax+b 
A=! 6 c bx +c} is equal to 
ax+b bxt+e o 
{a) 0 (b) 1 (c) -2 (d) -1 


@ Short-cut solution : 


v a,b, care in G.P., Leta =1,b=2andc=4 andx=0 


>A= 


4 
4] = 1-16) — 2-8) + 2(0) = 0 Ans, (a 
0 


vy = 
ek 


Illustration 11 
For positive numbers x. 


y, z the numerical value of the determinant 


1 log, y log, =z 
A= jlog, x 1 log, Z| is 
log. x log.» 1 


@ Short-cut solution : 


Using T-4) Let x=y=z=2 


Illustration 12 
x! (x+1)! (x+2) 
The value of A= |(x+1)! (x+2)! (x+3)!) is 
(x+2)! (x+3)! (x+4) 
(a) 2xl(@x+.1)! (b) 2x! (x+ 1)! +2)! 
Co) alee) (d) 2+ 1)! (+2)! +3)! 


@ Short-cut solution : 


Matrices and Determinants 
k option (a), (b), (c), (d) for x =0 


jow, chee 
2, HOIDAY = 4 Ans. (b) 


aa TIPS AND TRICKS: (T-5 
ick to find inverse of 3 x 3 matrix. 
sion ind C. 


g inverse of A=|d e ff |; follow the steps below (procedure) 


Findin} 
ee ee} 


Copy 1“ column and II™ 


column from A. 


Sep? a b c a b 
tie. f de 
gopet gh 
7 ibe a b Copy first row and II"! 

c efd 


row from step 1. 


Neglect first row 


* From up to down 
A arrow take positive sign. 


* From down to up 
arrow take negative sign, 


Neglect first column 
; ei-hf fe-id dh-eg 
herefore, 4~! STA he-bi ai-cg bg-ah 
bf-ec cd-af ae-bd 
‘Note: 5 ‘ ‘i 
oy We are moving up to down but in the 4! matrix we arrange all 


2 
stint 3 | 
1 


G 0! solution : 
@= ae i 


ee Neglecting 


| 


Neglecting 


By.2) 6 
s[Aj=loat=ai}i 1 2 
oy vie) 


Illustration 14 


wes 

eRe 

aS 
ed 


Find the inverse of A = 


L~ Neglecting 


aie 1 
pee 2 


iy 


, then |adj(adj 4)} is equal to 


|! Bx3 
@ #12 (b) 122 


6) 12 (d) 12° 
Qroreat solution : 
[GensSCANGD] «|| = 2(-16) - (8) + 4(7) =-12 


Therefore, |adj(adj 4)| = |4|°~"” = (12) Ans. (¢) 
Ilustration 16 
i i 0 0 
WA=|0 -(1+i) 0}; where i= V-1, then |adj(adj A)| is equal to 
0 0 i 
(a) 4 (b) —4 
(c) +4 (d) +2 


s |A|=-i x (1+ )i=1 +i (+ Triangular Matrix) 


(adj 4)| = |4|6-' =(1 + )*=-4 


in Mathematic, 


cosx = sin | 


Illustration 17 


P 


Find A"! of the matrix A, where A = | 


Gsron-cur solution : 
cosx -sinx 

it 
. ome 


cosx sinx||cosx -sinx 10 
AA =| j = =7 
~sinx cosx|| sinx cosx 01 


fing 


-sinx cosx | 


4A a I 
— = 


sinx cosx 


_ Matrices and Dé! 231 


1/2 5/2 
ofr yy 


(d) None of these 


i 4 then A7® is equal to 


(b) 2 (©) 3 (d) 4 
, Bey 
eof the determinant of 4=| 0 -6 12 | is equal to 
0 0 368 
(b) 4406 (©) 4436 (d) 4416 
Sind 
sin® |, then 4-®°, when 0= & is |JEE M 2019} 
cos® 12 
(b) 37 () 1 (d) 41 


1 a a’-be 


(b) 0 
(d) None of these 


aoe 


of scalene triangle, then value of |b ¢ a| is 
o'ga 7 
[JEE M 2013) 


(b) non-negative 
(d) non-positive 


10. 


i. 


12 


in Mathemati:, 


& Rg 2 Oise 
If(a+ay (b+2) (ctd)|=Mla b €|,20,then tis. 
| * equal yy 
(a-ay (b-2)? (c-2)? i am : 
EE M 291, 
(a) 4%. abe (b) —42abe (c) 422 (d) -4)2 
| r 2r-1 3r-2 
n-| 
If A, = = nel a , then value of ya, is 


r-l 
sn(n—1) (n-1? 5(2-DGn+4) 
ISEE M 2014 


(a) depends only on ‘n’ (b) depends only on ‘a’ 
(c) independent of both ‘a’ and ‘n’ (d) depends on both ‘a’ and ‘n’ 


l+a*x (1+57)x (1+c*)x 
If a* + b? + c? =-2 and f(x) = (l+a’)x 1+b?x (1+c7)x then f(x) isa 
(i+a’)x (1+b*)x l+c?x 
polynomial of degree [AIEEE 2005} 
(a) 1 (b) 0 (c) 3 (d) 2 
x+x xt x-2 
If |2x°+3x-1 3x 3x—3} =px—12, then 
x?+2x+3 2x-1 2x-1 
(a) p=-24 (b) p=24 (c) p=12 (d) p=0 
If a, B #0, and f(n) = a" + B" and [JEE M 2014) 
i} 1+f(l) 1+ (2) 
14+ f(l) 1+f(2) 1+/()} =k —a@)(1 —- By*(a — B)?, then 
+ f(2) 14+ f(3) 1+/(4) 
‘Kk’ is equal to 
1 


(a) of (b) op (c) 1 (d) -1 


If |adj(adj A)| < 0 and order of matrix is less than ‘4’, for real elemen's 
order of matrix is 


(a) 3 


thet 


(b) 2 (c) can’t say (d) None 


Matrices and Determinants 


—_— - 
13. If |adjlad) ¢ = 


16 and |A| = 2, then order of matrix is 
| (a) 2 (b) 3 (c) 4 (d) 6 
| 44, Leta, 6, c be such that b(a + c) #0. If [AIEEE 2009] 
a atl a-l a+l b+ c-l 
yeba) b—i|+| a1 b-1 c+l | =0, 
ce e-1 etl) \-ya (1b Ct" 
then value of ‘n’ is 
(a) Any even integer (b) Any odd integer 
(c) Any integer (d) Zero 
1-2 2 
15. IfA= ; 2 -1 -2|, then inverse of A is 
m2) 
| (a) A (b) 3 A 
(ce) AT (d) 347 
NUMERICAL VALUE PROBLEMS 
1 x x+l 
16. Iffx)=} 2x x(x-1) x(x+1) | thenf{100)is 
Bx(x—1) x(x—I(x—2) x(x+1)(x-1) 
log! p 1 
17. Ifp"', g'”, r* term of a GP are /, m,n then the value of Jlogm q | is equal 
| logn r 1 
to [ATEEE 2002] 


18. Ifa,, a), a, ... a, are in G.P., then the value of the determinant 


loga, loga,,, logan ,2 
loga,,; loga,,, loga,,s| is: [AIEEE 2004] 
loga,.¢ loga,,7 logan. 


19, 1¢4=|2 10 asco |¢ 8 abetted 
8 -9 and A ee then a G 


cosx —si 
20. 164 = [ Meo | , then |adj(adj A)| is equal to 
sinx cos x 


- Solutions 
—7/2 5/2 


L ® (| 1) =-2 = «+= [7 | 


2. 


(a) 


(d) 


(c) 


(b) 


(a) 


1) 


(c) 


+s A? — trace (a) + |A| /= 0 and |4| = 1 


=> A? -(-2 42) A+ 1=0 = A™ = (1 =1 
Using T-3] -.- A is upper triangular matrix. 
=> |A| = (-2)(-6)(368) = 4416 


ang 4 - ee Bi (R, oR,) 
cos@ —sin@ = 


-. A? = tr(a) + |A| [=0 = A? + (-sin?0 — cos?0)/ = 0 
Hence, A2 = [ => A = (5 =1 
[Using T-4] Leta=b=c=1 
tt 20) 
=a ol OO 
elo 


-: Ais scalene, Let a= 1,b=2,c=3 


We 28s) 


=>A=|2 3 1] > A=1(5)-2(1) +3(-7) =-18 (Negative) 


Bo 2 


[Using4 Let a=1,b=2,c=3andr=1 
14 9| [I 49 
Therefore, |4 9 16/=A}l 2 3 
Oe |e cao 


=>k=4 
Now, check options for a= 1, b=2,c=3anda=1 
= 472=4 


-4) Let n=2 andr=1 
Vie) Vise 
=A, =} 1 
isa 


a| = 0 => Independent of a and n 
5 


13, 


14, 


15, 


16, 


Matrices and Determinants 
0 TS @ +b? +c?= 1, Leta? =0, b =-1, c? =-1 
0 
|. I-x 0 | =1-2x+x 
eon) =o 


= Degree = 2 


ER et <= 
2 Janel 

=>l4 3 0) =p-12>p=24 
6 1 1 


(c) [Using TA Let o =-1 and B= 2 = fin) =(-1)"+2" 
Therefore, (1) = 1, (2) = 5, (3) = 7,4) = 17 
BF 2) 6 
=>i2 6 8] =A +1921 -2)°(-3 > k=1 
6 8 18 
Now, check options (a), (b), (c), (d) for « = 1 and B =2 
(b) [Using SC=1 (iii)] -- jadj(adj 4)| < 0 
= [Al <0 = |A| <0 and (n — 1)? is odd 
Hence, if 1 = 2 then (n — 1)? is odd. 


(b) | + Jadj(adj A)| = |Al"= 1” 


le o2 "0 2 20) 
=> |-1 2 O+(-1)"]0 0 2=0 
e012 1 -1 1 


=>8+ te yr Ce 0 is possible only if ‘n’ is odd integer. 
n fs AAT =1=> A1=AT 


() 
(0) 


+ {(0) =f) =f-1) =... = 0 
Hence, f(x) is independent of x 


=> fl0) = (100) = 0 


rt Tips & 5 in Mathematic, 
17. (0) [Using T-4] Let p= 1, q=2,r=3 and/=2, m=22, n= 95 


z log2 1 1 elie 
=> |log2?_ 2 1/=log2]2 2 1) =0 
log2? 3] 3 3 1 
18. (0) [Using"T-4] Let the G.P. be 2, 27, 23, 24, ... and =1 
log2 log2? log2° sede) 
= |log2* log2° log2°|=(log2)?|4 5 6| =0 
log2’ log2® log 2? if tae 


19. (2) |Using’T=1] « 42 —#(a) + |A\7=0 and |4| =-1 


1 0 
=> A2—0 —1 = 0 = A250 = (91280 = 7 = I 4 


Hence,a+b+c+d=2 


20. (1) [Using SC-1 Gii)] -- |adj(adj A)| = |A\?-"¥ = cosx + sin2x 


= |adj(adj A)|=1 


ve 


Permutations and 
Combinations 


ooxsnusxsac nc arcuc HHT Hc HK 


a | Review of Key Notes and Formulae { 


j, Fundamental Principle of Counting: 

(i) Multiplication principle: If an event can occur in ‘m’ different ways 
following which another event can occur in ‘n’ different ways then number 
of ways of two consecutive event occurring in a definite way occurs in 
“m x n’ ways. 

(ii) Addition principle: lf an event occur in ‘m’ ways and another event, which 
is independent of the first, can occur in ‘n’ ways. Then either of the two 
events can occur in “m +n” ways. 

. Permutation: Refers to an arrangements of objects in a definite order, objects 
may be different or alike taking same or all at a time. 

Number of permutations of ‘n’ distinct objects taken ‘7’ at a time 0 <r <n is 


i; n\ 


’ (n=r)! 


. Combination: Refers to selection of objects, order in significant objects may 
be alike or different taken same or all at a time. = 
Number of combination of ‘n’ distinct objects taken ‘r’ at a time is 


n! 
IG 
" (n-r)ir! 
Formation of Groups : 
ps: m 
we" men 
~e 


@) (m+ n) distinct objects to be divided into two groups < 


n 
Si EG mmo 

a ; : ge Rt 
(ii) 2m distinct objects to be divided into two groups — Era, 


m as 


& Tricks in Mathe, 

§. Circular Permutation: Ina Rail: permutation first we fiX the 2 
one of the objects and then arrange other objects in all Possible wa 
Case 1; When clockwise and anti-clockwise orders are 


eMAticg 


treated as dit 3 
"p = 
(i) Taking all at a time = —* =(n-1)! 
: n 
RP 
(ii) Taking ‘7 at a time = — 
a 


Case 2: When clockwise and anti-clockwise orders are treated same 


"P, _(n-1)! 


n 2 


(i) Taking all at a time = 


bie 
(ii) Taking ‘r’ at a time = iar 
6. Dearrangements: If ‘n’ distinct objects are arranged in a row, then the number 
of ways in which they can be dearranged so that no one of them occupies the 
place assigned to it is: 
D(n) = nf STREET +...(-1)" +] 
7. Some Important Results 
(i) Given, ‘n’ distinct points in the plane, no three of which are collinear 
(a) Number of line segments formed = "C, 
(b) Number of triangles formed = "C, 
(ii) The number of diagonals in a n-sided polygon = "C. et 
(iii) Given, ‘n’ points on the circumference of a circle then 
(a) Number of straight lines = "C, 
(b) Number of triangles = "C, 
(c) Number of Quadrilaterals = "C, 
(iv) Exponent of prime ‘p’ is n! is 


eto [alee 13] 


(where, [ ] is greatest Integer function) 


_ Permutations and Combinations 
TIPS AND TRICKS: (T-1) 


hort tick fo find rank of the word when arranging letters as in a dictionary. 
nurs 

4; Rank the alphabets in a alphabetical order. (Give numbering to each letter) 
» 2: Below each letter write the number of digits which is right side on a 
icular letter and less than the signed number. (Let P;, P;, P3, -.-» 123) 

step 3: Start writing 0!, 1!, 2!, 3!, ..., (m— 1)! from the right side. 

step 4: Then rank of a word= {P,0!+P,_,l!+...+a,(n—I)!} +1 


[ilustration 1 
Find the rank of the word TOUGH arranged in dictionary. 


@ Short-cut solution : 
nue 6 C2 «|< «Step 1 
no, U G 
wee OC Step 2 

41 3! 2! I! oO! < Step3 

=> Rank = {3.4! + 2.3! + 2.2! + 0.1! + 0.01} + 1 = 89 


Illustration 2 
Find the rank of the word PRIME as arranged in dictionary. 


@ Short-cut solution : 
Retin ee) 3. | <— Step | 
eR 1°M E 
Soa 1 0 << Step2 


aioe! 1! Ot 

> Rank = (3.4! + 3.31 + 1.2! + 1.1!+0,0!} + 1 =94 
Mustration 3 

Find the rank of the word SECRET as arranged in the dictionary. 


ts-Tips & Tricks in Mathematic, 


@ Short-cut solution ; 
Using T-1 


4 


mn 
w 


JH 

n 
lo mwN 
jo Huw 


1 
S Cc 
4 o 
2! 2! 
As ‘E’ is repeated twice in both letters. 
S! 4! 3!2! 1! 0! 
4x5! 4! 


2! 
0444040 +1 =255 
A I! f 


TIPS AND TRICKS: (T-2) 


Short trick to competition/games/matches type problems then, 


) 
N 


= Rank = | 


_— 


(7) Total number of matches = ; xNx(N-1)xp 
Where, N >» Number of teams, p + Number of times 


Illustration 4 
In a hockey league there are 10 teams, each plays every other team once. If 
they can play 5 games every week then how many weeks long is this season. 
A) Short-cut solution : 


[Using T=2] Here, N= 10 and p = } 

=> T= ; x10x9x1=45 

Since, they can play 5 games every week. 
Hence, number of weeks = 2 = 9 weeks, 


Illustration 5 


each 
In a game, 153 matches are played. Every 2 teams played once with ea? 
other. Find the number of teams. 


Qsnor-cut sotution 

[Using 123] Here, 7 = 153, p=1 
=> 153= 1N-1)x1>M—N 306=0 | 
Hence, number of teams = 18, 


TIPS AND TRICKS: (T-3) 


to find total number of factors or proper factors. 
Hor gre number of factors of one type, ‘g’ are number of factors of second 
if «pare number of factors of third type and ‘s’ are number of factors of 


forth type and So ON. Then, 
otal number of factors = (p + 1)(q + I(r + IMs + 1). 


tion 6 
Find the total number of factors of 4200. 


@ short-cut solution : 


“5 Sy ali? al 
- 4200 = 23 x 3! x 52x 7 
Here, p=3,9=1,7 2,s=1 
=> Total number of factors = (3 + 1)(1 + 1)(2 + IU + 1) 48 
Mlustration 7. 
Find the proper factors of 2520. 
Short-cut solution : 
(Dang) - 2520 = 2° x 3x 5! x7! 
Here, p=3,qg=2,r=1,s=1 
=> Total number of factors = 4 x 3 x 2x 2=48 
Now, proper divisors = 48 — 2 = 46 
4 


i is a factor of itself and | 


‘1’ is a factor of every number if 
TIPS AND TRICKS: (T-4) 


Short trick to find sum of all the numbers that can be formed using the digits 1 
to 9 taking all at a time, 
Suk (10" —1) 
of all numbers = s « (n — 2 ie cre 
where, » > Sum of all given digits. 
n —>» Number of digits 


Mlustration 8 


Find the sum of all numbers that can be formed using the digits 2, 3, 4, 5 
taken all at a time. 


wei. 


| “Authentic Shortcuts-Tips & Tricks in Matheiiatic, 


@ Short-cut solution : 

[Using T-4] Here, s = l4,n=4 

= Sum of all numbers = 14 x (4-1)! ar» = 93324 
Illustration 9 


Find the sum of all 4-digit numbers that can be formed using the digits 0, 5 
7, 9 taken all at a time. 


@ Short-cut solution : 


‘Using T-4) If ‘0° comes first than the numbers will be three digit numbers 


{Required = "Sumofnumbers" — "Sum of numbers") 
So, Sum including zero excluding zero \ 
| (0,5,7,9) (5,7,9) | 
u 4 
) wot — Si 
aoe a D 5 CoD 


= 39996 — 1332 = 38664 
TIPS AND TRICKS: (T-5) 


Short trick for distribution problems. 
Case 1: If ‘n’ distinct things are distributed among ‘m’ people 


If all things cannot be 
given to same person 


u 
Number of ways = m”"—m 


If all things can be 
given to same person 
4 
Number of ways = m" 


Case 2: If ‘n’ identical things are distributed among ‘m’ people 


Ifall things can be t Ifall things cannot be 
given to same person ! i 
u { 4 
Number of ways=""'Cy.1 | Number of ways="'Cy-1 


Illustration 10 i 
Find the number of ways in which 9 distinct toys can be distribute¢ 
5 children. 


amon 


Can 


T5 (Gse-1) 


Garo solution : 
¥ (Eanes (Case-1) 
= No. of ways =m" — m 
ustration 12 
Find the number of ¥ 
persons. 
Short-cut solution : 


[Using M5 (Gase-2)| Here. n = 30 


= No. of ways = *~ C= Co =e 
Ilustration 13 

Find the number of ways 0! 

boxes so that none of the box is empty 

Short-cut solution : 


[Using M5 (Case-2)| Here, n=9 and m=4 
s-1C, - 


= No. of ways ="~'C__, = 


If family of “m” parallel lines are intersected by family of *n” parallel lines 
then number of parallelogram will be: 


No.of... maim oe 


| 
i 


| 
| 


jRUTHIEKS in Mathematic, 


Illustration 14 : 
If family of 4 parallel lines are intersected by family of 3 par le 
number of parallelogram is: 


@ Short-cut solution : 


= mn(m—In—1)  4x3x3x2 
=> No. of parallelograms = ———————- = ——— 1s 


4 4 


TECHNIQUE 


If articles (items) taken all at a time when p-items of one type are identical 
g-items of second type are identical and r-items of third type are identical 


Illustration 15 
Find the number of words that can be formed from the letters of the wor 
HINDUSTAN, 


Short-cut solution : 
Te Total number of letters n = 9 
N is repeated two times, p = 2 


- = 9! 
Total number of words = = 


jetters of the word COCHIN are permuted and all the permutations are 
in an alphabetical order as in an English dictionary. 
The number of words that appear before the word COCHIN is[AIEEE 2007] 
(3) 30 (b) 192 (c) 96 (d) 48 

L {fall the words (with or without meaning) having five letters, formed using the 
jeners of the word SMALL and arranged as in a dictionary, then the position 
ofthe word SMALL is [JEE M 2016] 
(a) +“ (b) 59% (c) 524 (d) 58" 

L [f the letters of the word SACHIN are arranged in all possible ways and these 
words are written out as in dictionary, then the word SACHIN appears at serial 
number [AIEEE 2005] 
(2) #1 (b) 600 (c) 603 (d) 602 

4 Ina football match there are 9 teams. Each team plays each other twice. The 
toul number of matches played are 
(s) %6 (b) 72 (c) 64 (d) 102 

& There are “#" teams in 2 league, cach plays with the other exactly once. If each 
game is between *2’ tearns, then the total number of games played are 
(a) 14 (b) 35 ({c) 42 (d) 28 

& The number of proper divisors of a’bie'd® where a, b, c, d are primes and 
PAG. 7. 8 © N08 
(a) pars f(b) (p* Iq ele + Wise Ly 4 
fe) pgrs~2 (d) (pe Ihe Id Der tye 

1. The number of ways in which 10 identical apples can be distributed among 6 
children so that cach child receives at least one apple i» 


(a) 126 (by 252 (c) 376 (d) None of these 
‘ The number of ways of distributing 10 identical balls is 4 distinct boxes such 
that no box is erply is [AIEEE 2011) 
; fa) 'c, (b) "C, (ce) *C, (d) "C, 
“ ‘The sum of all numbers greater than 10,000 formed using 0, 2, 4, 6, 8 such 
that no digit being repeated is 
ow 120 4 44444 (by 12049343 (c) 120 (d) 43933 
The 


{al number of non-neyative integral solution of ay ta) bay tay 100 


is 
@ mc, 


by MC, @ Cc, (d) None of these 


12. 


13, 
14. 


15. 


in 
The number of distinct words that starts with E and end w) 
the letters of the word PERMUTATION is 
@ % () 

2! 2! 
NUMERICAL VALUE PROBLEMS 

In a hockey league there are 16 teams, each plays every other tea; 
total number of games played are 
The total numbers of divisors of 75,600 are 
If chocolates of a particular brand are all identical then the number »; 
in which we can choose 6 chocolates out of 8 different brands availah| 
market isequalto’C,thenPis 
If family of 6 parallel lines are intersected by family of 5 paralle! |in 
number parallelogram willbe. 


(c) 9! 1) 


<> words before COCHIN @ 4 « 4! = 96 


, @ eae 


4 3 | 2 > 
S M A if i 
4 3 0 0 0 
Sas 2) 21 


rae 4 3 
=> Position (sx = +0+040) +1 58 


. @ 
ee eet eee 
ae oR: Ge Ga 


oa 4):6CUSt C2} CO 
=> Rank = (5 = 5!+0+0+0+0+0)+ 1601 


4 (b) [DBiHGTY) Here, N= 9, p= 2 


aeT= 1 xnx(n I)xp 1 9x 8x2 72 


4) (DRAGER Here, N= 8, p=1 

2 T= 5 xNxN I)xp= ; x8x7x1=28 
* @ (aiig73) 
=> Proper divisors = (p + Ig + Dirt Ils + 1) 
(since, abed is multiple of itself) 


: a,b, c,d are prime numbers 


10. 


i. 


12. 


13. 


14. 


15. 


10,m=6 


Here, n 


=> No. of ways =""'C,_, = °C, = 126 
(a) [USing TS (Case-2)] Here, 2 = 10, m= 4 


=> No. of ways =""'C__, =°C, 


m 
(b) [Using TS] Here, s 20,n=Sandn=4 
y” - a 
=> Sum = sx (n= yy CO) sx(n—1)! (10" —1) 
10-1 10-1 


=20x4! (o* =) -~20x 3 0 =D 
9 a nD 


= 20 x 6(4 x ILL = 1111) = 120 x 43333 


(c) [Using TS) (Since, no condition is given in the question so, identical 


things can be distributed to same person also - Case 2) 
od = 1 
= 18¢, 


=> No. of ways="*"~'C, | 


(a) Total number of letters are 11 out of which two (E and N) 


are fixed. 
So, remaining number of letters n = 9 

T is repeated twice, p = 2 of 
of distinct words that can be formed = a 
| Here, N= 16 and p = 2 = 


x Nx (N=) xp= 4 x 16x 15 x2=240 


I 
2 2 
(120) [USIRGIES) -- 75600 = 2* x 3° x S*x 7! 


Here, p=4,q"3,r=2,s=1 
=> Total number of factors = (4+ DGB +1I2+ DU +) 


(13) (USGS CASEY] Here, n= 6 and m=8 


= Total number of ways ="*""'C,_ = 8C,= VC, 


(150) [USHgSCAT] Here, m= 6 and n= 5 
mn(m—1)(n—1) _ 6x5SxSx4 = 150 
=> No. of fl gins 4 Sa ifs 


120 


- gna Theorem for Positive Integral Index : If‘n’ os positive integer 
Fay'="Cy x" + "Cx" 1 gt "C x29? + "C 
er 0 are real and ” "Cy! OTR es "GC. , are called viene al coefficients. 

al Term for Positive Integral Index: General term in the expansion 
is T, 1 ="C 0) 
‘a’ can be positive, Eadie or |. 
of Binomial Expansion of (x + a)": 
number of terms in the expansion of (x + a)" is (n + 1) 
inomial coefficients of term equidistant from the beginning and the 
equal i.e. "C,="C,,, 


rm in a Binomial Expansion: 
th 


. . n 
Pi’ is even then middle term = 5 - i) term 


: n+l n+3)' 
is odd then middle terms are = (= and =r } term. 
n+l 


Term in the Expansion of (x + a)": Calculate -~ 
+1 


p(say) 


a 
is an integer then T, and T,,,, are the numerically greatest term 


5 nti 
iS not an integer with ‘m’ as integral part of are then 
“+1 


the greatest term. z= 
ortant Results on Binomial Coefficients: 

Cot Cx t+ Cx? +...+C,2" 
+C,+..+C,= an 


MMGETIW © Authentic Shortcuts-Tips & Tricks in Mathematics 
(ili) C.-C, +C,-C,+...(-1)"C, =0 


(iv) C, + 2C, + 3C, +... + (n+ 1)C, = 27" + 2) 


i . nisl 
(v) Cy+ c + a & es! 
2 3 n+l n+l 


(vi) C2 +07 +3 +... +2 =%C 
7. Binomial Theorem for Any Index. If ‘n’ is any rational number then 


mal) 2 4 n= D(n=2) aa 


Geka yer+ = a 


wt |x|<1 


n(n —Dar -2 


General term: T,,, = [n—- (=D) =x" 


| 
r! 


TIPS) TIPS AND TRICKS: (T-1 


— 


Short trick to find the sum of all coefficients in the expansion of 
(i) (ax + byy' => sum of all coefficients = (a + 5)" 
(ii) (ax + by + cz)" => sum of all coefficients = (a + b +c)" 


Illustration 1 
What is the sum of the coefficients of all the terms in the expansion of (45x — 49} 
(a) -256 (b) ~—100 
(c) 1 (d) 256 


00 
@ Short-cut solution : 
Here, a= 45, b=~49 andn=4 
= Sum ofall coefficients = (45 — 49) = 256 Ans. (d) 
Illustration 2 
In the expansion of (1 + x)*°, sum of coefficients of odd powers of x is: 


(a) 226 (b) 249 
(c), 2° (d) 25! 
G Short-cut solution : 


[Using T-TG)] Here, a= 1, b= 1 and n= 50 


So, sum of all coefficients = (1 + 1)5° = 25° 


(As we know that odd power coefficients will be half of total coefficients) 


Hence, sum of coefficients of odd powers = o =2” Ans. b 


Binomial Theorem 


tion 3 
-tye sum of the coefficients of all the terms in the expansion of (1 — 3x + x2)!" is: 
©) 2 (b) 1 
©! (d) 2 


: 
) £8) short-cut solution : 
W 


° 


S1Gi)} Here, a= 1, b S,c@landn@ 10 


Therefore, sum of all coefficients = (1-3 +1)! = 4 Ans. (c) 
iiustration 4 : 

Sum of all coefficients of all the terms in the expansion of (2x + 3y + 4z)" is 

(a) 9° (b) 20° 

(ce) 10° (d) 9% 

Short-cut solution : 

[GRETA Here, a= 2, b= 3,6" 4 and n= 20 

Hence, sum = (2 + 3 + 4/0 = 920 Ans. (d) 


TIPS AND TRICKS: (T-2 
— 


Short trick to find humber of integral terms in the expansion of the type (a! + bMayr, 
where a and b are prime number. 


lmtoa +1, where ‘n’ is completely divisible by ‘p’ or‘q’. 
Integral term 


n 
TOAI/g ny |? When ‘n’ is not completely divisible by ‘p’ or ‘q’. 
lz anal nee 


Where [*] is greatest integer function, 


Ilustration 5 
Find the number of integral terms in the expansion (3!? + 51/8)256 
Short-cut solution : 

tl p T-2| Here, a= 3, b= 5,p=2,q= 8 andn=256 

AS it is clear that 256 is completely divisible by ‘2’ or ‘8°. 


256 


So, integral terms nos 
LCM (2, 8) 


| 32+ 1=33 


c) 98 (d) 99 
QZ snorr-cxt solution : 


(Useag 2) irrational terms = Total — Ratio 


Smee “100° is not completely divisible by “6” or “8” 
[100 |] f100] 

=> Integral terms = | ———— _|=|——_|=4 
|LCOM(8,6)| | 24 | 


Hence, irrational terms = (101 — 4) = 97 


‘Short trick to find term independent of *x' of the term (ar +* | 


bx? 


where, “R° can be anything (constant, etc.) 
Hence, first of all we will find ‘r’. 


r=—2_ = T,, is the term independent of ‘x’. 
Prd 


Illustration 7 
(3 2 1 \6 
Find the term independent of x of | >| 
- x 
(a) S* term (b) 4 term 
(ec) term (d) 6" term 
Short-cut solution : 


(EBRBTFA) Here, n = 6,p=2andg=1 


ESL, Le 7 Ba 
Ptd 21 


=> T,,, is the term independent of ‘x’ 


s & Tricks in Mathicmati, 


Ans, (b) 


Ans. 2) 


non 


The term independ 


(a) 7; 
(©) T; 
GZ sor-cut solution : 
Rev 
Here, n = 10, p= — 
10 
np > 
=r 
pie -l. 


trick to find number of 
+... + a,)" then, 


terms in 


Wustration 9 


fa) &3 (b) 
fe) 85 


| Bsrorcut solution : 


(URRTS) Neve, n=6,k=4 


= Number of terms 


Wustration 10 


‘ 


(a) 10626 
©) 620 


be 


(b) 
(d) 


mrti-by ort i¢ 


The number of terms in the expansion of (7x ~4 + y-w* gy" 


Ans. (¢) 


the expansion of the form 


The number of terms in the expansion of (| 


10620 
265 


18 & Tricks in Mathemay), 
5 


GQ snorreur solution : 
[Using T4) Here; n = 20, k= 5 


=> Number of terms = 2°**'C 


24 > 
(5-1) Cc, 10626 


If the coefficients of T,, T,,,, T,,. terms in the expansion of ; 
A-P., then the value of ‘r’ is 


ntvn+2 


2 neN 


Illustration 11 
If the coefficients of r™, (r + 1) and (+ 2) terms in the binom 
of (| + y)” are in A.P., then ‘m’ and ‘ry’ satisfy the equation: [AIEEE 299¢ 
(a) m*~m(4r—1)+4P—-2=0  (b) m?=m(4r+1)~0 


(c) m?-m(4r+1)+4P?-2=0 (d) None of these 


@ Short-cut solution : 
[GaingSCA) Here, m= n 


t+ +2 = 
r of ~ > (2r—my =(m+ 2) 
Hence, m? — m(4r +1) +4r-2=0 Ans. (¢ 


Iustration 12 
If the coefficients of T,, T,,,, T,,, terms of (1 + x)? are in A-P., ther 
(a) 7 {b) 14 
(c) 8 (d) 16 


ZB snon-eur solution : 


(UalgSCA Here, n - 25 


C,+3.C, +... + nC, is equal to 
(b) 1.2" 
(d) (” 
short-cut solution 
Putting n= 2 
», Expression becomes *7C, + 27C, 4 
New checking options (a), (b), (©), (d) for” 
ana = 2.2 Qe-l=4 
giustration 14 
tay" = Cot Cr * Cy? +. + Cx" then 
Be aC: C 
G20, —t baat “ His equal to 
eo & C1 
n 
@ 5 (b) 
+ 
re) n(n+ 1) (d) 
12 
Short-cut solution : 
(Ging SC] Putting n=2 
4 2G) 226) 
= Expression becomes iG +e all) 
0 chnal | 


Now, checking options (a), (b), (c), (d) for a 


pemtais)) _ 2(2+1) 
2 2 


3 


Binomial Theorem 


1),2"" 


n(n 1) 


n(n) 
2 


C,, denote the coefficients in the binomial expansion (1 xy" 


Ans, (D) 


[ALERE 2002] 


Ans, (a) 


- Adtheiitie Shortcuts-Tips & Tricks in Mathe. 
Illustration 15 
The total number of terms in the expansion of (x + 3)) 
(a) 25 {b) 26 


{c) 2 (d) 24 


MAticg 


(5) Short-cut solution : 
Nike) 
| Using SC-Mii) | Here, n = 50 


% 3 n 50 
=> Total number of terms = =+1! +1 =26 


> 2 Ans, ( 
Illustration 16 

The total number of terms in the expansion of (x + 2y)! 

(a) 51 (b) 49 

{c) 48 (d) 50 
gS Short-cut solution : 

Using SC-3{i) | Here, n = 100 
100 


=> Total number of terms = —— = 50 


Ans, (d) 


TECHNIQUE 


Greatest Coefficient in the Expansion of (x +a)" 
The coefficients are "Cy, °C,, "C,, .... "C, where the coefficient of the general 
term is °C. We have to find the value of r for which "C, has the greatest value 


We know that if n is even "C, is greatest when r => and if n is odd "Cs 


Hence, if'n is even the greatest coefficient is "C,, and ifn is odd, the reatest 

2 
coefficient is "Co _ jy OF "Cy, . 1yo both being equal. 
Illustration 17 


20 
The greatest coefficient in the expansion of (« + 5) is 


(a) Cy (6) Cig 
(©) *C,, (d) *C,, 


Binomial Theorem 


short-cut solution : 
A +. nis even 


) = the greatest coefficient = "C, =~ Cyo eas 
| iustration 18 2 
1)? 
The greatest coefficient in the expansion of | 2x + re 
(a) 126 (b) 127 
(128 (d) 130 


@ short-cut solution : 


ing lech. | °“ nis odd 


Greatest coefficient = "C,,_, = Hey Ans. (a) 


5 


The sum of coefficients of all the odd degree terms in {), 


(1+ x8 is: » lon 
(a) 28 (b) 2” (c) 2” (dy 949 
2. The sum of coefficients of all terms in the expansion of (2 + 3,) 
{a) s® (b) 5” (c) si” (d) 5% 
3. The number of integral terms in the expansion of (5! + 7! Aj 
{a) 128 (b) 129 (c) 130 (d) 12 
4. The number of integral terms in the expansion of (9! + §!/6)500 |. 
fa) 251 (b) 259 (c) 250 (d) 249 


§. The number of terms which are free from radical signs of (y!5 + ,!/10) 
x and y are prime numbers. 


(a) 5 (b) 4 (c) 7 (d) 6 


x 
6. The term independent of x of (1° +x <3 is: 


Wher 


(a) ™ (b) 4* (c) 6% (d) st 
0 
7. The term independent of in the expansion of ( ee z=l9) 
cooex +1 x-x' 
is: [JEE M 2015) 
{a) 4 (b) 120 (c) 210 (d) 310 
8. The number of terms in the expansion of (7x — 5 + p)!° is 
(a) 65 (b) 62 (c) 66 (d) 68 
9. The number of terms in the expansion of (100x + y —2)!"! is 
(a) 5253 (b) 5251 (c) 5250 (d) 2523 


10. If the coefficients of T,, T_,,, T_,, terms of (1 + x) are in AP, then ‘rs 
(a) 20 (b) 13 (ce) 12 (d) 40 ; 
HM. If(1 +2 =C, + Cx + C2? +... + Cx", then for n odd, C7 + C5 + C5 61% 


is equal to 
(2n)! (2n)! 


aa? " sent : 
(a) 2 (b) 2 Os 8 


=== 


ee Binomial Theorem 


wa C, denote the coeffic 
, C,, denote the coefficients in the binomial expansion (1 * * y 


4 
—> +... is equal to 
4 gntl at} 2" 
@ eal (b) ar (c) al (d) None of these 
2. The total number of terms in the expansion of (x + 5z)°" ~ (x 5zP™ is 
(a) 100 (b) 50 (c) 200 (d) 150 
14 The total number of terms in the expansion of (x + 2000)!" + (x 2000)!” is 
(a) 3 (b) 6 (c) 5 (d) 4 
l+x 1+2x 4 3x 
15. -*c{ bere, =r— Gs; ne Be is equal to 
1+nx (l+nx)- (l+nx) | 
(a) 0 (b) n” (ce) x" (d) n 


Numerical Value Problems 


16. The sum of the coefficients of the polynomial (1 +x 3x7)2!63 js *P’ then | P| 


is equal to 


20 
17, The term independent of x in the expression [s -3} is A” term then *k” 


is equal to is 


18 Total number of terms in the expansion of (3 2x2 + 8x3 + 2)° is _ 
19. Let ‘n’ be a positive integer. If the coefficients of 24, 3 and 4" terms in the 
expansion of (1 + x)" are in AP, then the value of ‘n’ is 

x +22 + 2x°)° in powers of x, is 


20. The coefficient of x4 in the expansion of (1 + 
5 [JEE M 2020) 


(b) 


(d) 


(b) 


(a) 


(d) 


(c) 


Solutions 


[Using T-1] Ising Tall] Here, a= 1, b= 1 and n= 48 


So, sum of all coefficients = (1 + 1)** = 248 


Hence, sum of odd coefficients will be half = 


(Using Tl] Here, a= 2, b=3 andn=99 


Hence, sum of all coefficients = (2 + 3)? = 5° 
Here, a=5, b=7, p=2, q =8 and n= 1024 
Since, 1024 is divisible by ‘2’ or ‘8° 


So, integral terms = OZER +1= Aus +1 =129 
“ LCM (2,8) 8 3 


Since, 9 and 8 are not prime 

So, we will rewrite as (324 + 23/6)500 = (31/2 + 21/2500 

Here, a= 3, b=2, p=2,q=2 and n= 500 

Since, 500 is divisible by ‘2’. 
500 

LCM (2,2) 

Since, free radical means integrals terms. 

Here, a=y, b=x,p=5,q=10andn=55 


=> Integral terms = J. =250+1=251 


Since, 55 is divisible by 5 or 10 
55 
Integral terms = | ————— |+] =[5.5] + 1=6 
iam Sate lion elit 1 =e 


i 8x— 
$o,r=—P. = 3 =5 
p+q 1,1 


3°5 | 
irst of all we will simplify the expression 


: 10 
(x! 410023 41-93) (x? 4 ayer! -D 
(23x13 +1) os x! 2(x!2 1) 


= (x! — 4 12)10 


Expression = 


Eta.) = 5" term which is independent of x. 
$0.1 T. = es FF = 210 


[Using T-4] Here, n=10,k=3 


=> Number of terms = '"IC, | = 2C, = 66 


1 @ [Using T-4] Here, n=101,k= 3 

tcaber of terms = !9143-IC, | = en = 5253 
igSc-1] Here, n = 34 
ntJn+2 _ 34+V34+2 


2 © 


10. @ 


— => = - > = 20 or 14 
i. © Putting n = 3 (Since, n is odd) 
Expression becomes = *C? +3C? =9+1=10 
Now, checking options (a), (b), (c), (d) for n = 3 
(2n)! (2x3)! 
=> Option (c) = ——; = ——> = 10 


(n't)? 231)? 


1, (c) [UsingSC-2] Putting n = 2 


SConcete 
3 3 
Now, checking option (a) (b) (c) (d) form = 


Bi i 4 


=> Opti = = 
perce (c) ati 241 3 


3. @) (WsingsO-3)] Here, n = 200 


=> Total number of terms = oa = 100. 


4, - 2 
® ing SO-3)] Here, n = 10 i 


=> Total number of terms = a = atl =6 


1 
Now, expression becomes = Sam +—=l+-= 


17. 


18. 


19. 


= Sum=(1+1-37=-1=P 


=>|Pi=1 
©) GUSREERT] Here, p=2,4=3,n=20 
mp  20x2 
a ae Faye =8=r 


=> T,,, = 9" term is independent of x. 


(84) (sing TA Here, n= 6,k=4 
= Total number of terms="*'C, , =e 
=> Hence °C, = 84 


(7) (RESET sere, = 2 


=> 4—nP =n+2>n=7 or2 Rejected. 


\6 


4 
(120) Coefficient of x in f ] = coefficient of x4 in (1—6x*)(1 


I-x 
~ coefficient of x* in (I~6x*)[1+°C,x+7C,x +... 


="C,-6-1=126-6=120. 


Sequences and 
Series 


~~ = 


g j Review of Key Notes and Formulae f 


J, Sequence : An arranger 


nt of numbers accordin; 


to definite rule or a set of 
rules is called a sequen 


A sequence takes the form a, 


it contains finite nu 


A sequence is finite 
Ser 


Ifa, a...» a, is a se 


of terms otherwise, it is infinite. 


: Aseries is obtained by addin; 


acti terms of a sequence, 


a, isa series. 


given sequence is finite or infinite 
Progression : A sequence a,, a,, a a, is called arithmetic 
sequence or progression if a, a, +d, n & N, where a, is called the first 
term and the constant “d’ is called the common difference of the A.P. 
(i) n'® term (general term) 

a,=a+(n—1)d 

where, a = first term, 

d= common difference, n = number of terms 
Note that : 
(1) Common difference can be positive or n 
(6)_m'® term from end of A.P. is (n—m + 1) 
(ii) Sum of n terms 


i Arithmet 


tive. 
term from the be; 


ning of AP, 


“[2a+(n-1)d Jor S, =2[a+/] 


4 1= the last term 
") Supposition of terms 
When n 


(iy Vein , We take a- 2d, a—d,a,a+d,a+2d 
ithmetic Mean (A.M.) 
arithmetic mean of two numbers ‘a’ and 'b' is given by the formula, 
cath 


4. Properties of A.P. : : 
(i) Ifa constant is added to (or subtracted from) each term of an A, he 
sequence is also an A.P. ‘ 

(ii) Heach term of an A.P. is multiplied (or divided) by © non-zery 
resulting sequence is also an A.P. Ona 
5 _ Insertion of Numbers in A.P. : 
Let, Ay Ay nA ben numbers between a & b such that a, A, 
b=a , 


bis an AP. Here b is (n + 2)! term where d -(25*) 


2(b-a) 
=o+ oo, 
n+l 


Ng way Mbmw 


Os} 


(HA sequence a, a, a), ....., a, is called a geometric progression if each term jg 
non-zero and “E#L = r,k 21 
% 


where aa, is called the firstterm and r is called the common ratio of the Gp 
(i) Geometric Progression is denoted as : a, ar, ar, ar’ ; 

where ‘a’ is the first term and 'r’ is the common ratio. 
If the number of terms in a G.P is definite it is called finite geometric serieg 
otherwise it is called infinite geometric series. 
(a) ai term (general term) 

a" 

where, a = first term, r= common ratio and n = number of terms 
(b) Sum to n terms of a G.P 


a(l- 
s,-— 


(c)  Supposition of terms 


When n= 3, we take © ar,ar? 
r 


When n= 4, we take ar 
er 
‘When n= 5, we take 4 5 a,ar,or* 
r 


r 

(d) Geometric Mean (G.M.) 

‘The geometric mean between two positive numbers ‘a! and "is 

the formula, G = Jab 
Properties of G.P. : 3 
[each term of a G.P. is multiplied or divided by the same non-ze"” 
then resulting sequence is also a G.P. : 
‘feach term of a GP is raised to the same power, then 


‘ 


=e 


of Numbers in GP. = 
G, be ‘a’ numbers between positive numbers a & b wach that a, 


tain bis a GP. 
6.5 ro e 
episthe (n+ 2)!" term. Where, r =| 2 |**" 
Here b ; 5 - 
b\net (bast b\ 
[2]? Gy al G ‘ 
G5) a male 
elation between A.M, & G.M 


[at Aand G be A.M. & G.M. of two given positive real numbers ‘a’ and *b’ 
respectively, then A% G 


Sone Special Series 
i n(n+)) 
(jy 142434 - 
2 n(n +12 +1) 
r ' 
@ “ 
3.53.33 3_[n(n+t)] 
42°43 
til) +2 + na 2 | 


iv) 143454... + Qn= len? 
Wy) 244464... +2n=n(n+ 1) 
Beads > n(2n—1)(2n+1) 
(vi) 24324524... #(2n—1P sae 
24g 5 In(n+1)(2n+1) 
(Mi) 22+ 42 + 62+... + (2a? = ——— 


(vil) 4+ 33493 +... + n= 1 = wn? = 1) 
(ix) 23443 4.69 +... + np) = 2fnin + DP 
‘Important Points to Remember 


erm of an A. 
Teas + Be + Cr+ D, then sum of first ter ofthis AP, 


Sr, -aye? ye seh rev 

hou =) 
Wem syste ro te nly one neem it wich i 
tra( tet \d 

2 * 
Instn inmy sino ved |] 2a} term are 


Wo 
where n is’ 
Freie sonum is sox always possible to write specie formula 


” Sum of warithmetic means Ay. A, Ay. inserted between 9 
ton times the single A.M. between a and b ic LA HA where A, 
m= 


“a ce ROTM AMS mt 

an) ee fumofnAMs on 

(vil), GM. ofn positive numbers ay, dy, dy.» Gy 1 (4) - a 

(viii) Ifa and bare two numbers of opposite signs, then G_M. between them, A 
exist, 

(ix) Formula for the sum of infinite terms of a G.P, 
If}t} <1, the sum of infinite terms (S) of the G.P. a 


ar+ar+ 


is S= 


Ir 
Harmonic progression (H.P.) 
The sequence where cach (Xj, X2-%3» ) x, = 0 is said 
harmonic progression (H.P.), ifthe sequence formed by the reciprocals of | 
F F edi, 
terms isan AP, Thats, the sequence (+ + 
The standard form of HP. a(4, ae =} 
a’ ayd'a+2d 
General term n" term of a H.P. is given by 
1 
a a+(n=l)d 
Relations between A.M., G.M, and HM. 
Hfaandbare positive number then A = 222: =ilibe 
(a) A.M.,G.M., HM. are in GP, Lc. G2 = AH 
(b) AM.2G.M,2HM. ic, A2G2H, Equality holds ifand 0 
(ag) 


12. 


Srort-cut solution 
Mag TY) Hc 


e-2ine WHO 
2 2-6 of n= 15 not possible Ans. (b) 


cn ae thei toe 


2 
Nera ofthe sum of» em fre APS 8 13) : {Se * 24). THe 
of 24% ® 
terms of the two mena ae wn 


® 12 () 2:3 


ITN Authentic StavtewteTipe & an 


Uding 7 


Mustration 3 


Short-cut solution 


Uaing 13 


Wo arid fe thee roots of ccquastion x? — Gx + 4» 0, then fand the ratio ofaandl 
(7B snor-eu sohution 


=f RAPTH vere us pos 


arp 


oer =3 
2 


) 
3 AM: (m 


pos 
OM. (n) = VaR 


tm? =n? 349-4 _ 345 


feta 3-0-4 3-5 


sputration 5 

ifpi term of an A.P. is q and its q!” term is p, then what is the common 

defference? 

@ -1 

Bsnort-cut solution : 

B~ T.=pta-™ 

~ T=ptq-landT,=p+q-2 

=T,-T,=(p+4-2)-(Ptq-Deol. ‘Ans, (a) 
tion 6 

gpg of an A.P. is 39 and its 30" term is 19, then value of 53! term 


(b) 0 (c) 2 (d) 1 


Ws (b) 58 © 9 (d) 19 


Here p = 19 and q= 39 


Ptq-m 
19+39~53=58-S3"5S 


Ty= 


ae | 


Authentic Shortcuts-Tips & Tricks in Mathematieg 


Mustration 7 a | 


If the 10" t¢ \.P. and its 20th term i a then the Sum of 
first 200 tern WER My 
) 50 0 (©) 100 ( 1 
(a 7 d) 109 
(<>) Short-cut solution 
(URE SERT tere p ~ 10 and q = 20 
m(m+1) 
5 
200*201 201 
S200 100 
10x 20 2 


Ans. 
SHORTCUTS; (SC-3) 


Sum of infinite series of type 


1 1 1 1 | 
+ + Fas 0t 
ab ash,” ayb, a, (4, —a,) | 
Where a), ay, d,.... are first A.P and bj, by by... are Second A.P and 6, ~a,J | 
=b,-a,=., 


Mlustration 8 


| 
Sum of the following series 1,1, Uy 
12°23 °34 
(a) () 1 
(c) 0 (d) None of these | 
PBsnorvcut souution : | 


Ans. (b) 


ip Ru let [x] denote the greatest integer < x, then the sum of Oe series ks 
Pa}, f 1 1s 
5 100) + 100 y oo EE M 201% 
ery (by 133 ae « 
oo 
4 I 
pil (-*1 ~~ FA 
: 50 dec 
=|+ >) 
31" 10 
[ \ ” 
100 ‘ t ” 
3° 100 100 
100 
--100-| 133 in 


| SHORTCUTS: (SC-5) 


recurring decimals in fraction form Remove decimals end re- 
then subtract that number which has no recurring decimals, then 
}by many nine’s as many digit has recurring decimal and many zero's 
digits has no recurring decimal 


utration 10 


The factional value of 0.238 is- 
2 2 bast 
w 3s (b) pes {c) - td) 
1000 990 
Sen-cut solution : 


2 - 22) 
9 m» a os 
Mon recurring no = 2. After decimal rwo recurring digit wie 99 ad oe 


ating digh use 0.) Ams. (6) 


| 


Authentic Shortcuts-Tips & Tricks in Mai 
SHORTCUTS: (SC-6) 


Sum of se 


J 


es in the form K + KK +KKK + ....up tom terms ig 


31.10" -9n-10] where K is non zero digits. 


Mustration 11 


The sum of the 


ollowing series 7 + 77 +777 + ... ton term ig 
fa = 0 9 10) (b) Zion On) 
©) x (10"~9n—1) (d) S (10"*!— 9p) 
@ ‘Short-cut solution : 
(sings = [lo"*! —9"— 19] Ans, () 


SHORTCUTS: (SC-7) 


‘Sum of Series in the form 0.K + 0,KK + O.KKK +....up to 7 terms is 


fons 10" ~1] where K is non zero digits, 


Illustration 12 
The sum of the following series 0.5 + 0.55 + 0.555 +... to n terms is 


5 5 

(a) 3 On 10 Wm 1) (b) 3 10 "—9n) 

© 2(0"-1) @ 2(10*+9n-1) 
81 81 


- 7 5 a @ 
(GSE) 5, - 5 fon 10-1 Aas 


SHORTCUTS: (SC-8) 


Product of n GM's inserted between ‘a’ and'b’ is equal to n'® power oft 
BaneGM between ‘a' and 'b' i.e. 


Tle, =(G)" where G= Jab 


pu! 


ion 13 
‘g ometric means bet 1 
prover oF8 peometric means between 8 and Gq 8. Then value of Pis 


2” ag ol () 2* 
cut solution : 
6 Geometrical mean between 8 and —! 
‘ie 
eae 
mea)’ -(3) 
Product of 8 geometrical mean 
V2 
spa(t} (1) =a 
r=(5 (3) es Ans. (b) 


SHORTCUTS: (SC-9) 


\ethod of Substitution check the option by substitute the value of terms a, 
Ayo and number of terms 7. 


Mustration 14 


H1S, denotes the sum of n term of an A.P, then S,,,~38,,) +3 Sy.) ~S, is 
equal to 
(1) 0 (b) 1 (c) W2 (d) 2 
Short-cut solution : 
(GRIT) Let the AP. is 1, 2,3,4,5,6 

S13 38,2 + 38,1 —S, 
Patn= 1) = §,~3S, +38, —S,=10-3(6)+3G)+1=0. Ams. (a) 

tion 15, 
M292, Dare in AP. then ——,——, + are in 

bre'era ard 
GP. (c) HP. (d) None of these 


1, 62 =25 and c= 49 
ow 
Oee'era’ ath 12 8 6 

me ay by 24) 


remember 


+We can give direct answer from point {0 


Authentic Shortcute-Tips & Treks in 
TECHNIQUE 


Sunt of series by method of difference 


Sometimes, the nth ter 


ned by the 


discussed s0 far, {fa scrics is such that the differ 


we between suce 
are either in AP or in G.P, then we determine its ath term by the 


diffference and then find the sum of the 


Mlustration 16 


i R 2 EE M 2979 
i it 165 (d) 190 
‘Short-cut solution 
GAGE) fx) = ax? + bx 
fil)=a e=3=f(1) 
Now fix + y) = fix) + fly) + xy 
Put x © y= 1 inegn (i) 
ffl) Ah 2p 
f2) 
>f3)* 12 
S.=3 ' 
s 3 1 tl 
6 4+5 to n term ~ t 
Ledeaes upto n terms 

{n? + 5n) 
\ 

| 

$, <5, <p +s) 
so tf mine ne) Snin sty) 
8,5] ‘ | 

24 6 Se 
_ nny In + 8) 

6 

10x 1x8 

Sipe 8 530 be 


6 


iS 


snrerior angles of a polygon are in arithmetic progression, The smallest 
he 20°, and the common difference is 5°, The number of sides of the 
gale 8 


is 
oem (b) 6 () 7 (@) 8 
(0 ati of the sum of 1 terms of two A.P’s is (7n+ 1): (4n +27), The ratio 
1 ma ert 
a oS @ 2 @ 2 
On 127 27 » 176 
ise aio of first m terms of two A.P’s is (6n 16): (10m + 16), then ratio 
§ psu of 15terms is. 
35 101 
2 (b) 7:11 © iG @ 35 
{sium of two number is 10 and product is 16 then their ratio is _. 
@ 4:1 (b) 1:4 () 5:4 (d) 4:5 
the tenm and i term ofan A-P are k and j respectively, the (k+/)"" term is. 
@ 0 (b) 1 (c) k+j+1 (d) k+j-1 


Let T, be the" term of an A.P,, for r= 1, 2, 3, .... If for some positive 


1 1 
itgers m,n we have T,, = — and T, =~, then T,,, equals 
n 


ot ® +++ 1 @ 0 
Re Ae 
1 Sum of the following series 
‘t 1 1 
4 4-7 7=10 °° 
fa) 172 (b) 1 (ce) 13 (d) None 


Iti] stand for the greater integer functions, then the value of 


i fare es 1 999]. 
YO ici 1, 999 r 
2 wal" [S+au = to is equal to 
(0) 497 498 (©) 500 ee 
* The fet ay 
ional value of 2.357 is : 
(a 167 1167 out owe 
rye gD 495 Se 
( "ofthe following series 5 +55 + 855 F = tom terms is 
ate 
) SSiom 99] ) Sfror-on-10] 
| 6 S fron -9n+10] 
81 


a) 
iLO" + 9-10] () 


TL, The Sum of the following series 0.6 + 0.66 + 0.666 + 


ey S (0-9 ) (by S(10* +n) 


© 2 (0+ +901) @ £(10*+9"-1) 


12. Ef first. and 7 term of a G.P is 2 and 1458 respectively then prod, 
between first and 7" term is 


fa) 23!" (by 28318 © 2 @ 2 
13. 5S lara ou Up to m terms is: ATER, 
@) nel = +a 
5 37s 
bidtsee MeO 
14, If the Sum of n terms of an A.P. is Cn?, then the Sum of square of, 
terms are: 
4n® 1) 
(a) mint -1)c° 
6 
an? Ac? 
te) ae ale 
i, , 
1s, The sum $4 + is equa wo: 
oo ? 
3 ul ut 


fa) 2 y (b) = (c) 2 (d) 2 


Fifth term of @ GP is 2, then the product of its 9 terms is 
 Saapapaaneier lamenting aes oe! 


6n-16 


(given) 


10n+16) 
n+l 


> Ss _307)-16 35 
Sis 5(17)+16 101 


ee. Authentic Shortcuts-Tips & Tricks in 
GM iT, 4 


b 
5S. (a) [ngsey | 
Hi P d 
I ) 
6 (c) ange | 
Here P= m and g=n 
ro 
a 
a 
7. © (Uae) 
1 ee 
a(b-a,) W4-l) 3 
8. (co) [Using Sa) 
S = [nx] = [1000 » [500} = 500 


9. (by (ESET) 
2357-23 2334 1167 
2397 
990” «990 495 


G= (2 » 1458)! 2 = (2239)! = 2 = 3. jeer” 
Product of terms between first and 7 term is = (2 * 3 


(asin s9 | 


" OF 
Let m2 then Sum = 145 = 


3 


23h 


(tn 2n = IP = c? [4n2 —4n + 1) 
§=c7[4En? —4En+¥1] 


+1) n(n+l 
+) nes) 


=e 
Now put = I in the options, then 
(4n? —1)e* 


(en = c? is correct option. 


I 
ye 
is ©) (Sng) Let, 8 Lhe 


Ai) 


Pagttg t+ ii) 
On subtracting equations (ii) by (i), 


Ln 
ro 


20 


* ERE No a - 2 


xar? xar4 x ar 
=a 736 = (ayAy) = 29 = 512 
AM 


Ly 1 
qr lllLsp = S=2-1- 
2 


5 x ar® xar’ xar* 


Ay m 
GM 1 
24 S424 
See. a+b 56 ‘2 
Eee 


280 


18. (25) (Using Rep Notes] Let three terms of A.P. area@ daasg 
Sum of terms is, a~d+a+a+d=33= a=) 
Product of terms is, (a — d) a (a + d) = 11121 ~P) 


=> 121-#=105 > d=+4 MSs 
ifd=4 

T,, =T, + 10d=7+ 10(4) = 47 

ifa=—4 


T,, =T, +10d= 15 + 10(-4)=—25 
Hence, absolute value of T,, = {T,| = |-25| = 25 


19. (3748) The given sequences upto 2018 terms are 
1,6, 11, 16, .......5 10086 and 9, 16, 23, 14128 
The common terms are 
16, 15, 86, . upto n terms, where 


16 + (n— 1) 35 < 10086 
=> 35n—19< 10086 


=> yelOl0s _ oon7 
35 
n= 288 


n(XU Y) = n(X)+n(Y) —n(XN Y) 
= 2018 + 2018 — 288 = 3748 
20. (12) (UDBinEREVINGTE) Let the sides be a—d, a, a+ d where dis postive 


Pythagoras theorem, 

(a+d?=(a~dP +a a=4d 
Sides are 3d, 4d, Sd 

Area=24 => + 3dx4d = 24 

=> d=4 2 

*, Smallest side = 3d = 12 


o— 


ra Review of Key Notes and Formulae f 


Basie Terms 


fi dom exp 
tical conditions does 
outcome in a trial is on r 
Possible result of 


ynditions: 


{a) Ithas more than one possib! 
(b) Itis not possible to predict the 


(ii) Sample space : The set of all pos 


called the sample space. It is denoted by S 
sample point 


Event and its Oc 


urence 
Any subset of a sample space is called an event. Any ay E) of a 
‘ample space (say S) is said to have occured x ) of th 
GPeriment is such that « < E. Ifthe outcome w is such that w ¢ F we say 
thatthe event E has not occured 

Pes of Events 

i 


Impossible event : The null set @ is called the impossible event or null 
event 


(il) “ 
Swe ov certain event : The entire sample space is called the certain event 


Ui) Sipe 
sample 


€vent : An event which consists of only one sample point of a 


iy Space is a simple event. 

Cmpound event : An event which consists of more than one sample 
y Point js called a compound event 

Mtually 


eytteY are called mutually exclusive. If A and B are mutually 
elusi 


ive, then AA B= 6 


exclusive events > If two events cannot occur simultaneously 


¥ 


(iv) Exhaustive events : If the union of given events is the sample 
then those events are exhaustive events. Pace g, 
voy Ey are n events of a sample space g 


$ then By, Bays By are called exhaust 


In general, if 
if BE) UE, UEj... 
events. 
4. Algebra of Events 
(i) Complementary event : For every event A, there corresponds Note 
event A’ called complementary event to A. It is also called even s 
A’. Ibis the set of All sample points other than the sample points of, 
ic, A'=S-A i 
(ii) The event (A or B) : Event (A or B) contains all those elements Which ag 
either in A or in B or in both, Itis also denoted by (A WB), Therefg, 
Event (A or B)= AUB 
={w:@€Aorw¢B} 
(ili) The event (A and B) » Event (A and B) is the set of all those elements 
which are common to both A and B. i.e., which belongs to both A and 
B. It is also denoted by A > B. 
« AOB={o; eA and eB} 
(iv) The event (A but not B) ; Itis also denoted by (A ~ B) and (A 1B), 
is the set of all those elements which are in A but not in B. 
5. Probability of Equally Likely Outcomes 
Let S be a sample space and E be an event such that n(S) = n and n(E) =m. 
If each outcome is equally likely, then we have 
Number of outcomes favourable to E 
Total possible outcomes 


6. Axiomatic Approach to Probability 

The probability P is a real valued function whose domain is the power set! 
S and range is the interval (0, 1] such that, 

(i) For any event E, P(E) >0 

(ii) P(S)=1 

(iii) P(E UF) = P(E) + P(F), if E & F are mutually exclusive even! 
Let S be a sample space containing outcomes, Bj, Wy, sony Oy 

$= {0 04) 

‘Then 
() 0<P(o) <1 foreach , € § 


3 (ii) P(o,) + P(o,) + oo + P(,)=1 
i (Gil) For any event A, P(A) = EP(o), @, € A ae ¢ 


Probability) 


ey oF the Event A or BY 


my wo non-disjoint sets A and B, the probability of vent 
a) is given by 
P(A of B) = P(A. 0 B) = P(A) + PLB)~ P(A B) 
B are disjoint sets i.c., they are mutually exclusive events, then 


ually exclusive events A and B, 
P(A. B)= P(A) + P(B) 


0, P(S)=1 


hus for mut 


ote that PCO) 
probability of Event ‘not A’ 


esideran event A associated with the sample space S, Then the probability 
pe event “not A’ js given by P(A’) = 1 — P(A) 
dds in Against and Odds in Favour of an Event 


re be (m +n) equally likely, mutually exclusive and exhaustive cases 
at of which an event A can occur in m cases and does not occur inn cases, 


m 
Then by definition of probability of occurrences of event A, P(A) = > 
men 
n 
The probability of non-occurrence of event A, P(A’) 
men 


P(A): P(A) = min 
Odd in favour of occurrences of the event A are defined by m:n Le. 
PIA): P(A’); and the odds against the occurrence of the event A are defined 
Synemie. P(A’): P(A), 
Conditional Probability 
WEand F are two events associated with the sample space of a random ex- 


Penunent, the conditional probability of the event E given that F has occured : 
Spven as: 


poesr) = PGP = MO? pire o 
"pertes of Conditional Probability: 
LEU & F be events of sample space S of an experiment, then we have 
@ PPR) =1. S 

HA and B are any two events of a sample space S & P isan event of S 
Sich that POF) % 0, then 
BYP) = P(A/F) + P(B/F) ~ P(A. B) /E) 

if A and B are disjoint events, then 


Th, Multiplication Theorem on Probability “a 
Vor two events i & F associated with a sample space m% : 
PUP) PRY POE) 

POE) POF) 
Provided P(K) #0 A KF) #0 
‘The above result is known as Multiplication Rule of Probability, 

12. Independent Events 
‘Two or more events are said to be independent if occurrence or: 
of any of them does not affect the probability of occurrence oF nom-oceuene. 
of other events, For example, when two cards arc drawn from 3 pack of 7 
Playing cards with replacement (the first card drawn is put back ie the: 4 
& then second curd in drawn). 

(i) IB & F are independent, then 
P(E © Fy POE) POF) 
PE/F) = PCB), POP) #0 
PCFIE) = PCF), PCE) #0 
(ii) Three events A, 8 & C are said to be mutually independent, if 
P(A >) B) = P(A) PCB) 
P(A) C) = P(A) PIC) 
PCB. C) = PCB) PIC) 

& P(A) Bey C) PCA) PCB) PC) 

Ifat least one of the above is not true for three given events, 

‘the events are not independent. “—s 


of a sample space : A set of events E,, E, 
nition of the sample space S if 
ihe 1,2,3, 0 


4 


e's Theorem ATE), Ey, ... B, are non-empty events which constitute 
(i) pearion oF sample space S & A is any event of non-zero probability 


PCE) POA) 
PE == for any = 1,2, 3,5 


DPE Pe) 
= 
agom Variable & its Probability Distributions 


dom variable isa real valued function whose domain is the sample space 
Agrandom experiment 

speprobsbilily distribution ofa random variable X is the system of numbers. 
x: oe ee 
px): Pr Pa Po 

here, p20 Dp; =hi=1,2,... 


isl 


he real numbers X,, X3y +n, X, are the possible values of the random variable 
Xand P(i= n) is the probability of the random variable X taking the 
value x, e., POX = X,) = p, 


Mean of a Random Variable 


The mean (jt) of a random variable X is also called the expectation of X, 
denoted by E(X) 


a 
=H= DXi 
i 


Here X,, X3y .. X, are possible values of random variable X, occuring with 
probabilities p,, p,, .... P, Tespectively. 

Variance of a Random Variable 

Let X be a random variable whose possible values x), X,, ..., X, occur with 
Mobabilities p(x,), p(x), -... P(X,) respectively. Also let w= E(X) be the mean 
ofX, then the variance of X is given as: 


E(X) 


WO or 02 =¥°(j—n)? p(x) =B(X-w)? =£(X?)-[EO)] 
isl 
Denon negative number, 0, = [Var(X) is called the Stundard Deviation 
Variable X. 
ry Trials & Binomial Distribution 
Bernoulli trials: Trials of a random experiments are called Bemoul 
‘Tals, if they satisfy the following conditions: 


|) There should be a finite number of trials. 


sald be indepe 


x successes P(X.™ x) is also den 
x=O1,..0  (qQ=l-p 
the probability function of the binomial distributigg 
18, Extension of Multiplication Theorem for Independent Events 
IfA,.A....A, are independent events associated with a random experiment the 
PAAAOA A.) = P(A,)P (A)... POA) 
19. Probability of Occurence of at Least One of the n Independent Eveaty 
Ip... p,,be the probabilities of happening of n independent events 
Ay. Ay Ay. A, Respectively, then 
(a) Probability of happening none of them 
PLA, Ay OAS VAy) 


PIA, PAD) PIAg).... PA) 


(1p) -p)U- py... =p) 
(b) Probability of happening at least one of them 
= PAU AS UA, on UA) 


*TPIAY GAZ Gi AQ) 
“TPA PLA PLAS)... PLA, ) 
eI pl =p) py)... dop,) 
20. Probability Regarding « Letters and Their Envelopes 


If n letters corresponding to n envelopes are placed in the envelopes at randoes 
theo 


(a) Probability tha al eters are in right envelopes ~ 
(b) Probability that all letters are not in right envelopes 


1 
aie 
(©) Probability that no letters is in right envelopes 
1 1 1 


fer two events A and B 
ia) Pit least one out of them) = PLA) ~ PYB) 
fa) Plexactly one out of them) = PLA? +PB)- 


PAC 
2RANB 


Mustration 1 
Probability of solving specific problem independenty by Asad Bass 5 5° 
1 respectively. If both try 10 solve the probicm sndependenets fat te 


probability that 
(i) the problem is solved 
(ii) exactly one of them solves the problem. 


Wrrorcs scan: 


1 =} 
(RATA 6) Here PLA) = 5 and PIB) 
cana scsep semi 
2 (AO B)= PAD OD tenet 


. P(the problem 1 
= P(AUB)=PIA)> eB) FAP) 


=P(A) + PCB) PO) 


Mlustration 2 


Short-cut solution 
Using Ti hi , . 


For throe events A, i and ( 
6) Pat least ene out of them) © PLA BUC) 

= POA) * PB) © PIC) PAB) BOC) NC OAD AAA! 
GH) PCat beast two oat of them) ~ PUB. C) + PLC 


Gil) P (exactly two out of them) = KB C)+ IC OA 


ftv) P fexactly one out of them) = P(A) + P(B) + P(C) - 2B 
BPC A) 2A 9B) SPAN BOC) i 


Mlustration 3 

The probabilities of thee events A, B and C are PLA)» 06, 
PLB) $04, PC) OS. PAO By 03 ] 
PA OC)= 03,208 0.0) 0.2 and PLA BO Cy 0.2 them 4 
3) Find the probability of at least two owt of A, B and € | 
(ii) Pind the probability of exactly two-out of them. 

(iii) Find the probability one out of them 


Probability 289 


( mors least two out of them) 
’ ear +P(Ar 


B)-2P(A ry 5 Cc) 
402403 Beas 04 
bs TMi) (ii) Ret {Wo out of them) 
mp0) + POC *PANB)-3PAn Br.C) 
93+02+03 aa 02 
TDW) (iii) Plex 


actly One out of them) 
=P(A) + P(B) + P(C) — 2P(A B) 2PQ(B AC) ACA A) IPAN BAC 
=06+04 + 0.5 ~2(0,3) 249.2 


0.5 


) 
2(0.3) + 30.2 


Hes on the sample space § and K are real 


fm) EX + Y) = 5) + E(Y) 
fm) E(KX +b) = KE(X) +b 
i) ety are independent then E(XY) = E(X) E(Y ). 


AX) 2 and EY) = 4 then EY X) is equal to 

2 (b) 6 (c) 0 (d) None 
Bann 

E(Y — X) = E(Y) K(X) =4-282 Aas. (a) 

“tion 5 

he X+4 and E(X) = 5 then value of E(Y) is 33 

(d 
b) 1s (c) 19 

&,. 6) 


| — B(3X +4) = 3E(X) +4 
| “Y=3X+4 -. B(Y)=EQX 

Sag 
| +4219 


Ans. (c) 


Authentic Shortcuts-Tips & Tricks in —=, 


n, Variance and standard deviation of binomial distribution a ‘ 
HOM ae np 
4 


Me: 


Vnpq respectively 


Note: If mp © in 


mean = mode 


ger, the binomial distribution will be unimodal ang gy 


Mllustration 6 


The mean and the variance of a binomial distribution are 4 and. respectyg, 
Then the probability of 2 successes is IATERE 294 
28 19 128 37 
(a) (b) (c) @ = 
256 256 256 256 


£4) Short-cut solution 


(UBIRGSE2] Given that mean = np = 4 and variance = npg =2 


! 4 
p=q=~andr 


P(2 success) = *¢ 


28 28 
256 Ans. (t) | 


TECHNIQUE 


Boole’s Inequality. 
For any two events A and B 
P(AUB)= P(A) + P(B) ~ P(A B) 
=,P(AUB) S P(A) + P(B) {PAM B)> 0} 
For any three events A, B and C 
P(AUBUC)SP(A) + P(B) + PC) 
In general for any n events Ay, Ay, « 
POA, Ag U vest A,) S PCA,) + P(A.) + 


Illustration 7 
If A and B are arbitrary events, then 


(a) P(AMB)2 P(A) +P(B) (b) P(AUB)SP(A)+P@) 
(c) P(AMB)=P (A) + P(B) (d) None of these 
Short-cut solution : 


We know, p24) 
P(AUB)= P(A) + P(B)— P(A B)<P(A)+P(B) EPA) 


and B be two events such that the probability that exactly one of them 
we) 

is 5 
oth of them occur together is: |JEE M 2020] 

4 oz (b)-:0.20 (©) 0.01 (@) 0.10 

me ppand Care three events, then which of the following is/are not correct? 

5 “prexactly two of A, B and C occur) < P(A 4B) + (BAC) + P(CAA) 

(h) MAUBUC)S P(A) + P(B) + P(C) 

(o) Plexactly one of A, B and C occur) < P(A) + P(B) + P(C) - P(B A C) 

-PCNA)=P(A OB) 
(@) Plat least two out of them) > P(A 4 B) + P(BA C) + P(A A) 
4, WE[X]= 1 and V(X) = S, then value of E{(2 + X)}J is 


and the probability that 4 or B occursis + then the probability 


@ 14 (b) 9 (©) 27 (@) 49 
{ IFE(X)=S and V(X) = 2 then value of V(4 + 3X) is 
() 6 (b) 18 (c) 22 (d) 10 


Themean and variance of a random variable X having binomial distribution 
are 4 and 2 respectively, then P (X= 1) is |ATEEE 2003] 
1 1 1 1 
a) — ib) — = (dy — 
1 (b) 32 (c) 16 (d) 3 
IEX has a binomial distribution, B(n, p) with parameters n and P such that 
*X=2)=P(X=3), then E(X), the mean of variable X, is [JEE M 2014] 
Beet @s-p jot @ & 
ifthe mean and the variance of a binomial variate X are 2 and | respectively, 
the probability that X takes a value greater than or equal to one is : 


WEE M 2015) 
fy 2 3 & 15 
16 On © @ + 
ber NUMERICAL VALUE PROBLEMS 
iti ice are thrown independently 27 times. Then the expected number 
TiS lest two dice show up athe oa five _ WEE M 2020) 


Pombing attack, there is 50% chance that a bom wil hit the target. AL 
the mr independent hits are required to destroy th target completly Then 
a eq tt Number of bombs, that must be dropped to ensure that there is 
chance of completely destroying the target, is 
[JEE M 2020} 


JEE M 2029) 


bility that only E 
= scours is y. Let the probability 
s setisty the equations (a 2P)p = a 

= be S are as: en the 


(JEE Adv. 2013] 


3 matrices with entices from the set {0,1} 


be given by S )} and 


c ability 
cquats [JEE Adv. 2019} 


B) * IBOC)+ PIC OA) 


Option (a) is correct 


CR 


SPYAU B) + P(C) < P(A) * PB) © PIC) 
Option (b) is correct 


GRR P(exactly one of A. B and C occur) 
* P(A) + P(B) + P(C) - 2P(A 9 B)- 2P(B OC) -2P(C OA) 
+3P(AM BOC) 

=PYA) + P(B) + P(C) — P(A B)- P(BC)— PICO A)— {PADB) 

£PIBAC)+ PICO A)-3RANBOO} 
SPIA) + P(B) + P(C) — P(A B)- PBOC)-PCOA) 
* Option (c) is correct. 

‘Also P{at least two out of them) 


PAN B) + BAC) +P(CA)-2(AOBOOSPANP) 
+PBAOPCOA) 


Option (4) is not correct. 


3. fa) 


4 (b) 


” 
= 


6. (b) (HFS) Since X has a binomial distribution, B (n, p) 
P(X = 2)" "C, (pF py" 
and P (X= 3) © "C, (py (py? 


Given P (X= 2) = P(X = 3) | 


pyre C, (py py? 


= E(X)= mean =3—p — (-+ mean of B (n, p) = np) ] 


7) (ERRBBRERA) ct mean ~ np = 2 at) 


and variance = npq = | (ii) 
On solving eqns. (i) and (11), we get 


1 1 
q=zep= > 


a we have 
4 


A 


p'g’ + *C.p*q? + 4C,p'q + 4C pt 
1y 145 
1 1 
2 16 16 


‘ wn (a 


Probability of getting at least two 3s or S's in one trial 


2 2\'(4 2\ 
1¢,(2) (4) + 4c +4¢,{2) 
=Gl5) (6 6) \6 6 
3 OO 
7 27 
W 
E(X)=np =27| — |=1 
Tricks 
t 
(OD) REX 2 2) =1- P(X =0)- PUX Hy) 
Let‘n’ bombs are required, then 
1 1 ‘ 
{ 1 99 
PIX >2)=1 L\ (2 cron eB Dra 
\aJ\2 \2) 


2 100(n +1) => n 211 


P 2 
(ot hitting target in n trials) = ( a } 


P 7 
“tsstone hin =1-(2) 
10 


(9 4 
oa => (0.9)" <0.75 


Authentic Shortcuts-Tips & Tricks in 


PU PU 


Tricks 


For independent 


(lf rm 
Plonly E,) = P(E ci 
Pronly E,) = P ( F Lx 
Pr E)= P(E E 
fs 
12. 0.50) Treks 
Use permutation and combination 


$12 


Total number of 3 * 3 matrices with 0 or 1 


£, contains those matrices in which sum of entries is 7 


It will be contains 7 one’s and 2 zeroe's. 
nlE,) = "C, = 36 


£, contains those matrices in which 7 ones, 2 zeroes and its detit 


Det(A) ~ 0. This can be occurs when two rows/columns are identical 


ee 
0 0 | poo pig 
| 11] or i 1 oijor fr 4 4 
hry hig fad 


ME OVE) PC OC * 2 = 18 
PUR By) 8/512 
PE) 36/512 


0.50 


of Trigo 


ometric Functions 


adrant I-quadrant 

aaper Cruse Aid to Memorize 
roa A) All positive All Students to California’ 
mand cot (T)| () cos and sec 

sitive are positive 
I-quadran 


IV-quadrant 


Trigonometric Ratios of Compound Angles 
in (A + BY 


) cos (4 + B) 


sin A cos B+ cos A sin B 
cos A cos B+ sin A sin B 
i) tan (4 4 gy ~ 1in-A* tan B 
IF tan AtanB 

") cot (4-4 gy ~ £0tAcot BI 

cot B+ cot A 
nation Formulae 
sin A cos B sin (A + B) + sin(A ~ B) 
° 05-4 sin B (sin (A + B)~ sin (4 - B) 
"C08 cos B = cos (A + B) + cos (A ~ B) 
2504 sin B= cos (A B)~cos(A +B) 


n 
Transtoy 


(viii) cos C-c08 D= 25" . —] 


5, Trigonometric Ratios of Multiple Angles 


2tan0 
) sin 20 =2 sin O cos ® 
One 1+tan’ 0 
Gh) cos 20 = cos? @—sin? O=il'=2si0" 8 2cos? d-1 
2tanO 
(iii) tan 20 “ 
1-tan" 0 


(iv) sin 30 =3 sin 0-4 sin’ 0 
(v) cos 30 = 4 cos'0 — 3 cos ® 


3tan0—tan’ 0 


(vi) tan 30 = — 
1 


tan* 0 


6. Trigonometric Ratios of Sub-Multiple Angles 


(i) sin( 2) = [i=c0s0 
(ii) c0s( 2) = 


0 
(iii) tan( 2) 
2 


7. Maximum and minimum value of E =a sin @ + b cos 0 
Maximum value= Ya? +6? , Minimum value = ~ 


8. Conditional Trigonometric Identities 
IfA+B+C=n, then 
(i) sin 24 + sin 2B + sin 2C = 4 sin A sin B sin Cc 
(ji) cos 2A + c0s 2B + cos 2C = -1 ~ 4 eos A cos B cos C 


cw) 
T+ tanég 


B ¢ 
{ n 
(tan B tan ¢ 
c Coord 
c 1 
F 1— tan =| 
¢ Use : 
nia + 288) sina + (n— 1)py 
i 
eos(a + 28) costa + (n — 1B) 
nf 


Be 2nn 


Some Important Results to Remember 
sin(d + B) sin(d — B) = sin? A ~ sin? B 
) cos(d + B) cos(4 ~ B) = cos? A ~ sin? B 


tan A+ tan B+ tan€ 


tan Atan BtanC 


i) und +B +C 


|~tan Atan B ~tan BtanC -tanC tan A 
} tan 4 = cot 4 ~ 2 cot(24) 


TIPS AND TRICKS: (T-1) 


= 99° => {tan ,.tan 8, | 
|cot®,.cot8, =1 


iy, ‘MHe of tan 3° tan 20° tan 40° tan 45° tan SO° tan 70° tan 87° is equal 


<a 


Authentic Shorteuts-Tips & 


Short-cut solution 


+0 an a 


Illustration 2 


yn 20. tan Dis equal to 


Z,) Short-cut solution 
Using] © 20 90° => 0 = 10 


Now, tan 3(10°) = tan 30° = ’ 


Illustration 3 


MWtan (x + y). tan (x — y) 


8 equal to 


Short-cut solution : 


sin, +sin0, +sin®, +.+sin0, _ tn( 2 sooo 
050, +6050, +c0s0; +...+ 0050, n 


Illustration 4 


sin 20+ sin 50 +sin 40 +sin70 
cos 20 + cos 50+ cos 40+ cos 70 


@ Short-cut solution : 


(sng 2] tan| SE AOA 


4 


is equal to; 


Illustration 5 


cos 20 +cos 50+ cos86 . 


N sin20+sin50+sing0 "°™!'° 


olution 


cc 


+, then tan 


then, covec 0 cot 


ration © 
fe 


(+ tun 0 e', then cos 0 is equal to: 


gnort-cut solution 


(MATT sce 0 tan 0 ¢ () 
0+ un Ome (2) 
on adding eqn (1) and (2) 
ec 0 : 
tustration 7 
i 
Heowee 0 cot O = — , then tan 0 is equal to 
| )Short-cut solution : 
2 
pT B | ~ cosee 0 ~ cot = = (ly 
J mn 
" 
covce 0+ cot O= > (2) 


On subtracting eqns (1) and (2) 


cot U7 
“4 
tng 44 
17 


|, 


D TRICKS? (T-4 


c ons of the type 
opp orne te functions of 
—_ Minimum = Maximum 


A 2vab ~ 

@ asi? peosee > a 
“elie 4 

(i) wcorstbaee x = Via 
=> 2wab vw 


2 2 
(iii) a tan? x + cor x 


Note: This can be PI 


oved by Using concept of AM = GM. 


Illustration 8 
The range of y 


@ Short-cut solution: 


ang Ta) Minimum 
Maximum => © 


4sin’ x* 9 cosec® x is equal to 


aJab = 2V4x9 = 12 


= Range :y € [12.) 
Illustration 9 


‘The range of 


@ Short-cut solution : 

Using T-4 | Minimum 
Maximum + * 
Hence, range is : y € (24, ) 


a TIPS AND TRICKS:4T-5) 


fy=9tan'x + 16 cot? x is equal to: 


2Vab = 29x16 = 24 


Method of Substitution: 

If an expression is independent of an unknown parameter, thet 

suitable value for that parameter to minimize the calculation. 
Illustration 10 
2sin0 


one j 
P~ Ty eos0-+ sind" eC 

a ©) © 1+p  @ 
Gsrorent sotution : 


[Bing TS] Pur = 0 p=o 
oUt) 


Now, expression 
1+sin(0) 


» 


Teigonometric Ratios 


joo} 
then a + Bis equal w 
) * «) 
gt souution 
1a=0>ae0 
Pu 
‘ Ans. (a) 
ee 
ion 
gost 2, then sin” x + cose" y is equal to 
(b) (©) 21-2 @) ned 
snort-cut solution 
x ) 
Gig TS) Since, x= ~ satisfies in sin.x + cosec x= 2 
fi cosee = 2 Ans, (b) 


istration 13 


in 0 + cos @ and y = sin O cos 6, then, x4 ~ 4y2y ~ 242 + 4y2 


dyed 
scqual to 
) | (b) 0 (c) -2 (d) 4 
. Short-cut solution : 
(GTS Punting 0 * sx =1andy=0 
Now, expression (1)¢ 0-24+0+0+1=0 Ans. (b) 
tion 14 
TheValue of the expression 
ph sing ©) + cos B sin(C— A) + cos C sin(A B)is equal to: 
i) 
Y (b) 1 (Oe (a) 2 


fai Solution ; 


Putting 4 = B= C=0 in the expression => 04040" 0 


| 


Authentic Shortcuts Tips & Tricks in 
Illustration 15 


1 


t-cut solution 


she 
Y tar tan tan =, tan 
Illustration 16 
If (cos 0 * sin 0) sOsinO= 1, V0 tk then Value of 
(b) | @ 2 (4) 2 
Short-cut solution : 
Using 15 | Purting 0 = w/4 => m= -2 aa 


Illustration 17 


The value of tan A +2 tan 24 +4 tan 44 + 8 cot 84 is equal to, 


(a) tan 2A (b) land (©) cot (d) cota 


Short-cut solution : 


[Using TS] Putting 4 


K 
+2un% +4tan% + 8 cor( 
12 6 3 


Expression tan 


On checking options = cot A= a =2+ 3 Ans. 
Illustration 18 
The value of 2+ J2+2cos 40 (0.<0< 15°) is equal to: 
(a) cos 0 (b) sind (© 2sine @ 2008 
@ Short-cut solution : 
(Wsing TS] Putting 0 = 0° > LHS. =2 
San aol 


Hen 


checking options => 2 cos(0) = 2 


hutration 20 


sin 70° is equat 
Short-cut solution 
Exp 1N(3.10°) , sin 60% = ¥ 
4 16 


“tration 21 
k NE OF C05 20° cos 30° cos 40) €0S 80° is equal to, 


Short-cut Solution 


2 0s 30 
SAT] cos 20° cosi6o 20°) c05(60° * 20°) cos 3¢ 


+0563 20). cos sar = %8 
; 6 


Authentic Shortcuts-Tips & Tricks 
Illustration 22 


The value of tan 40° tan 20° tan 100° . tan 45 
@G 
(ZZ) Short-cut solution 
ve 

[USiRg SCAG] tan 40° tan(60" ~ 40°) tan(60° + 4g 

L * 40) 
3 . ) tan 45 
=> Expression is tan (3.40). tan 45 = ~J3 


TECHNIQUE 


An increasing product series. Let $ be an increasing produc, 
that 


S= cos a - cos 2a - cos 27a .,,.. cos(2""'a) 


sin2"a 
|2" sina 
Then S= 4) 


Illustration 23 


Li 2n 
Find the value of cos Tieae 


@ Short-cut solution : 
2a 
[DagTERR] os cos. cos $* Jeon ® 
5 9 9 


3% 
sin2° sin 


— 


then tan(90) 4s equal to 


») 1 (ce) v2 (2 
tan 2° tan 9°, tan 89" 
2 (©) (1 


ny} +sin 2° + sin3° + sind sin's ; 
equal to 
+ 608 3° + cos4” + cos 5 et 


) wan (©) nd (d) tan 4 


$, then sin x is equal to 


) SS i) J 
G ) 
2 5 oa | 
mel 
y+tan 07, then is equal to 
wel 
(b) cos (©) cosee O id) tan 0 


sin 0 


minimum value of 8 sec? 2x + 6 cos? 2x is equal to 


» 3 (b) 2v3 (c) V3 (d) &V3 
a 5* 4, then “*=* is equal to: 
tans sinx 
(0) 3| 
@ 
© Has B+y=n, then sin? + sin?B ~ sin’y is equal to: 
*) 2sina sin B sin y (b) 2sin a cos f) cosy 
“) 2sin a sin cos y (d) sina sin B cos y 
\ \ 
Oe {9 2) 
* (OF) and f, = (tan 0)", 4, = (tan OY*°, 1, = (cot 0” 
Md), ~ ( 
wy ft, then JATERE 2006} 
44> 
ee al (b) BSS G54 


ion 
ro @) H>h>hry 


= 


On | Authentic Shortcuts 
"0 
" ale wt | 
\ 
‘ (d) 4 
m1 0 con 20 1. 008 2°19 jg 
\ 
i] 1 
io > ( 
” d) 
Numenicat Vawue Prostems 
TA, The mttnimony vaten eis equal to 
14, The value of ti 


(19) tan (75°) is equal to 


mts 
eee 


9 cplulte 
se 
‘ y« $) tan aS 1 


HHO con) = 1 110+ 70» OF 
ee) (aan 1 tam 80% 2° tan RR"). (ta 45°) 
Laan AAT A + RTP OO) 1 
4 tan( Ubeea seeds ; 

[expression = (an an 
tising T i 5 
1 
SPI] cosee x cot x 
(ing 
vr oaidinye ame. CE) and eqn, (2) we get 
+ 3 
ne sine 
(ing Tk | see O- tan 0 i) 
n 
anh Ot tne n (Q) 
Cn adding and subtracting eqn. (1) and (2) we get 
' 
wo (Qa) 
' 
yan 0 (4) 
yy 
rom eqns. (1) and (4) we get: sin 0© = 
wel 


* [Citi PATA] (8 see? 2x +6 cos? 2x)y, = 2VEHO = BVI 


(UPS | Potting « oh« Oand 


Now, cheking options for k= 0 


kh 
| which satisfies the condition k @ 


(ORT rotting pey=% 


wo (3) som($) (3) 3 


nn 


i 
sin| 


J 


n) 
1 


0 
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Now, checkin 


sin in{ =| - co 
5 5 ae) 
% tb) (RBBB .- 0 < (0,2) , putting o 
ie 3)" which is preatest in option (by 
6 
10. Cc) (RABAT putting 4 ~ B= C= 60° 
Expression is tan(60°) + tan(60°) + tan(60°) 3V3 
Now, checking options for 4 = B= C= 60) 
option (c) is tan(60°) tan(60°) tan(60*) 
NW. (a) (BIRGER Ler 2% _ 4x 2 44, 8% 94 or SAn2g 
is 1s 1s 


So, 16 COSA cos 2A. cos 4A cos 8A 16(cos A cos 2A cos 27A cos 23.4) 


Z 
sin2 
16) A 


n 
2 sina 


16 SMS A+ AY 
losin A 

sin(2n+ A) 
sind 

sind 

sind 


12. (by [Using Tech) 0 > 


Nn 2°) -O™ n= 2° = (n+ 9) 


, sin2" + 
Cos 8 - cos 20 + cos 20... cos 2etg . Sin2"O 1 sinin+0) 
2"sind 2" sin 
i sind) 1 
2"\ sind) "3" 


13. (12) (UGG TAT) Here, a= 3, = 12 
> Minimum Value = 2Vah = 2VT*12 ~ 42 
tan 0 tan(60" 0) tan(60% + @) 
otan(S* 1S 1 


tan 30 


Trigonometric 
Equations 


4! Vreview SES of Key Notes and Formulae, Key Notes and Formulae =/ 


an equation involving one or more trigonometric ratios 
pei nometric equation. 


sn of Trigonometric Equation: 


i uation r ave infinite number of 


The solutions of 
) are called principal 


jon which hie i 


The expres 


\etric equation is called general solution, 


on invol integer ‘n’ which gives 


i 1a => 0=nn+(-Ifara SN ied 
0s a= 0 = Inntazae [0,n].n€1 
)tan 0 = tan a => 0 = nn +2; 4 xl nel 
)sin?0 = sinta => O = nn ta 
)0s°0 = costa => @= mn ta 
(tan = tan’a > O= mn ta 


{*Note: “c’ is called the principal angle] 

'mportant Results to Remember 
nO, in 0. sin® =n => sin 0 sin 0. sin 0. 1 
, cos 0, =n => cos 0, = cos 0. 


2=> sind 


Mustration 1 


Solve the incquabty us 
@ snon-cut solution 


1 
TERR) Ocewing grapes of ) ~ vin x andy ; 


1 s 
Fromabove figure, sin x= —° when — <x 
Henee, the general solution 


dan -~ sxSQwn+ "nel 


6 
Mlustration 2 
IfA + B+ C= x, then prove that 


3 
Sos 4 + cos B + cos C< =; when A, B, C are distinct 


4.x = Bx = C be three points on f(x) = cos x. So that 


[4sBec  fasesc 
a leer Seton teers oo || 


/ 
eee ig = 


va 


atroid of thangle ven by 


< C cos A+ 608 B+ con 
1 4s clear that P.G, ( are collinear ox . 
j + cos B+ cos C< = Hence, proved 


sind, — = 0088, r= ya" 


so, sind.sin x + r:cos@.cos x = ¢ 


Then, the general solution of the equation a sin. + hens a= cis y= 2am ta 


0, where n € Z,cosa= <,a €[0,R} 
r 


Va? +b? <asinO+beos0< ya" 


Wustration 3 


Find solution of siny + V3 cos.x = 


_)Short-cut solution : 
Uhing Tech. 


Va? +h? =,/17+(J3) =2 
YP +(¥8) 
1 g x B 
sinx + cosy == => sin sin ¢cos= cos x 
2 > 6 6 v2 
sos] x2) 1 L 
=== cos 
6 
Pai X x 
=2nnt => xelan+—t 
6 4 
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I —"Concept Booster 


I) 


' 
‘ B 
. hat: tan tan tae 
= tan 20° tan 40° + tan 60" + 2) aa 
(b) 4y3 
! id) 
he value of tan 30" tan | tan 30° tan 1S tan 60°, is equal to 
7 (by yt fe) bey (dy) -y) 
® LAS= re Connex eo ™ The sum of al distinct solutions of the equate 
VS SOC + conc x + 2(tan x cola) =O in the Set S is equal to 
JER Ady. 2016) 
. “a 5 
(a) (b) te) 0 = 
9 9 9 
The number of integral values of & for which the equation 7 cos z+ § wine 
24+} has a solution is [ATE EE 20025) 
(a) 4 (b) 8 (10 (d) 12 


The general solution of the ing 
by 


mete equation sin x + com x= | is given 


n= 0.41.02 


m 
() xenme( ty where n= 0, $149 


(d) none of these 


Trigonometric Equations »~ 


ree points on f(x) © sin 


of triangle 


nA+sin Be sin€ 


near points 
fh GE wean 
i I \ o* 


Hence, from the figure it is clear that, ordinate of H > ordinate of G 


A+ BC sin A+ si 


in A+ sin B+ sin C Hence, proved. 


thing SCT) Drawing graphs y = tan x and y= 3 


4s periodic with period x 


Si, see oll cheek soution om xe {2 55 


Now. be clenr from figure 


ve tan 
General selunon 


tone Im sta 


SPST) Dro wing graph of y= an? ; 


} — 


| A+B4C 2 


ot) 


26) 
! 


Leta 4 = B be three points on f(x) = tan? 
So thar) Be Con a 


Where °G" ts the eenteroid of triangle, 


Now, fhom figure it is clear that, 
-onlinate of G > ondtinate of Mt 


c 
©, proved. 
i tan A+ tan B 
tan( A+B) 
40 tan A tan B 
0" tan 40° = tan 20° + tan 40° (ay 
he expression 
y tan 40° + 3 tan 20° tan 40° + V3 + 43 
45° = tant tan 30°) 
sn 30 
x an 15° tan 30 a) 
sn 30° + tan 15° tan 30° + 3 =1+ 
¢ Gaagtech] V3 sec x + cosec x + 2 (tan x~ cot x)=0 
cos x = cos*x ~ sin®x 


fence, sum of all values of x= —->+——-=> 


ee 


> x= 
Ging TEER] We know, - Va? +b? <acos0+bsin®< Va" +6 


~V74 < 7c0s.x+Ssinx < V74 
“N74 S2k+1< J74 => -8.6<2k+1<586 
Hence SES3.8 

4 can take only 8 integral values. 


— 


where # 


2. (@) RE Given: sin x ¢ cos 1 


v2 v 

K a_i 
sinxcos =+cosxsin= =sin= 

4 
sin (x + w/4) = sin /4 
yirdenne(-Iyn4ne Z (the set of} 
yonnt(- 1)" 4 ~ WA; 
0, +1, 42. 


Ithy¢ 
™i-Derimeter 
ere a, b 


Me Sides Of trian 1BC 


R where Ris circumradius of MBC 
sine Rule: cos 


a" +e _ 42 
cos B 


jection Rule: g 


£08 C+ €c0s B.b=c.c0s 4 


+a cos C, 
cos 4 
B-C b~e A 
‘pier's Analogy: tan = bea 2 
amb C 
( me oo SED SE. 
7 cot »tan| = ) a+b 2 


Meometre Ratios of Half Angles of a Tri gle: 


6. Area of Triangle 


{ aus 5 i Heron's formats 
rs, where Rand r are radia of the circumctecte id the ee 
7. Cireumcirele of a Triangle 
b a 
1 2sinB Cc 4 
8. Incircle of » Triangle 
4 # c 
ii) r= (s~a)tan=,r b) tan andr jan 
c c ‘ 
as in bsin sin 
(iii ar : y a2 
cons con con © 
5 A c 
(iv) r= 4R sin sin 
9.  Excircles of a Triangle: 
iL es a 
DAT gaa 6b se 
A B c 
(ii) 7, * stan ory stan =r, stan = 
BC hi 4 
Gemsees tena 
(iii) 7 pete 
con con 
2 2 


al 
f 


re of » Triangle 
entre 
prthioe 


endiculars from the vertices 


A, B, Con the oppe 
1BC. respectively meet at *(’ 


which is orthocentre of 


1, OB = 2R cos B, OC = 2R cos C 
cox B cos C, OF = 2R cos C cos A, OF = 2R cos A cos B 


nradius of the pedal 


ngle 


wis 


ca of pedal triangle = 2A cos A cos B cos C 
Length of Altitude, Angle Bisector and Median: 
a 
ngth of Altitude from vertex A = ——@ _ 
jig cot B+ cot C 


4 
2becos 
Length of Angle bisector from vertex A 5 
| Pao oe 
) Length of Median from vertex A 2b? +2c* - 
*Note: Similarly find lengths for others using symmetry. 
4 
mn Rule: 
") (m+n) cot 0 =m cot a—n cot B fa,| B 
") (m+n) cot @=n cot Bm cot C | 
0 


) Distance t he circumcentre and incentye 


entre and orthocentre = 


Use of Substinution Method 
Assume triangle t be 
“Am LB 5 


‘an equilateral triangle and proceed 


* Note: In cquilateral triangle rn 


Illustration 1 


In MABC. cosee A (sin B eos C+ cos B sin ¢ ) is equal to 
a 


(2) Short-cut solution ; 


fi Let ABC be equilateral (mangle 


60 
2(V3 3) 
= cosec A (sind cosC + cosB sinC) = +.) X32, ¥ joa 
Blas 
Illustration 2 
In a AABC, among the following which one is true? [ATEEE 208 


A 
(a) (+e) cos 


(b) (b+) co: 


(c) (b-e)eos| $= | 


A 
(d) (b—c) cos =asin 


@ Short-cut solution : 
Let AABC be equilateral triangle, 


 — 


| a 


goation Of Mango 


Py 
ODay 
ie ty 


An 
ual 
t I rR 

Short-cut solution 

SERFSETG) ct the wianglet quil 

a0us A 
cand A» B= Cx 60 
a k 


= - 


1. Ina A4BC. tan A ~ tan B ~ tam Cs equal to 


3. angles A, 8 and C of a triangle are in an arithmetic 
b asxi c demote the lengths of the sides opposite to A, B and C 
then the value of the expression “sin 2C + < sin 24 is equal tp 
a 
TATERE ang. 
! 3 
fa) = (by () 1 (d) 
4s 
4 cof 2) con( 22) is equal to for ABC 
ath a-b e 
fa) (by «) 
a-b a+b ar+h 
5. In AABC @? sin 2B + sim 24 is equal to 
(a) 24 &) 34 (co) 44 


+b+eNb+e c+ +b~c 
6 Inaasc, & Kb+c-aNe+a-bNa+b~c) 
ab? 
(a) cos? 4 {b) cos? 8 (c) sir? 4 
7. In AABC, a(b cos C~ c cos B) is equal to 


In SABC, 2C= 60° then! 1 
wo 5 ate bee 


of Trtengles (Properties of Triangles) 


WLS 


C= 60" > tan 60" + tan 60% + tan 69 


TT] Let AABC be equilateral tangle 


\ (sidey, Pp» “og 
i 


4, Care in AP for AARC 


0", B= 00°, C= 90) f 


(180°) + 28in (60°) | 
ch 


») (WRRSCAY) Let aac be an equilateral triangle 


ee oa ss "ia ‘) | 


Now, checking options fi 


ava 


«) | Usings ] Let AABC be an equilateral triangle 


cand A= Be C= 60° 
, 3a’ x 
2a? sin(129°) = 34 4 gy 
4 


Using SC1 ] Let AABC be an equilateral triangle 
amb 


i) 


Sa(ayayay 3 


daa’ 4 
SY checking options for A= B= C= 60) 
“WA = sin? 6g = 3 

4 


| 


soll 


Authentic Shorteuts-Tips & Tricks in 
7. (b) Using SE 1 | Let ABC be an equilateral triangle 
ae hecandA~ Bo ¢ 
Kb cos Cb cas BY = 0 | 
ww, check options fora = b= ¢ 


Poa pao 


8 (1) | USRSET | Let AARC be an equilateral tnanpte 
be cand A= B= C= 60) 
(b+ 0) cos A + (e+ a) cos + (a +b) cose 
6a vos 60° = 3a 
and Kla +h +e) = ak 
3a KGa) => K= 1 
9. (2) 


Using SET] Let AABC be an equilateral triangle, 
A= B= C@ 60° anda sb 


60 60 ¢ 


2K 
3 
>K~2 


10. (3) [Using SG Let AABC be an equilateral triangle 
ae becandA= Bec 60" 


i 1 K 
' 2K=3 
2a 3a 


Straight Line 


jrwo 2 ’ ‘ 
(Gradient) of a Line: If" is the angle made by a line with the positive 
fon of x-axis in anticlockwise sense, then the slope of the line, m =tan®. 
lp Slope ofa line parallel to x-axis, m= 0 
Slope of line parallel to y-axis, m = x 


Hy Slope of a line equally inclined with axes is I or ~1 as it makes an angle 
of 45° or 135° with x-axis, 


P)Sbpe of line joining points (x,,y,) and (x,,y,) is m ea 
Xy— 
| Diferent Forms of the Equation of Straight Line: 
6) Slope form 
(a) =m + c; where ‘c’ is intercept on y-axis. 
(yy, =m(x—x,) 


{) Point form: y— 


| 4. Position of a Point wart. Line: 


Let point be (r,,y,) and line 
* if bax, + by, + )>0 = Point lies above the line 


® if ax, + by, + e)<0— Point lies below the line 

Relative Position of Two Points w.r.t. Line: Let points be (x),.¥)) and (ey) 
and line be ax + by + ¢=0) 

® if(ax, + by, + ax, + by, +c)>0 => Both Points lies in sam 
* if(ax, +by, +cYar, +by,+c)<0= 
6. Angle between Two Straight Lines: 


bear by$euy 


cad 


e side of ine 
Both points lies in opposite side offige 
The angle between two straight ie 


7 - Fim, | 
having slopes m, and m, is tan @= | ~—— 


1+mm, 
7. Perpendicular Distance of a Point Fro. 
Of the point A(x, y,) from the line 


ax, +by, +0 
P= Leta eel 
a+b? 
8. Perpendicular Distance between Two Parallel Lines: The perpendicit 
distance between the lines axtb, 


W*e,=Oand ax + by +c,=0 
Qe, 

CS pore 
la? +0 


9 Condition of Concurrency of Three Lines: a, +b, +¢,=0;i=123 

a bh 

% b | =9 

13 Oya icy 
D 


m a Line: The perpendicular distanee 
art by +c=is 


| 


YA and OB where *O” 


“+ If /? = ab => Coincident real lines 
‘4 If? <ab = Imaginary lines 


) Acute angle between pair of lines 


Nh? —ab 


ja+b| 


Wiflines are perpendicular => a +b=0 
‘if lines are coincident => h? = ab 


#flines are equally inclined to x-axis => Coefficient of xy =O ie. h=0 


A two degree curve and given a line intersecting the curve 
points A and B, then equation of pair of lines 


s origin, is obtained by 


ition, 
‘uation of curve ax? + 2hxy + by? + 2gx + 2fy + 
’and the equation of line AB: [x + my +n=0 
ion of pair of lines OA and OB is 


Dax BNe 0K) = abed con", 


. ath+erd 
where, ‘s" is semi-perimeter and s = —— 


Ate 2n-(B+D) 
and = ——_-- 


(iii) Ptolemy's Theorem 
IfDABCD is cyclic quadrilateral 

= (AC)(BD) = (AB)(CD) + (BC)(AD) 
(iv) Harmonie conjugates 


‘Two points are said to be harmonic conjugates if they divide 


4 Line Segment 
say (AB) in the same ratio 


Q 


Ut ee ca 
AP AQ’ AB 


v 


Area of the parallelogram formed by the lines 

axt byte, =0,ax+b,y +e,=0,ax + by d, =0and 
ayx + by + d,=0is 

lla —d; | 

my | 


TIPS AND TRICKS: -1) | 


The ratio in which the line ax + hy + c= 0 divides the line seyment joining the 

points (x), y,) and (x,y) 
ax, + by, +e 

ax, + byy +e 


ley= 
|m, 


Area = 


=> Ratio = + 


# Simply put the coordinates in the equation of line followed by negative i 


Illustration 1 
Determine the ratio in which line 3x + 4y — 9 = 0 divides the line seum™™ 
joining the points (1, 3) and (2, 7), 


jn which the line x * y = 4 divides the line segment joining the 
yand (5, 7) is 
(b) 2:1 (c)) tee (d) 2:5 


73 
cut solution : 


Putting the points in the equation 


mept+i-4)_ 41 
5+7-4] 8 


es internally in the ratio | ; 2. Ans. (¢) 


‘o find the intersection point of two lines a,x + by + ¢ = 0 and 


the intersection point of the lines 3x +y +2=0 and 5x +3y+5=0 


Illustration 4 
A straight line through the point A(3, 4) is such that its intercept 
@xes is bisected at A, then its equation [ |AIEER i 
(a) 3x-4y+7=0 (b) 4x+3y=24 


(c) 3x+4y=25 (d) x+y=7 
BDsnon-eursoiution: 
[USRBITS) Here, m:n =1: 1 and (x,,y,)= (3,4) 


» Hence, equation is OOF 141 = 4x+3y=24 


Illustration 5 
Ifthe point (2, 3) divides the line between the x-axis and y-axis inthe ay 
3:4 the equation of the line is: 
(a) 2x+3y=7 


Ans, (b) 


+3y=4 
(c) 2x-3y=7 (d) 2v-3y=4 


@ Short-cut solution : 
[Using T-3] Here, m : n=3:4 and (x,, y,) =(2, 3) 


3y 


-: 
Hence, equation is = Ans. (a) 


pend) 


Aws 


(Image wrt, ax + by + ¢= 0) 
— ax + by, +0) 
ate 


"he oot of perpendicular from point (2, 3) on the line x+y =2 is 


i) G3) ) (F3) ©) (34) (a) (54) 


a 3 
4x Bet 2 Ans. (d) 
f 
Merelection of the point (4, 3) in the line 2x + 3y +5 =0 is 


el 3 
5] 
13 


fs) 


p | 


“number of points having both 
interior region of a triangle” with Vertices 
Oke tris (kK-1Nk-2) 

2 


The number of points having both coordinates as an int 


CRETS that Hes 
interior region of the triangle with vertices (0, 0), (0, 41 


Yand (41,0) 
WEE M any 


(a) 901 (b) 861 (©) 820 (d) 789 


@ Short-cut solution : 


(GREE Here, k= 41 


> No. of points = {4 


Aww. (d) 
Mlustration 9 


The number of points having both coordinates as an integers that lesa 
Anterior of the triangle with vertices (0, 0), (0, 61) and (61, O)ig 
(s) 1772 (b) 1770 
GQ snoneutsotution; 


(ORRRSER) Here, «= 61 


=> No. of points = GEW61~2) 


— 


(c) 1660 (qd) 1580 


=1770 


cmid-points of sides ofa triangle are (3, 4), (4, 2) and (5, 4). Then the 
finates of its vertices are 

Fy) 9), (2,2), (6.2) (b) 2,5),(5,9), 2,6) 

je) 4.9). (2,5), (2.4) (d) None of these 


Wishort-cut solution : 

ws) x 
P=X+Z-Y =(4,6) 

=X+Y -Z=(2,2) (3, 4)X. Z(5,4) 
R=Y¥+Z-X =(6,2) 


R 
Y(4, 2) ‘Ans. (a) 


en, the point ene section n of the pair of straight lines is 
=bg _gh-af 
cai” ab—K? 


Mhstration 11 


The 5 
ee os of intersection of lines represented by the equation 
Sty? + 13x + 38y—5=Ois 


® a) 5c aan 
1) eae 17 32 32:17 
®) Ge =| 2) (23) © (-# 23 2) 


(©) 1:2 (d) 2:1 


stio in which the line segment joining the points (2, 3) and (4, 5) 
ime line joining the points (6, 8) and (-3, -2) is: 


4 §; 7 (internally) (b) 5: 7 (externally) 
@? 6 (internally) (d) 6:7 (externally) 
{the coordinates of point of intersection of the line 5x + 2y ~ 34 = 0 and 
P gy+dy—26 = is 
(a) (2.6) (b) (2,4) (c) (4,2) (d) (6,2) 
| ifaline intercepted between the coordinate axes is trisected at a point A(4, 3) 
which is nearer to x-axis, then its equation is : [JEE M 2014] 
() 4x-39=7 (b) 3x +8y=36 
(0) 3x+2y=18 (d) x+3y=13 


{If point (2, 5) bisects the line segment intercepted between coordinate axes, 
then its equation is 
0 (b) Sx-2y=20 


(a) Sx+2y= 
(c) 2x +5y= 20 (d) 2x-Spy=20 


{The coordinates of foot of perpendicular drawn from (2, 4) to the linex+y=1 
is 


M3 
(a) (3.3) (b) 


| The image of a point A(3, 8) in the line x + 3y—7=0 is 
(a) (-1,-4) (b) (-3,-8) (c) (4,1) (d) (3,8) 


{ a 
The coordinates of the foot of perpendicular from the point (2, 3) on the line 
+y~11=0 are 


- (6,5) (b) (5,6) (c) (5,6) (d) (6,5) 
| preci of the point (4, 13) in the line Sx + + 6 =Ois 
YGI-14)  &) G4) (©) (1,2) (@ (4,13) 


(3 
© lara 


Numerical Value Problems 


11, Number of integral points exactly in the interior of the triangle wi 
(0, 0), (0, 15) and (15, 0)is__ 


12. The mid-points of sides of a triangle are (2, 1), (-1, ~ 
‘sum of x-coordinates of the vertices of the triangle is _ 


3) and (4, 5) Tal 


eeu 
0x4-9x5+12 


-52+136 ‘ ~(-130+102) 
a? = 6. = re 


20-6 


sd by the point 


=>h=Sandk=6 
9 (a) Using SCAM) Here, (x,, y,) = (4, 13) 
h'=4 _K+13_ -2(20-13+6) 
ety Ge 2541 


1 and k’=-14 


= h= 


10. (¢) [UsingSG2] Here, k= 31 
=> Number of points = 

11. (91) [WsingS2] Here, k= 15 

(kK-1Xk=2) _ (1 


GI=DGI-2) _ 435 


=> Number of points = 


12. (5) [Using'SC-3] x-coordinates of 


P=2+4-(-I)=7 
3+1=5 


= Sum of x-coordinate = 7 
R=4-1-2=1 


eview of Key Notes and Formulae / 


tion of Circle in Different Forms: 


Bh Theeliele with centre (i,k) and radius ‘r* has the equation 


0 with centre as 


(i) Diame 
diameter is ( 


) as its 


4 Intercepts Made by a Circle: The intercepts made by th 


Pty +2gr 
intercept 
J>intercept 


| Position of Point w.r.t. a Circle: 


sutside the circle 


e circle 


L=Obealline and S =0 bea circle. Ifris the radius of the 
Sitvle and *p’ is the length of the perpendicular from the centre on the line, then 
Mp>, 

p=, 
Mp<g 
Mt 


line is neither tangent nor secant 


secant 


= line is diameter of circle. 


16. Radical Axis and Radical Centre: 


. Pole and Polar: 


. Family of Circles: The equation ‘of the family of circles pa 


;. Common Tangents to Two Circles: Let C,(/i 


(x i) 0050+ (y— ky sind =r 
Equation of Normal: Normal will always be perpendicular to tay 
passes through centre which P, diameter of circle. But point of 


tangent & normal is same. 


8 Jatt? + 22% +2fi + 


Length of tangent 
Pair of tangent = T 
Chord of contact = T=0 

Equation of whose mid point is given => 
|. Director Cirele: Director circle is a conce 
times the radius of given circle ie. x° + 


(i) The equation of polar is T= 0 


(ii) Pole of polar Ax + By + C=0 w.rt. circle 


points of intersection of two circles S, ~ 0 and S, OisS, +48,= 


k,yand C “hy k,) be thecenie 


of two circles and r,, r, be their radius and C,C, be the distance b/w them 


(i) 1fC,C,> 7, + => 4 common tangents 


5 =r, +r => 3 common tangents 
(iii) IF C,C, <|r, m9] => 0 common tangents 
(iv) IC, =|r, — 15] => 1 common tangent 


(¥) Ir, 79) < CC, <7, +r, = 2 common tangents 


$,=0 


(i) Equation of radical axis is S, 


(ii) Radical centre is the point of intersection of the radical axis of tees 
taken two ata time, 


saeetively 8 
ma -4 
@eten4 

Bsport-cut solution : 


Ty) Here, f, =3 and /, = 2 


S Locusisx?-y?=9-4=5 


TIPS AND TRICKS: (T-2 


is of mid point of chord of circle (x - a? + (vy — 4)? =? which subtends 


gle *0" at centre of circle is 


illustration 2 
Let C be the circle with centre (0, 0) and radius 3 units, The equation of the 
locus of the mid points of the chords of the circle C that subtend an angle 
2n i 
5 tits centre is IATEEE 2006] 
3 1” 
fa) x2 +)2=1 Ob) Ata > 
@ 2+,-2 (d) None of these 
4 


YOShort-cut solution : 


Cae 


> Locus is. x2 +)? 


2n 
=0,b=Oand r=3,0= 5 


90s" (2) 4 Aus. (¢) 


Here, a= b=0,r=2 and 0=90° 
= Locus is x2 +52 = sor 


[se of substitution method. Substitute the co-ordinate(s) as the 
Problem, 


Mlustration 4 


Tangents drawn from the point P(1, 8) to th 
touch the circle at the points A 
triangle PAB is, 

(@) 2+ +4x-6y+19=0 — (b) 2+)? Gy 10y+19=0 
(©) x2 +)2- 25+ 6y-29=0 (d) x? 


x7 +)? —6x—4y + 19=0 
@ Short-cut solution : 


og) 


circle x? +7 —Gx—4y— pag 
and B. The equation of the circumcirele of 


circumcircle passes through (1, 8), so this point will 


ing options (a), (b), (c), (d) 
+y?—4y—10y +19 = 12 


4*1—10*8+ 19=g4 g4=9 


Ans, (b) 
Illustration 5 


he 


quations of the tan; 
+? 2x +4y =O are 
(a) 2x-y+1=0,x+2y+2=0 
(c) 2x-y-1=0,x+2y+2=0 


@D Short-cut solution : 
(osirig TSF] Point (0, 1) must satisf 


Checking options (a), (b), (c' ) (d) 


tet 12% 0-141 =O andx+2y 2=0+2*1-2=0 
> @, a 


is drawn from the Point (0, 1) to the circle: 
x 


(b) 2x-y+y O,x + 2y—2 
(d) 2x-y-1=0,x+42y-2 


'y both the equations of tangent, 


of two points A and B are roots of equation x2 + 2x = @=0 


snd y-coordinate are roots of equation y? + 4y— 52 =0 then equation of the 
firele which has diameter AB 
} 


P(b) (tI? +(+2P= (5407467) 
() HIP +O +2%=(a2 +02) d) (+IP + Qt 2P=s4are pe 


De @-1P 0-2 


Short-cut solution : 
[ang Tesh 
pal 
b= 4,0=-p 
Equation of circle 


r=-a 


(+ 2c a2) +02 +4») =0 
BHP +(y+a2=5+ar4p2 


Ans, (d) 


_— 


The locus of centre of the circle if intercepts of x and y axis ate , 
respectively is, 
fa) P-P=5 (by) 22 
(d) 
2. Find the locus of mid point of chords of circle 
right angle at origin is 
@) 2+)? =36 (b) 
(c) + =9 (d) 


3. Find the locus of mid Point of chord of circle x2 + 2 
subtends a Nght angle at the centre of circle 


(a) Baty 1p= 5 (b) 


(©) @+4P+q@spp- 9 () 


@) 274224 5042-9 
(b) 22.5 

{c) 242924 Sry 9 
(d) PH 24 Sy 9-9 


Ceo 
& ag 
» a 


Here, /, = 4 andl, =3 
= Locus is x?-)?=16-9=7 


0) (RETA), = 


= Locus is x2 +)? = 36c0s 


3 @) (UGTA Here, a= 4, b= -1,r 


= Locus is (x — 4)? + (y + 1)? = 90s 


4 ©) Using 3. Tangenis will always passes through origin, 
See - sig @, (b), (c) 


2224 I + 
5. (a) Wainy Teck: 
P+ y2+2, 


= 6 and 6 = 90° 


‘quation of circle 


2ax + 2py— p> 
C(-a,~p),r 
6. 


Rewrite as, x2 
Hence, a = 


=> Locus is 


a Review of Key Notes and Formulae { 


Veetor Quantity: A quantity which has magnitude & also a direction in space 
is called a vector quantity 


A B 
The direct line segment AB isa vector denoted as AB or @. The point A from 


where the vector AB starts is called its initial point, & the point B where it 
ends is called its terminal point, The distance between these two points is called 


the magnitude of the vector denoted as [AB) or {al or a. 
Position Vector: Let O be the origin & P be a point in space having coordi- 
nates (x, yz) With respect to the origin O. Then the vector OP is called the 


position vector of the point P with respect to O. 


foP|=yx* +3 


Properties of magnitude 


a+b a)+|b 
\a+b i|-|b 
\a-b i|+|b 
ja-b j|—|b 


Direction Cosines: The angles made by OP with positive direction of x, y & 
respectively) are called its direction angles, and the cosine 
ines of 


z-axes (say a,  & 
value of these angles i.c., cos ct, cos B & cos y are called dir 


OP , denoted by /, m & n respectively 
Types of Vectors: 

(i) Zero vector : A vector whose initial and terminal points coincide, is called 
It has zero magnitude. 


‘a zero vector (or null vector) denoted as O 


(vi) Negative of a vector : A vector whose magnitude is the same as that 
given vector, but the direction is opposite to that of it, is called nepar 
of the given vector. 
Addition of Vector: 


(i) Triangle Law of Vector Addition 
c 


AC = AB + BC 


A fs 
(ii) Parallelogram Law of Vector Addition 


o 
Properties of Vector Addition : 
(i) For any two vectors 2& b, 

b=6+a (commutative property) 
(ii) For any three vectors a,b & ¢, 


(a+b)+e=a+(b+e) (Associative property) 


Section Formulae: The position vector of a point R dividing a line segment 


joining the points P & Q whose position vectors are @&5 respectively, if 

the ratio m:n 

(i) Internally, is given by ™2+na 
men 

(ii) Externally, is given by =" 
m-n 


The postion vector ofthe middle point of PQ is given by 4(a-+8). 


, | 


= 


(vi) The scalar product is commutative i.e., @ 
Projection of Vector Along a Directed Line: 


Projection of a vector a on other vector 5 , is given by 


ab-a/ > 


Vector (or Cross) Product of Two Vectors: Let @ &6 be two non-zero vectors 
inclined at an angle 0 
Then, vector product is defined as: dé =|a\|B|sin 0” 


where, jj isa unit vector perpendicular to both vectors @ & 6 such that 4,5 & fi 


form a right handed system 
Properties of cross product: 


(i) @xB isa vector which is perpendicular to both @ and 5. 
(ii) dxb=0=4\|b 


(iii) a 


(vi) sin 


(vii) Vector product is not commutative. 


-bxa 


Toss product of vectors in component form 
Let G=a)i +0} + ask &b = hi +byj +b. 
ij é 
Then @*b=|a, a) ay 
lh bm by 


10. Scalar Triple Product : Scalar triple product of three vectors GP and 
denoted by (ab). or (bx2)-a or (2x a)-b 


(@*5)-¢,(6<2)-aand(éxa)-5 can be also written as [abe] [be 


eis, 


[ead] respectively. 


If @ = ai +agj+ask,b=byi+byj+byk and ¢ chit erjtegk, 


then (xi 


Properties of scalar triple product: 

(i) [abe =[bea]=[ea b| [ 
i.e. change of any two vector in scalar triple product changes the signof | 
the scalar triple product. 


(ii) The position of dots and cross ina scalar triple product can be interchanged. 
Hence (axb).¢=a(bxe) 


bé]=-[aeb] ete 


(iii) [7 6é]= volume of the Parallelopiped whose coterminous edges a 
formed by a,b,c. 
(iv) Ifany two of the vectors &,6, € are equal, then [abe] 


0. 

(v) The value ofa scalar tiple product is zero, if two of its vectors are parallel 

(vi) Fourpoints A,B,C, D with position vectors a, b, 6,4 respectivelyareeapi 
ifand only if[AB AC AD] =Oie. ifandonlyif[b—a c—a 4-4) 


Vector Triple Product : If a,b, © be any three vectors, then (axb)xe and 
x(bxc) are known as vector triple product. Vector triple product of three 
vectors vector quantity 
(a) ax(bxe) 
(axb)xe=(a.c)b~(b.c)a 
(6) The vector triple product is not associative ie., 2% (6x6) # (@*B)xE 
2. Centroid of a Triangle : If a, b,c be 
P.V.’s of the vertices A, B, C of a triangle 
ABC respectively, then the P.V. of the 
a+b+e 


A(a@) 


centroid G of the triangle is 

Also, the P.V. of incentre I of AABC is 

(BC)a +(CA)b +(AB)e 
BC+CA+AB 


and the PV. of B(5) ce) 


‘a (tan A) + b(tanB)+ ¢(tanC) 


orthocentre of AABC is 
tan A +tanB+tanC 


|. Linear Combination of Vectors : A vector F is said to be a linear combina- 


tion of vectors a,b, € ...., ete, if there exist scalars x, y, Z,.-., etc., such that 


F=xityb+ze + 
| Linearly Independent Vectors : A set of non-zero vectors j,f@)y..liy is 


said to be linearly independent, if x)0j +X2@) +...+Xpdy = 0 
=x) =X XO: 


The necessary and sufficient condition that 


15, Collinearity of Three Point: 
three points with P.V.’s a, b, © are collinear is that there exist three scalars 


X, y, znot all zero such that xa +yb +ze =O=>x+y+2=0 


16. Reciprocal System of Vectors: The two system of vectors are called reciprocal 
system of vectors if by taking dot product we get unity. 
‘Thus, if a,b and € be three non-coplanar vectors and if 


; 


F: 
—j+k and @ is a unit vector perpendicular to thy 


vector @ and coplanar with @ and 4, then a unit vector @ perpendicular tg 
both @ and @ is 


@ Lari (b) 


v6 
1 
© G+) (@ 


@ Short-cut solution : 


fUsingiel] c = xa +yb =(x+y)i+(x—-y)j-(x-y)k 


C-a =0=>x+y+x-y+x-y=0 =3x+y=0 wall) 


Also (x + y)? +(x — yf +(x = Peer) 


Solving (1) and (2), x = 


b=0 x= 


ib 


If and b are non-collinear vectors, then the value of a for which the vectors 
w=(a—2)a+b and v=(2+3a)a—3b are collinearis: [SEE M 2013] 


3 
(@) > (b) = 


@ -> @ 


Short-cut solution : 


(iret) 


= [k(a-2 


> +3 
ince, uw and v are collinear, therefore ku+ v =O 


2+3a] a +(k-3) b =0 oi) 


Since a and b are non-collinear, then for some constant m and n, 


parnb=0=> m=0n=9 
Hence from equation (i) 
k-3=0>k=3 

And k(a—2)+2+3a=0 


=> 3(a-2)+2+3a=0> a=— Ans. (b) 


Illustration 3 


The sum of the distinct real values of j1, for which the vectors, wi + 7 +4, 


i+uj+k, i+ j+pk, are co-planar, is : [JEE M 2019) 
(a) -1 (b) 0 
() 1 (d) 2 


Short-cut solution : 
~- Three vectors (ui'+j+h),@+pj+k) and (7+ j+pk) are 


copainar. 
or 
1p 1}=0 
11 ql 


“wGe=1)+1—ptl— 
=> (I-wR-nu+1)=0 
> 
= 


(=p) + p= 2] =0 
p=1,-2 
Therefore, sum of all real yalues = 1 —2=—I 
SHORTCUTS: (SC-1) 


Vector along the bisector of two given vectors @ and b a +6 


Illustration 4 


Findaunitvector ¢ if -i + }~k bisect the angle between vector ¢ and 31-44} 
@ Short-cut solution : 


Using SGal] Let @ = xi+ yj+zk. 


=\x? ty? +2? =1 fi) 
; ] 

| xibyit 2k | 3144) 

1 5 


Given that |¢ 


-i+j-k= 


-i+j-k Af (sx +3)i-+ (sy +4)j+52k] 


Putting in (i), we get 
(5 + 3A)? + (S— 4A)? +25 = 252? 
15 


2 


Three vectors d= ayi + ap) +ayk,b 


bi +byj +byk and 
@=cyi +eyj +exk will be linearly dependent vectors if 


ae +3)+4iandé=i+uj+k are linearly dependent — 
ors-and |¢ |= V3, then 


I 
lustration 6 


Express the vector a 


5i~2}+5k as sum of two vectors such that one is 


Parallel to the vector b=3i+k and the other is perpendicular to b, 
Bsnoreur solution : 


Required two vectors are 


Illustration 7 


If a,bandé are three mutually perpendicular vectors of equal magnitude, — 
then the angle between a anda+b+é is 


(a) cos"'(1/ V3) (b) sin '(1/V3) 


(©) cos!(1/3) (d)_— sin“! (1/3) 


Illustration 8 
Show that the diagonals of a rhombus bisect each other at right angles: 


d [AC] and [BD] intersect at O. Take A 
“as origin and let 5 and d be the position vectors 
of vartices B and D respectively. Then AB = 5 
and AD=d. 

Since ABCD is a rhombus, [BC] is equal and 
parallel to [AD], therefore, BC = AD 
From AABC, we get 

AC = AB+BC =b+d 


the P.V. of the mid-point of [AC] = 


be 


Also P.Y. of the mid-point of [BD] = 


Hence the mid-points of the diagonals [AC] and [BD] coincide, therefore 
the diagonals [AC] and [BD] bisect each other. 
Again, as ABCD is a rhombus, |AB| = |AD| 


= |ABP=|ADP = (AB) 
= (AB+AD).(AB-AD)=0 


(ab)? 


= (AB) -(ADY 
= (b+d)-(b-d)=0 => AC-DB=0 
+ GE and DB are perpendicular, (" AC and DB are proper vecotrs) 


Hence the diagonals of a rhombus bisect each other at right angles. 


Illustration 9 
Using vector algebra, prove that angle in a semi-circle is a right angle. 
@ ‘Short-cut solution : 
FEEL] Let O be the centre of a circle and [AB] be the diameter. Let C 
| be a point on the circle, then we want to prove that ZACB = 90°. 
Take O as origin and let OB = a and OC =5, 


= b-(a)=a+5 


and BC =P.V. of C- PV. of B 
AC-BC =(G+5)-(6—a) = @-b-a-a+5-5- 


| = 16? -\@? =\ocp—\opp 
=0 (2 |OC| = |OB| = radius) 
Thus 4C-BC=0 => 4CLBC = ZACB=90° 


Hence, the 


angle in a semi-circle is a right angle. 


(a) 4(2i+27+ 28) & 4(i-2)-2) 
©) 4(2i+27-2) (d) 4(-2i-2) +8) 
2 Let a= 


k—2)a+b and f=(4,- 


2)a+3b be two given vectors where 
vectors a and b are non- 


; collinear. The value of 2 for which vectors a@ and 
B are collinea 


[JEE M 2019] 
(a) ~4 (b) ~3 (4 (3 

Let a=7+27+4kb=i4aj +48 and c 21 +4) +(4?-1)k be coplanar 
vectors. Then the non-zero vector @é is WEE M2019) 
(a) -10i-sj (b) -147-sj (c) -147+5j7  (d) 107457 


The vector @=ai +2j+k lies in the plane of the vectors 6=i+j and 
= j+k and bisects the angle between & and @. Then which one of the 
following gives possible values of a and B? [AIEEE 2008} 


(a) a=2, B=2(b) a=1, B=2 (c) a=2, B=1@) a=1,B=1 


§. Ifthe vectors a = 2i + j+4k, b= 4i-2}+3k and €=2i—3}—AK are linearly 
dependent vectors, then find the value of A. 


(a) 1 (b) -1 fc) 2 (a) 2 


6 — What is the component of (31+4]) along (i+})? 


@ Lisi) 


+ lax] 


[AIEEE 2005] 


° is equal to 


[ +|ax 


7. For any vector aii 


© 3 @ 


@) fa? ) 2f@P 


(@) 7 -3]+3k () -3i-3j-k 
(©) 37 (a) i+37-3k 


then the set of orthogonal vectors is [ATEEE 20058} 
(a) (a,b,0) (b) (a,b, 63) 

(©) (a, bye) (@) (a, by, 63) 

The number of distinct real values of 2, for which the vectors -27+)+h, 
7-22}+k. and i+ j-27K are coplanar, is [AIEEE 2007] 
(a) zero (b) one (c) two (d) three 


The lengths of the diagonals of a parallelogram whose adjacent sides a" 


@=2ni+ii and b =m —2i where m and Ai are unit vectors inclined ata” 
angle of 60° are Vm and Vn then value of m+n is 
(a) 13 (b) 7 (c) 20 (d) 6 


Ifthe vectors, = ee q=ai+(a+l)j+ak and 


jeai +aj+(a+I)k (ae R) are coplanar and 3(p.q)- 4|rxq =O, 


then the value of Ais. [JEE M2 
fi. Let G=i+}, 1+2)+3k. If fi is a unit vector such that 
i-fi=Oand ¥-i=0, then |W-A] is equal to [AIEEE 2003] 
18, Letthe vectors a, 5, é be such that |@|=2,|6|-4 and |¢|=4- Ifthe projec= 
tion of & on @ is equal to the projection of é on @ and 6 is perpendicular 
to @, then the value of |a+b-@| is__. {JEE M 2020) 
i+bj+ck:a,bce(-Ll}}. Three 


i-jandwW 


{6. Consider the set of eight vectors V= 


non-coplanar vectors can be chosen from V in 2? ways. Then p is 


\JEE M2013) 


) 3 
be A[(@+5)x(@—B)) 
Given, a=37 +2] +2k and b=i+2j-2k 
a+b=4i +4) and G5 =2i+ 4k 
“ vector= (4) +4) x(2i+4k)] 
= MI6i ~16j-8k] = 81427 -2}-4) 
Given that magnitude of the vector is 12. 
@ 12=8),) Varast 312-2 


required vector is +4 (2i 


2 @ (GT 


Let @ and fi are collinear for same k 


ie, @ = KB 


Q.-2) G+ =K(44-2) a +38) 
A-2) G45 =K4A—2) a+ 3k 
(A~2—k(44—2)) @+6 (1-3k)=0 
But @ and & are non-collinear, then 
A—2-k(42-2)=0,1-3k=0 

1 


=>k= 


1 
id 2-2 — (42-2) =0 
an 3 (44-2) 


3 
3A-6-42+2=0 


3. 
Tar 
» jl aA 4 I=0 
2 4 (A?-n) 


=> M-2-16+2(8-27+1)+4(4-22) =0 


ted 

axé=|1 2 4/=-107+57 

R 4 3 

For4=3or-3, ©=2a=>ax7 =0 (Rejected) 


Using SC-1 


+2 @ lies in the plane of 6 and ¢ 


G=A(b+é) 


ai+2j+Pk=—i+v20j+ 
>a=1,p=1 
5. (a) [Using SC2] Since 4,b and € are linearly dependent vectors | 
(2 eee 
.|\4 2 3|=0=8A 8=0>/A=1 
2-3 -a 
6 (a) [UsingSC3) (si+43)-(i+3)=7.|i+}=¥2 
Components = ——5| i+] 
3 
ij 


=141=2=2Ii? =2Ia| 


vector in the plane of @ and 5 is 
= a+Kb 
S VEC +d-ayj+d4are 


i 
Projection of ¥ on & ig 


3B 
. 1 (1+A)=(=2)—(14A) 1 
tte 6  “f 
=1-1=-] 
SA=2>)=2 
V=3i-j 43k 


(rick: If 4,5 and & are orthogonal vectors then @-b=b- 
We observe that 


=deé-ae~0 =0 


[ 


xing ia 
lat 


And bi.c2 =bi, 


=hé-0-he=0 
Hence ab) = acy =b)c2 =0 


> (4,b1,¢2) is a set of orthogonal vectors, 


[from (i)) 


(from (i)) 


Applying R, 


= (2-22\0427)? =0 > 2 


‘Two real 


(Using Tech, 


and [a+b 


= (3m—ni)-(3m—A) 


= 9mm — Omi +h 


= 9| mi? -6| 


=9-6x441 
a 


, then AC = AB + BC 


R,~R, and R, = R,—R, 


[1 +2240} 


solutions. 


Let the parallelogram be ABCD with AB=@ and 


=AB+AD=a+6 


\=|a+5| 


Feit oy a2 
mi\| | cos60°+ | nif 


(1D = ~G+b = ~2m+i)+(m—2zi) = — 
=|BD| = |-mi—3n| = |mi+3a), 


Also, [+37 |? = (Wi+37i)-(mi-+3/) = Ti+ OM H+ 
= [MiP +6) mil] | cos60°+9) a2 


1 Fs 
me SAS = 19 (| hit =|7i)=1) 


> I+3i)=Vi3 = \ep= Via. 
Hence, the length of the diagonals are Ji3 and V7 


12. (4) [USRBAEA| Let a and j are collinear for same k 
ive, G=kb 
Q-2) G@ +5 =K(44-2) a +35 
(-2) @ +b = K4X-2) @ +3K5 
(A-2- KK -2)) @ +5 (1-3) =0 
But @ and F are non-collinear, then 


2 -2—K(40-2)=0,1-3k=0 


=> kad anda-2-1 (4,2) <9 
3 3 


3A-6-44+2=0 
=-4=>|A|=4 
la+l a a 
13. (1) [OsingTS]}} a a+t a l=0 
a a a+i 


it 
=> 3a+1=0 > ery 


The given vectors 


(6) 


vA ; - 
= A 1) j(-2=1) + k(1+2)) 


Wap oy i+ irk 
31 +3, 3k) =—_——_ 
anes J+3k) 3 


1 = 7 ome | 
Fegl=zv3_ >. fPxaf=5 
3(pgy? -alFxql=0 


1 
3.—-A==0 => A=1 
9 


Using SCA] Since ti=i+jand V=i-j 
0 


Given that d-=0and ¥ 


So, let i =k 


ail 


Using SC3 
+» Projection of & on @ = Projection of ¢ on @ 


L@b=ae 
Given, 5-é=0 
|a+b-é| =|aP +|bP +|éP +2a-b-2b-6-20-2 


=4+16+16=36. 
=|a+b-éP=6 


een _aegdaene. 
‘Opposite in “C, ways. Then one vector from each group can 
in 2 * 22 ways. 


Total ways = 4C, x 2x 2x 2=32=25 
p=s 


Conic Sections 


sss 


¢ j Review of Key Notes and Formulae / 


a 
|, Parabola 


A parabola is i slane that are equidistance from a fixed 
line & a fixed p 
The fixed line {the di ft rabola and the fixed point is called 


the focus 


1 Four Standard Forms of the Parabola 


| 
a 0) | »2=—4ax(a>0) | x=4ay(a>0) | =-4ay(a>0) 


Equation 


Shape of cs vs 


Parabola 


Vertex 0(0.0) 0 (0,0) 0 (0,0) 0 (0, 0) 
Focus S (a, 0) S (-a. 0) $ (0, a) | S (0,-a) 


{Equation | A y=—a y=a 
fdirectrix 


[Eaation 
| axis 


Length 
flats 
Teetum 


dard Parabolas at (x,, y,)_ 4 


‘Equations of Normals of all Stan 
; Equations of parabola 

=4 =H 
ai y-y aaa) 
2 =—4ax 3 
x = 4a 2a 
; : y io 
x? =—tay 2a 

y nz *-%) 


5. Important Point of Parabola [ 
(i) A point (x,, y,) lies inside, on or outside of the region of the paral 

y? = 4ax according as y;? — 4ax, <, = or > 0 

(ii) The equation of chord of contact of tangents drawn from a point (@)) 

to the parabola y? = 4ax is yy, = 2a(x + x)). : 


(iii) Length of the chord of contact is it f ax, Or +4a’) 

(iv) The chord of contact joining the point of contact of two perpendicilil 
tangents always passes through focus. 

(v) The semi latus rectum of a parabola is the H. M. between the segim 
of any focal chord of a parabola i.e. if PQR is a focal chord, #! 
aq = 2PQ.QR 

PQ+QR 

(vi) Ifthe tangent and normal at any point P of parabola meet the axes! 


and G respectively and $ is the focus of the parabola then 
(a) ST=SG=sp 


An ellipse is the set of all 


form two fixed points in t 


points in a plane, the sum of whose 
he plane is a constant, 
The two fixed points are called the ‘foci’ of 


the ellipse. 
1, Two Standard Forms of the Ellipse 
Gtandard 2 
uation = 1 (a>), wh Fp h(a 
ey a? 5? , Where a and b are constants Go pee 


(Horizontal Form of an Ellipse) 


where a and b are 
constants (Vertical Form 
of an Ellipse) 


Shape of the 
Ellipse | 


| Centre (c) 
a ies 
major axis 
(AA’) 


(0, 0) 


Equation of r=0 
minor axis 
(BB') 
Length of 
major axis 
( AA’) 
Length of 
minor axis 
(= BB') 


Foci (S and 
s') 


(4 ae, 0) 


+a,0 
Vertices vee) 


(Aand A’) 


Equation of us 
directrices (¢ 


and f") 


M 


2b 


(0, + ae) 


(0,+a) 


Important Point of Ellipse 
(i) The point P (x,, y,) lies outside, on or inside the ellipse 


: 2 
= 1 according as + 
= 


(ii) The equation of the tangent to the ellipse 
XX 


is 


+ 
a by 2 2 


(iii) The equation of the normal to the ellipse 
2 a 


(iv) The equation of chord of contact of tangent drawn from a 


(v) Number of tangent drawn from a point : Two tangents can be drawn from — 
a point to an ellipse. The two tangents are real and distinct, coincident 
or imaginary according as the given point lies outside, on or inside tht ~ 
ellipse. 

9, Hyperbola 

A hyperbola is the set of all points in a plane, the difference of whos! 
distances from two fixed points in the plane is a constant. 
The two fixed points are called foci of the hyperbola. 


Standard Equation 
Bq, of conjugate axis x=0 y=0 
Length of transverse axis 2a 2b 
Length of conjugate axis 2b 2a 
Foci (+ae, 0) (0, tbe) 
Equation of directrices y=ta/e y=tble 
Vertices (4a, 0) (0, &b) 
Eccentricity [a 2 
ie be 
e= = 
a 

Length of latus rectum 2a 2a/b, 


il. Important Point of Hyperbola 
2 aes 
(i) The point P (x,, y,) lies outside, on or inside the hyperbola 5-4 =] 
2 ey 
according as = 


= | at the point 


(ii) The equation of the tangent to the hyperbola 5 
a 


i  _M 
(x), »)) is -= 
(Ye) 


=1, 


31 a 
et x 
(iii) The equation of the normal to the hyperbola aa = | at the point 
2 2 a 
(x, y,) is eer =a+b* 
x vy 


bea a . 

es of the standard hyperbola are perpendicular to each 
P ‘then it is known as Rectangular Hyperbola. fia. 
. Then 

2tan 2a” = p=a0re-y =a 
A J 

is general form of the equation of the rectangular hyperbola, 

(vi) Number of tangents from a point : Two tangents can be drawn from 
point to a hyperbola. The two tangents are real and distinct, Coincident 
or imaginary according as the given point.lies outside, on or inside the 

hyperbola. 


(a) The angle between the asymptotes of Lis 2 tan! (bla) 


(b) A hyperbola and its conjugate hyperbola have the same asymptotes, 

(c) The asymptotes pass through the centre of the hyperbola. 

(d) The bisector of the angle between the asymptotes are the coordinate axes, 
(vii) (a)The equation of asymptotes of the rectangular hyperbola are y=+,, 

(b) The transverse and conjugate axes of a rectangular hyperbola are 


equal in length. 


TIPS AND TRICKS: (T-1 


Length of latus rectum of the parabola 
(i) Length of latus rectum of the parabola ax? + by + cx + d= is 
coefficient of y 


: 2 
coefficient of x“ | 4 


Length of latus rectum of the parabola 


coefficient of 


pyrtqvtrmts=0is = 


coefficient of } 


Illustration 1 

The length of the latus rectum of the parabola x2 — 4x — 8y + 12=018_— 
(a) 4 (b) 6 

(c) 8 (d) 10 


Sy ae m 
ene cocsicienvonna ISS 2A 
coefficient of x?| | 1 


2{ coefficient of y) 


ength of latus rectum = ———————_—______—* 
\ coefficient of x7 


2( coefficient of x?) 
i) Length of latus rectum =————————, 


jastration 2 

The length of the latus rectum of ellipse 4x? + 9y? — 8x — 36y + 4=0 isuoea 
(b) 4/3 
(d) 16/3 


s(a>b) 


i (b>a) 


(i 


Qsnort-cut solution : 


Since b>a 


2( coefficient of x ) 


length of latus rectum 1 = = 
coefficient of y~ 
2(4) 8 
3 
v9 3 Ans. (a) 


(a) 8/3 
(c) 4/3 (d) 


j : 2(coefficient of, y) 
+. length of latus rectum = Digan of (sa>b) 
coefficient of x” -. 


Illustration 4 
Tangents are drawn from the point ( 2, -1) to the parabola y? = 4y, [fay 


the angle between these tangents then tana. equals (EE M20) 
(a) 3 (b) 2 
(c) 1/3 (d) 1/2 


@ Short-cut solution : 
Using T-3 
$,=y,2—4Aax, = (-1)?-4 (2) 


_ coefficient of. ca 


: 2 
coefficient of y 


The equation x? + 4y” + 2x + 16y + 13 = 0 represents an ellipse then eccen- 
tricity is 
(a) 5 (b) 


© 35 (d) 


Sle vig 


Gsnon-cut solution : 


[Using T-4(ii) 


next -8 Ans. (b) 


llustration 6 


The eccentricity of the ellipse 4x? + y? — 8x + 2y + 1 = Ois 
l 
@) B (b) 3 
@) 8 (d) 4 
2 ‘3 


mare 
coefficient of y (:a>b) 
coefficient of x 


vere 


Bipinenticity of hyperbola 
Let the equation of bapesbole is ax? — by? + ex + dy +e=9 tied 


4 Soefficient of x? x: 
Wes cient of y? | Wl 
Illustration 7 


The eccentricity of hyperbola 16x? — 3y?— 32x + 12y—44=Ois__ 
(a) 3/16 (b) 3/4 


a 19 
(c) = (d) 4 = 

V3 3 
G@snoreut solution : 


Using T-5 


coefficient of 
Ag SOLE oe 


[coefficient of. 


= (lta Ans. () 


TIPS AND TRICKS: (T-6 


Area of triangle formed by tangent of parabola y2 = 4ax drawn from (“\-)1 
ia 


) 


and their chord of contact is +( Me —4ax, 
2a J 


iq the ellipse ~ — 
at 


a is equal to b?. Where a > b. i.e. b is length of s 
re 


minor axis. 
Note: Same result apply in hyperbola. 


Ilustration 9 


The product of the perpendiculars drawn from the foci of the ellipse, 


eg 4 R 
—+—=1 upon the tangent to it at the point is 
oe 25 

(a) 25 (b) 18 

(c) 9 (d) 20 


O sror-cut solution : 
Using T-7| 


2 


1b 
De 25 
V3<5 


“. length of semi minor axis b = 3. 
So, product of perpendicular is 3? = 


” 


Illustration 10 


Let L, be a tangent to the parabola y? = 4(x + 1) and L, be a tangent to the 
parabola y? = 8(x + 2) such that L, and L, intersect at right angles. Then L, 
and L, meet on the straight line : [JEE M 2029} 
(a) x +3=0 (b) 2x +1'=0 


(c) x +2=0 (d) x +2y=0 


@ Short-cut solution : 


Using SC-1 (iii) 


Lys mie+1)+— [Tangent to ? = 4(x + 1)] 
“ m, 


2 Saar, 
Ly: y=m,(x+2)+— [Tangent to y* = 8(x + 2)] 
"eee r mM 


wali) 


mj (x+ 1)—ym, +1=0 
wail) 


m3 (x +2)—ym,+2=0 


“My = —— (o£, LL) 
my 


[From (ii)] 
—, 2m; + ym, +(x+2)=0 alii) 


From (i) and (iii), 


am? 
tion of tangent is y = yyy _ ith 


If line y = 2x ~c touches the Parabola x2 = 


. 8y then value of ¢ is 


(b) 8 
4 
2) (a) 16 
@ Short-cut solution : 
Using SC-2(ii) 


Here a = 2 and m=2 
*: The line touches the parabola if ¢ = — am? 
1. c=-2(2) >c=-8 Ans. (a) 


SHORTCUTS: (SC-3) 


Equation of normal of parabola in slope form 
If equation of parabola is y* = 4ax and equation of normal is y=mte, | 
then | 
(i) point of foot of normal = (am?, — 2am) | 
(ii) condition of normality is c =—2am—am? 
(iii) equation of normal is y = mx — 2am —am 


Illustration 12 


c) and y = Sax have a common normal, then 


which one of the following is a valid choice for the ordered triad (a, b,c)? 
|JEE M 2019] 


If the parabolas y? = 4b(x 


I 2,3] (b) (1, 1,3) 


al @ (11,0) 
(c) (4.2.0] 


iS 
—s 
S 


normal to y? = 4b (x — c) with slope m is 
— y=m(x—c)—2bm — bm 

Since, both parabolas have a common normal. 
4am + 2am} = cm + 2bm + bm* 

=> 4a+2am?=c +2b+ bm? orm=0 

=> (4a—c-—2b)=(b-2a) m?> 

or (X-axis is common normal always) 

Since, x-axis is a common normal. 

Hence all the options are correct for m = 0. Ans. (a, b, ¢, d) 


SHORTCUTS: (SC-4) 


Equation of normal of parabola in slope form 
If equation of parabola is x* = 4ay and equation of normal is y= mx +¢, 
then 


; . —2a a 
(i) point of foot of normal = (=. 3 ) 


m 


3. a rroeey a 
(ii) condition of normality isc = 2a +—; 


m 


. a 
(iii) equation of normal is y = ™x + 2a+ * 


m 


Illustration 13 
Ifa line y = mx + 15 is equation of normal of parabola x? = 12y then value 
of m is — 


(b) —v3 


(d) 3 


Here a = 3 and c= 15 


SHORTCUTS: (SC-5) 
focal chord ofa parabola 


Focal chord of a parabola is a chord which passes through the focus of { 
the parabola. Let y? = dax be the equation of a parabola and P(a?, 2at)a 
point on it, then A 


2 
(i) equation of focal chord through P is y= +t (x=a) 
1 


i 


1? 
(ii) length of focal chord = oft + 4] 


Illustration 14 


If the point P(4, —2) is one end of the focal chord PQ of the parabola y? =x, 
then the length of focal chord is 


8 
(a) — (b) — 


(d) 


1 Sp 2 i 
Here a= a and one end of focal chord is (a’’, 2at) but given that (4, —2) 


Illustration 15 


If the tangent to the parabola y? =x at a point (a, B), (8 > 0) is also a tangent 


to the ellipse, x? + 2)? = 1, then a. is equal to: [JEE M 2019} 
(a) V2-1 (b) 2V2-1 
(c) 2V2+1 (d) V241 


GBDsnor-eur solution : 
Using SC-6 
1 


7 1 
Let tangent to parabola at point a = =| is y=mx+ aa 
4m- 2m 4m 


ee 51 
and tangent to ellipse is, y= mx+,/m* +— 
2 


Now, condition for common tangency, 


=> 16m + 8m?—1=0=> m? = Bt VO4+ 64 
2(16) 


Seva 2-1, 1 Te 
2(16) 4 ea 
4 


“The given curve is ah ++—=]1 (an ellipse) and given line is y= 4x +c. 


We know that y = mx + c touches the ellipse 


Hence the given line touches the given ellipse if 
boa /ax16+1 = 26 


There are two values of c exist. Ans. (c) 


fllustration abd 


Find the equation of the common tangent in 1* quadrant to the circle 


2442 = 16 and the ellipse ~ 
ey and the ellipse 
it Ber cl 


=1. Also find the length of the intercept 


of the tangent between the coordinate axes. |ATEEE 2005] 


Bsnon-cur solution : 
Using SC-6(iii) 


Let the common tangent to circle x” + = 16 and ellipse 7/25 +7 14 =1 


ETD * 
be y=mx+V25m* +4 (i) 


Since it is tangent to circle x° + y? = 16 


25m? + 4 
Vm? +1 


[Since length of perpendicular from centre of the circle to the tangent is equal 
to the radius of the circle.] 


4 


e, the slope of any tangent to the given circle at any point in yp 
2 x+ 25.244 > y=- 


it will be positive.] 
y=-— oa, a 
3 3 3 


Equation of common tangent is 
‘ 7 
This tangent meets the axes at A(2N7,0) and B} 0,4 FF 


-. Length of intercepted portion of tangent between the axes 


= AB= osno(af2) =14/y3 


Equation of normal of ellipse in slope form 
2 


If equation of ellipse is ae 1 and equation of normal is y = mx +¢. 
Fp , 


then 


2 2 
tam tmb~ 


(i) points of foots of normal = Resccanearers 
Va? +bh?m? Va? +b>m* 
2 


2/2 42 
m? (a? =D 


(ii) condition of normality is e~ =———, 
a’ +b°m 


m(a” -b°) 


(iii) equation of normal is y= mx+ 


Illustration 18 


. x 
The line Ix + my + n=0 is a normal to the ellipse 


(a) (b) 


(d) none of these 


(c) 


y 


7 
ml n 


Ans. (b) 


Ifequation of hyperbola is 


y=mx + c, then 


2 
4am 


(i) points of contacts = 


c 


(ii) condition of tangency is c? = a2m?— b? 


(iti) equation of tangent is y= mx+Va2m? —b? 


mx + ¢ is a common tangent to the hyperbola 


e circle x2 + y? = 36, then which one of the following is true? 


[JEE M 29 
@ 2=369 (b) Sm=4 ” 
(c) 4c? = 369 (d) 8m+5=0 
@ Short-cut solution : 
Using SC-8(i | 
General tangent to hyperbola in slope form is 
y=mx+tyV100m? - 64 
and the general tangent to the circle in slope form is 
y=mx+6V1+m? 
For common tangent, 
36(1 +m?) = 100m? — 64 
=> 100 = 64m? => m? = ey 
64 
4 x 3 
aca 36(1+ 22) - Nee 
64 64 4 
=> 4c? =369 


Ans. (¢) 


SHORTCUTS: (SC-9) 


Equation of normal of hyperbola in slope form 
2 2 


If equation of hyperbola is + a =1 and equation of normal is 
z 2 
y =mx +c, then 


(i) points of foot of normal = | + 


(ii) condition of normality is c? = 


8 w “8 

2 2 

2 d ge) 
7) ac (d) 7 
paore solution : 


Since, Ix + my + n=0 is anormal to = 


2 


aed? _(a* +57)? 
ok > > —_ 


7 ea cr} 
m n~ 


but it is given that mx—y+7V3 is normal to hyperbola — 


2418 (24418) 2 
SEN se —— 

m Cl (wae vs 
TECHNIQUE 


Find equation of axis, if the parabola is in the form 


(i) ax? + bx + cy + d=0, then differentiate given equation w.rt. x keeping y 
as constant 


(ii) py? + qy + rx +s = 0, then differentiate given equation w.r.t. y keeping x 
as constant 


Illustration 21 
The equation of the axis of the parabola x? — 4x — 3y + 10=Ois 
(a) y+2=0 


(b) x+2=0 
(c) x-2=0 


(d) y-2=0 


os a 


Differentiating given equation w.r.t. x keeping y as Constant, we AS 

2x-4=0>x-2=0 

~. Equation of axis is x -2=0 
Illustration 22 


Ans, (9 


The equation of the axis of the parabola 4y? — 6x 4y=Sis- 


(a) y-1=0 (b) 2y+1=0 

(c) 2y-1=0 (d) y-2=0 
GBDsnorr-cut solution : 

Using Tech. 


Differentiating given equation w.r.t. y keeping x as constant, we get 
8y-4=0=> 2y-1=0 


-. equation of axis is 2y-— 1 =0 Ans, (0) 


(o) 2 
3 5} ; 
spe length of the latus rectum of ellipse 9x* + 16y* — 36x + 96y + 36 =0 
9 (o) 2 © 2 2 

— ral d a 
Ol 2 3 " 4 

gents are drawn from the point (-1, 1) to the parabola y? = 8x. Ifa is the 
angle between these tangents then tan a equals - 


(b) 3 y 2 aye 
Qe Om 


@ ? 


The eccentricity of the ellipse 25x? + 16y2— 150x — 175 = 0 is - 


4 
3 5 2 
ss b) = — = 
@ 5 (b) 5 (c) i (d) 3 
; The eccentricity of the hyperbola x? ~ 3y* — 4x — 6y = 11 = O is - 
2 3 I 
Oe 0) ae © 5 (a) 3 


The area of triangle formed by tangents of parabola y? = 12x drawn from the 


point (4, 1) and their chord of contact is - 


@ ; (b) 3 (©) (d) = 


4 
nt to the ellipse 


4 3 
3 


1, The product of the perpendiculars from the foci to any tange’ 
5x? + 8y* = 40 is 


(a) 8 (b) 5 (© 3 @ V3 
4, Ifthe common tangent to the parabolas, y2 = 4x and x = 4y also touches the 
circle, x2 + y2 =, then c is equal to: [JEE M 2020] 
© — o © + @ + 
V2 4 2 


y? =4x and x? = 2by, then b is 


9%, Ify=mx + 4 is a tangent to both the parabolas, 
[JEE M 2020} 


equal to: 
(a) -32 (b) —64 (c) —128 (d) 128 
10. The slope of the line touching both the parabolas y? = 4x and x* = -32y is 
|JEE M 2014] 
@ + iH) 2 © + @ 2 
8 3 2) oy 


13. 


14, 


15, 


16. 


17. 


12. 


(d) x? +y?-x+4y—12=0 
Ifa line y= J3x + 14 is equation of normal of parabola x2 = day th 
of a is 

(a) 6 (b) 3 (c) 24 (d) 12 , 
The focal chord to y? = 16x is tangent to (x ~ 6)? + y? = 2, then the be, " ‘ 
values of the slope of this chord, are [AIEEE if : 
(a) {1,1} (b) {-2, 2} (©) {-2,-1/2}  (d) (2, 4/9) 


The locus of the foot of perpendicular drawn from the centre of the elln 
x? + 3y* = 6 on any tangent to it is [JEEM 
2 2 
(a) (x? + y) = 6x? +2y? (b) (x? +y’) = 6x? ~2y2 
2 ") 
(0) (x?-y?) =6x7 +2)? @) (x°-y*) =6x?-2y2 


On the ellipse 4x° + 9y? = 1, the points at which the tangents are parallel () 
the line 8x = 9y are 


A il 7 Il 
(a) (2.3) (b) (-2.5] 

Pippha | Ay sik 
©) (-2.-4] @ (2. ;] 


2 


If the line 2x — ; Ay =—3 is anormal to the conic x2 + a = 1, then A equalsto 
3B l V3 3 

(a) De (b) 5 (c) - =o (d) a 

The equation of a tangent to the hyperbola 4x? — 5)? = 20 parallel to the lie 

x—y=2is: [JEE M 20191 


(a) x-y+1=0 ‘ (b) x-y+7=0 
(c) x-y+9=0 (d) x-y-3=0 


The equation of the axis of the parabola y” — 2y-4x + 5=Ois 
@ y+1=0 (b) y-1=0 
) 2y-1=0 (d) 2y+1=0 
NUMERICAL VALUE PROBLEMS 


0. Leta line y = mx (m> () intersect the parabola, y?=x ata point P, other than 
the origin. Let the tangent to it at P meet the x-axis at the point Q, If area 
(AOPQ) = 4 sq. units, then m is equal to_ [JEE M 2020] 


(c 


7) 2 
1. The line 2x + y = | is tangent to the hyperbola S+4- |. If this line 
Gaba 


passes through the point of intersection of the nearest directrix and the x-axis, 


then the eccentricity of the hyperbola is [AIEEE 2010] 
ye? 2a 

22, Ifthe eccentricity of the two ellipse *_,¥ <1 and x ,¥ =| are equal, 
169 25 a be 


ae: 
then the value of < is 
b 


23. The eccentricity of ellipse 12x? + 4y? + 24x — l6y + 25=0 is Vk, then k is 


3y° =2. 


14, The eccentricity of the hyperbola of. x 
25, Equation of the tangent to the hyperbola 2x - 
ofkis _ 


2(coefficient of +) 


‘Length of latus rectum = s(“b>a) 
| coefficient of y* 


fficient of 
4. (a) [Usmera e- nS 
1 


, | 1603 
e={1—— =— 

Psy 5) 

5. (a) |Using T-5 


® coefficient of 


lcoefficient of 5 


a ee 
37 8 
6. (c) {Using T-6) J 
: ne 2 
Area of triangle = aa (1 ~4ax) 
i |p re 
= 4°-4 =—x8=— 
a x3() 5x8=5 


9, (c) 


1. (c) 


18>5..0°=5 
So, product of perpendicular is b? = 5. < 
Equation tangent to parabola y* = 4x with slope m 


1 
sa aie (i) 


[Using SC-2(iii) 
, Equation of tangent to x? = 4y with slope m be : 


y=mx— an? (ii) 
From eq. (i) and (ii), 


1 2 

—=-m >m=-1 

m 

.. Equation tangent : x + y+1=0 
2 


It is tangent to circle x? + y? = 


se=5 


Using SC-1(iii)| » = mx + 4 a ) 


Tangent of y? = 4x is 


1 a 

=> y=mx+— «(di) 
m a 

+. Equation of tangent of y? = 4 ax is y=mx + —] 


From (i) and (ii) Us 


ee => jpe 
m 4 


1 
So, line y 4 x+4 is also tangent to parabola 


x? = 2hy, so solve both equations. 
x+16 


x" =2b 


=> 2x°-bx-16b=0 

=> = 0[For tangent] 

=> b?-4x2x(-16b)=0 

=> b+32x4b=0 

b =~ 128, b= 0 (not possible) 


S 


i 
[Using SC-1(iii)] Let tangent to y? = 4x be y = mx +— 
m 


Since this is also tangent to x° = — 32y 


(a) 


Minimum distance = perpendicular distance 
Eq? of normal at p(2t?, 4t) 

y =-tx + 4t + 20° 

It passes through C(0, —6) 
P+2t+3=0>t =-1 


P(2t’, 4t) 


Centre of new circle = P(2t*, 4t) = P(2, — 4) 


Radius = PC = (2-0)? +(-4+6)? =2V2 


Equation of circle is : 

(x27 + +4) =(2N2)° 

x? +y?—4x + 8y + 12=0 

Using SG-4] Here m= J3 andc=14 

+: Aline y= V3x+14 is normal of parabola 


a 
me=2dt 

m 
aoe sie 
3 3 


=>a=6. 


ye m(x— 4) 
But it is given that equation (i) is a tangent to the circle 
(x- 6)? +° =2 with centre, C (6, 0) and radius (r) = Ap) 
Length of perpendicular from (6, 0) to (i) = lp, 


—4m 
> we = 2m =\2(m? +1) 
m +1 


=> Im=rt+1 => m=41 


2 2 
mn (a) Using SC-6(iii)| Given equation of ellipse can be written as ate = 


=> a’=6,b?=2 
Now, equation of any variable tangent is 


22,42 - 
y=mxtvam +b° Bie) 


where m is slope of the tangent 
So, equation of perpendicular line drawn from centre to tangent is 


-x 
Lai eo(ii) 


m 


Eliminating m, we get 


4 2,2 22 Die 
(x4 ty +2xy*)=ax° +b°y 

2 i2\2 teem poee 
=> (x+y) =ax tb y 


=J (x? 7 y2)? = 6x2 +2y2 
15. (b, d) Using SC-6(ii) | Let 8 4 be the tangent to ca ee | 
(by ising SC- et y=—x+c e = 
ane Seo) . 1/4 1/9 


16 (a) [Using SC-7 


8 3) 9 
ty is 5 w=3> y= qe + a 2. is normal of ellipse = 


IE 


17. (a) 


18. (a) 


64 1602 +36 
160? 
16)? + 36 = 6422 
3 
2) 

Given, the equation of line, 
x-y=2>y=x-2 

its slope = m= 1 
Equation of hyperbola is: 


48? =3652= 


The equation of tangent to the hyperbola is, 


y=mxt yam’ —b? =x+ J5-4 >y=xt1 


sing 
Here c = 74/3 ; a? = 24 and b? = 18 
By condition of normality. 


(a? +62) 


) 2 
2 m?(18+24) 
(2) ~~ 34=18m? 


Three Dimensional 
Geometry 


pS | Review of Key Notes and Formula / 


Straight Line k 
\ pirection Cosines of a Line (DC’s) és 
The direction cosines are generally denoted by /, m, ”. uy qj 
Hence, / = cos a, m= cos f, n = cos y ya “ 
Note that [2+m2+n?=1 
1, Direction Ratios of a Line (DR’s) X 


Any three numbers a, b and c proportional to the direction cosines /, m and 
n, respectively are called direction ratios of the line. 
+ The direction ratios of a line passing through two points 

P(X), )> z,) and Q(x,, 3, 2)) are (x, x1), O2 VY)» 2 2) 


em 1. 


3, Equation of a Line 
(i) Equation ofa line through a given point with position vector a and 
parallel to a given vector b 

In vector form, 7 =a +Ab 
‘ z X—% _ YM 
In cartesian form, a= 
a b 


c 


where, fF xit yi + 2k, a= xyit y+ zk, b= ai +bj+ck 
Here, a, b, ¢ are also the direction ratios of the line. 
(ii) Equation of a line passing through two given points with position . 4 


vectors @ and b: 
In vector form, 7 =a +4(b -4) J 

X= % em aes . 
sianform, % re, tf = Xi+ yt zk, | 


=xityj+ zk 
& b=Xzi + Voit Zk 


 Incartesian form, 


The angle between two lines : 

ere meee *2 - Y—92 2-72 ig, 
ay b, Cy ay by Cy 

SR aa, +bb, +¢,c, 


D2. a ere 
Jap +b) +c? Jas +b; +03 


Cos 8 = |/,/, + m,m, +n,n,| “Ss 
* If two lines are perpendicular, then 5, -b, = 
a, 
* If two lines are parallel, then 5, = 25, or — 
5. Shortest Distance Between Two Lines % 
(i) Distance between parallel lines 
The shortest distance between parallel lines 
L:F=G,+0b and L,:7F =G, +b is 


bx (a, ~a) 

4 [| 

(ii) Distance between two skew lines 
In vector form, 

1 The distance between two skew lines 


r=a; + Ab, &T=a, + b> is given as: 


(6 xb)“ ~4) 
lb xb,| 
In cartesian form, 


The distance between two skew lines: 
Xap YY _ 2-2 


. d= 


ay by Cy 
apd ee EN. 
ay by 


(oe, :0,)* +(e, -c.4,) +(ab, ashy 


iit vector Praisne the normal from origin pads 
perpendicular distance of the plane from the ori 
Cartesian form 
Ix+my +nz=d 
where /, m,n are the direction cosines of # (unit vector along the normal from — 
origin to the plane). 
Equation ofa Plane Perpendicular to a Given Vector and Passing Through 
a Given Point 
Vector form 
Let a plane pass through a point with position vector a and perpendicular to 
the vector N. 
Then its equation is given as: (7 —@)-N=0 
Cartesian form 
Let a plane pass through a point (x,, y, z,) & the direction ratio of the vector 
perpendicular to the plane be A, B, c Then its equation is given as: 
A(x-x,)+ By—y,) +C@@-z,)=0 
Equation of a Plane Passing Through Three Non-Collinear Points 
Vector form _ 
[rbe]+[Fab] +[F [abe] 

or (F —@)-[b —@) x (E-@)]=0 
where, a,b,¢ are the position vector of three given non-collinear points through 
which the plane passes. 
Cartesian form 
The equation of plane passing through three non-collinear points Y with 
coordinates Gp Y 43 Z)s (Kgs V2» 2) & (X;, Y3; Zs) is given as: 


xt, 


\x-x, Yan 
Intercept Form of the Equation of a Plane 
~ y 


—+=—4+-=1 
a ibe 
where a, b, c are the intercepts made by the plane on x, y & zaxes respectively. 


Plane Passing Through the Intersection of Two Given Planes 


Vector form 
Equation of plane passing through the line of intersection of two planes 
¥-fi, =d) and F-ti2 =d) is given as: 


1G 


12. 


fi = Api +Byj+Cok 
and TF =xi+yj+zk, 
therefore its cartesian equation is: 

(A\x+ By +C,z-d,) + A(A,x + B,y + C,z-d,) =0 
Coplanarity of Two Lines 

Vector form 

Two lines # =a, +A8,and 7 =4, +pb, 

are coplanar, if (@, —4,) (5, xb,) =0 


and equation of coplanar plane is (r- a) (5, x by) =0 
Cartesian form 
Two lines — pS sary 


x=x 
and 2 
ua 
x —-X, Y2—-), 
if} a, 6, 
a, b, c 


a by (a) 
Angle Between Two Planes 
Vector form : The angle between two planes 
F-fi=d, & f-fi=dy is given as: 


| | 

Cartesian form : The angle between two planes axt+bytez+d)= 0 

and a,x + b,y + c,z + d, = 0 is given as 

Ja? +b} +e) Ja; +b? +c2 

* _ If two planes are perpendicular, then 
Ton, =0 or aa, +bb,+c¢,c, =0 

+ If two planes are parallel, then 

Cet Ge 

a, . b, < i 


cos 9 = 


fi,=)n, or 


14. 


‘pistance of a point with position vector a from a plane 
7-fi=d is given as: 


Cartesian form 

Es, pete (X,, ¥,Z,) from a plane ; ax + by + ez = dis given as : 
Va +b +e 

Angle Between a Line and a Plane 

Vector form 

Angle between a line 

f=a+Ab and a plane f-fi=d is 

Ba 
ib 


n 


lial 


cos0= 


Cartesian form 


Angle between a line - 


and a plane a,x + bay + ¢,2= dis given as: 


+ — If line is perpendic 


theni=Ab oF 


a, 4 


+ If line is parallel to the plane, then 
f:b=0 or aa,+ bb, + Oe; 0 


ing two Points on a Line 


ion of a Line Segment J 
z,) and Q = (Xz, Yo» z,); and AB 


Project! 
Let PQ bea line segment where P = (X;, Yi» 
be a given line with de's as ¢, m, 1. 

foot of perpendicular from 


If P' and Q' are the ( 
P'Q' is the projection of PQ on the line oo 


P and Q to the line AB, then 


On line AB is P'Q! = PQ cos 0. On replacing the value Of cos in, 
Shall get the following value of P'Q'. 


PIQ'= (x, —x )+m(y,—~y,) +n (z,—z,), where /, m,n are direction egg: 
as sings 


16. Bisectors of the Angles Between two Lines 
The equation of the bisectors of the angle between the straight lines 
Pecans ll DG 
T=a+Ab and F=a+r6 are given by rear Bae >» Where t eR. 
17. Distance Between Two Parallel Planes : Distance between two Paralle] 
planes ax + by + oz + d) = 0 and ax + by + cz + d, = 0 is given by 
18. 


Ratio of Division of a Line Segment by a Plane : The ratio in which the 
line segment PQ, joining P(x), y},Z,) and Q(x,, Y>, Z,), is divided by plane 
ax + by +cz+d=Ois — ax + by; +02) + rF 

ax, +by, +¢z, +d 


TIPS AND TRICKS: (T-1) 
—— Ee 


— 


Direction vector of line 
(i) Direction vector of line which is perpendicular to two given lines 
F=4)+Ab, and f=4) +b, is by xb, 

(ii) Direction vector of line which is parallel to two given planes 

T-ny =d) and F-tiy =dy is fi xiiy. 

Illustration 1 

Find the vector equation of the line p; 

perpendicular to the two lines: 

x=8) y+l9 ~ 2-10 4 
~S 


3 
@D Short-cut solution : 
i 


assing through the point (1, 2, -4) and 


jg 8 


UsingT-10)]5=|3 -16 7/- 247 +367 + 72K 


3 8 -5 


‘qu yn 


i4+2j)-4k 


j Find the equations of the line passing through the point (3, 0, 1) parallel to 
the plane x + 2y=0 and 3y —z=0. ‘ ae 


7) short-cut solution : 
g T-1 (ii 


J 
2 0|=-27+7+3k 
3 


_ : i ee=3 
», Equation of line is ——=— 
=) 1 ai? 


TIPS AND TRICKS: (T-2) 


Normal of Plane 
(i) Normal of plane perpendicular to two given planes 
F-fiy=d), and f-fiy =dy is fy xm. 

(ii) Normal of plane parallel to two given lines 
f=) +Ab, and F=H> +pby is by xb. 


Illustration 3 
Find the equation of the plane passing through the point (-1, 3, 2) and 
perpendicular to each of the planes x + 2y +3z=S and 3x +3y+z=0, 
@ Short-cut solution : 


Using TAQ) | Here, fy =i+2)+3k and iy =3i4+3}+k 
i jk 

vi=ii) xf =/l 2 3| = i(2-9)-j(1-9) +k (3-6) =-71+8)—3k 
EE 


“, Equation of plane is —7(x + 1) + 8(y — 3) -3(z-2)=0 
=> 7x —8y + 3z—25=0 


‘ation | 


4 


The equation of the plane through the point (-1, 2, 0) and parallel to the tings 


x etl 
a On 
(a) 2+ 


z-2 end Di2yal 2 zal 
=I 1 2 = 
3y+z-4=0 (b) x-2y+3z+5=0 


(c) x+2y+3z-3=0 


(d) xty+3z-1=0 
@ Short-cut solution : 
Using T-2(i)] Here, 6, =3i-k and 6, =i+j-k 


i 
a i=b, xb, =(3 
1 


k 
=1)=i(0+1)—j(-3+1)+k(3-0) 
=i 


- ovee 


=1+2)+3k. 


*. Equation of plane is (x + 1) + 2(y —2) + 3(z—0) =0 
>x+2y+3z-3=0 


_— 


Ans. (c) 


TIPS AND TRICKS: (T-3) 


Bisectors of angles between two planes a,x + byy +c iz + d, = 0 and 


a,x + byy + cz 


+d,=Ois 


axthytqztd _ axthytoztd, 


vai 


Illustration 5 
Equation o 


+b +cp Jae +b +02 


f the plane bisecting the acute angle between the planes 


x —2y + 2z+3=0 and 3x—6y-2z7+2=0 
(a) 2(8x—16y+ 4z)+27=0 (b) 8x-16y+4z+27=0 
(c) 16x-—32y+8z-27=0 (d) 16x +32y+8z-—27=0 


@ Short-cut solution : 


Using T-3 _| Equation of the plane bisecting the angle between given planes a 
x—2y+2z+3 = + 3 6y—22+2 
Vi? +27 +2? V3? +6? +2 
= 2x — 4y — 20z— 15 = 0 and 16x — 32y + 82 + 27=0 


‘Angle between 16x —32y +82 +27=O and x-2y +22 +3 =Ois 
—16+644+16 4 1 
ue same Tiee) 
= 0 < 45° (acute angle) 
ie eeonires equation is 16x —32y + 82 +27=0. Ans. (a) 
TIPS AND TRICKS: (T-4) 


he lines 7 = G, +b, and 7 =G, +b, are intersecting lines, 


if x br) -G)= 0. 


plustration 6 


If the lines fad Blt 3 ; 
e 2 aa Fl are intersect, then k 
is equal to: [AIEEE 2012] 
2 
2 9 
(a) -l (b) = (0) = (d) 0 


= 

'D) Short-cut solution : 
Using T-4_| Given lines are sh yet and x= =: 

rts 2 3 1 


a) p-j+k, b =21+3j+4k 


a,= 3i+K, by =i+2j+k 
Given lies are intersect if 


(a —G)-( xb) =0=> (@ -4) (i xb) =0 


Ww 


i) 


5 2(3 -8) -(k+ 1) (2-4)-14-3)=0 
= 2(-5) — (k+1) (2)-1 (1) =0 


9 
+-10+2k+2-1=0 => k= Ans. (c) 


Centre and radius of sphere e+yt 22+ 2Quxt 2vyt+ 2wz+d=0 


Centre: (—u, — v,— w) 


Radius: J? +»? +w* —d 


i e | that centre of sphere 
+ +224 Qux+ Quy + 2we+d=0 
: is (—u, ~v, x) 
] Given that, +y? +2? 6x— 12y—22+20=0 
“. Centre = (3, 6, 1) 
Coordinates of one end of diameter of the sphere are (2, 3, 5), Let the ¢ 
dinates of the other end of diameter are (a, 7) ar: 
» a2) B+3 y+5 
ieee a = 6, Re 1 
a= 4,8 =9 andy=-3 
“, Coordinate of other end of diameter are (4, 9, —3) 


Ans, (c) 
SHORTCUTS: (SC-1) 


Distance from a point P(x, Yor 


i 


Zp) to a line 
Ss ee 
a b @ 
Let Q(x, y,,z,) and b= ai+bj+ck 
g_POxal 
[6 
Illustration 8 


Find the distance between point p(0, 2 


n x 
. 3) and line 


2 ae 
iF) Short-cut solution : 


Using SC-1 ] Here P(0, 2, 3), Q(3, 1, 


1) and b 21+ j+2k 

PQ =3i-j-4k 

i j & 
PQxb=|3 -1 —4/=2i-14j+5k 

et let 

PQxb| V2? 414245? 15 
- = = — = S units 
|b Serie? 3 


Fecjection of PQ ona me having normal vector ii 


Find the length of projection of the line segment joining (2, -1, 3) and (4, 2, 5) 
ona line which makes equal angle with coordinate axes. 


Gsroren solution 
Using SC-2(i)| Since given line makes equal angle with coordinate axes 


ie. b = (i+iet) and PQ=2i+3j+2k 


length of projection PQ. b = —~(i + j+k)-(2i1+3j+2k 
sylit +k): (21+3)+2k) 


flustration 10 


Find the length of projection of the line segment joining the points (1, 2, 3) 
and (4, 5, 6) on the plane 2x +y+z=1, 


@ 


and PQ =3i+ 3j+ +3k 


=e 3 
. length of projection = [PQ x a = AG x/2 = 3. 


6 


SHORTCUTS: (SC-3) 


Ifa, b and c are the projections of a line segment on coordinate axis, then 


(i) the length of the line segment = Va? +b* +c 


(ii) direction cosines are 
a b c 


Sa? +5? 402 ‘ fa? 4B +02" © Va? +b? +02 


ain nic Nit : y Oe 
‘cosines ofa straight line, whose projections on the 
, OY, OZ are 12, 4, 13 respectively are 


Sh, 


+12 4, (yy eae 
Tey a 329’ /329’ 329 . 
we 4 is 
Chraron (@) 359°329"329 
@ Short-cut solution : 


[DSRESCBUD] Here, Va? +6? +c? = Vi2? +4? +13? = Vang 
~. Direction cosines: 
12 4 13 


t——, + ——, + _—_.. 
329’ ~ 329" ~ J329 Ans. (b) 
Illustration 12 


If the projection of a line segment on x, y and z axis are res) 
then the length of the line segment is 


(a) 3V2 (b) 5V2 (c) 72 
@ Short-cut solution : 

Using SC-3(i) 

Length of line segment = 3? +4? +5* =5\2 unit 


SHORTCUTS: (SC-4) 


Foot of perpendicular of a point on the line: Position vector of foot of 
perpendicular of a point P(P) on the line F=a+Ab 

5-a)-B - 
(ae 


pectively 3,4 ands 


(d) None Of these 


Ans. (b) 


Illustration 13 


Find the foot of the perpendicular from the point (0, 2, 3) on the line 


5 2 3) 


@ Short-cut solution : 
UsingSC4]Here P=2)+3k and §=51+2}+3k 
a=-31+j-4k 


# Position vector of foot of perpendicular 
(31+ 5+7k)-(51+25+3k 
gg ail 

Sao Fay 


o(-3i+ j-4h) +1(5i+2)+ 3k) = (21+3)-) 


(5i+2)+3k) 


., Foot of perpendicular = (2, 3, -1) 


r;HORTCUTS: (SC-5) 
mage of point by a given line. Let Q(@) is the image of P(P) inthe line 


ea +8, then image of point Q(q) q=2 oa z P. 
b| 


flustration 14 


y-1_z-2 
=a 


Find the image of the point (1, 6, 3) in the line = = 
1 2 


@ Short-cut solution : 
Using SC-5 | Here, P=i+6j+ 3k, a= j+ 2k and b=i+ 2} +3k. 
Image of point p is 

in A i+ 5j+ k 

(j+2k) A — ib 


**) j42}+38)|-(i+6i+38) 


i+2j+ 


9 


4 


(een? +3? 


=2{(i + 2k) +1(1+2}+3k) |-(1+61+3k) 

=2i4 6j+ 10k -1-6}-3k =1+0+ 7k 

-. Image is (1, 0, 7). 
SHORTCUTS: (SC-6) 
Foot of perpendicular of a point on the plane. The foot (x, y, Z) of perpen- 
dicular of a point (x,,y,,%) ina plane ax + by + ca+d=Qis given Py 


es VOM 2a _ (am +by, +e% +4) 
= - 2 


2 
a? +b? +e 


a b c 
Note: Foot of perpendicular from origin to plane Ix + my + nZ =~ d is 
(Id, md, nd). ‘ 


=> ear iae ; 
wn from the point (1, 3, 4) te 


0 * 
(1,2,-3)  (b) -1,4,3) (©) (3,5.2) 
Short-cut solution : 
Foot of perpendicular is given by 
X=1 _y-3_z-4 -(2-3+4+3) 
4+1+1 


(d) (0, +4, 


=X =-l, y=4,z=3. Point (-1, 4, 3). 
SHORTCUTS: (SC-7) 


Image of Point by a given plane. The image or reflection 
(X,Y), Z,) in a plane ax + by + cz + d=0 is given by 
Sey Sy —2Z-% _ ~2(ax; +by, +cz, +d) 

a b ook, 


Ans, (a) 


(X%, y. Z) ofa Point 


eT) 
a> +b> +c 


Illustration 16 


The image of the point (1, 3, 4) in the plane x — 2y = 0 is [AIEEE 2006] 
17 19 
(a) | - mead (b) (15, 11, 4) 
a FS 
» ( 17 19 
(c) | pai a st (d) None of these 


@ Short-cut solution : 
Mabe +1 y-3 2-4 2(-1-6) 
ieee) (a) ~— - Y- 2-4 | — 
esses) (2) —— = *— 

I 3 


ot y-3. z-4 14 


Ans. (d) 


SHORTCUTS: (SC-8) 
Perpendicular distance from point P(P) to line F=a+25 is 
\(a—a) xd} 


| 


) Short-cut solution ; 


' [sing SC-8 Here P=2]+3k 


a@=3i+j—k and b=27+7+2k 


pra=si+j+4k 


= i(2—4) —j(- 6-8) + K(—3 —2) = -27 +147 —Sk 


(B-a)xb | _ y(-2)°+(4) +5)? _ vas _ 1s 


i. 


= = = =5 
|b | V2? 417 +27 1 3 
ft 
.. distance from point to line is equal to 5. j 
” 
i 


If the length of the perpendicular from the point (B, 0, B) (B + 0) tg en 7 
-=2 0220 is then Bis sual to: 
2 


(a) 1 (b) 2 (c) -l (d) 2 


If the position vector of A and B are 27 +2j+k and 27 +47 +4(. The len 
of projection of the line segment AB on a line which have direction 


aed Veto 
214+37+k is , : 
9 14 
@ — wy 24 Ce @ = 
vi4 9 3 Via 
The length of the projection of the line segment joining the points (5, 1 4) 
and (4, —1, 3) on the plane, x+ y+z=7 is: UJEEM 2018) 


2 1 a= 2 
(a) 5 (b) 5 (c) ie (d) 5 


If the projections of a line segment on the x, y and z-axes in 3-dimensiona} 
Space are 2, 3 and 6 respectively, then the length of the line segments: 


(JEE M 2013} 
(a) 12 (b) 7 (c) 9 (d) 6 
The projections of a vector on the three coordinate axis are 6, 3, 2 Tespec- 
tively. The direction cosines of the vector are : [ATEEE 2009) 
6352 6 -3 2 —6 -3 2 
=== Oo) SSS Sas - 
Ess OO Paty >>> OMe 


The coordinates of the foot of perpendicular from the point (1, 0, 0) to the line 
x-1_ y+l_z+10 ‘ 


re [AIEEE 2012] 
2 3 8 

(a) (2,-3, 8) (b) (1,-1,-10) 

(c) (6,-8,-4) (d) G,-4,-2) 

The length of the perpendicular drawn from the point (3, -1, 11) to the te 

if SBOE eae [AIEEE 20! 

2 3 4 


(@) V9 (o) V3 © V3 a 6 
— ~~ 


. A perpendicular is drawn from a point on the line —~= 


x41 


if (a, b, ©) is the image of the point (1, 2, —3) in the line, ——= 
2 


then a+ b + cis equals to: [JEE M 2020} 

(a) 2 (b) -1 (c) 3 (d) 1 

The coordinates of the foot of the perpendicular from the point (1, —2, 1) on 

the plane containing the lines, 

xt+l vst _273 aud x=l _y52 253 
6 7 8 3 5 7 

(a) (2,-4.2) (b) (-1,2,-1)  (c) (0,0, 0) (d) (1,1,1) 


,is: [JEE M 2017] 


sole to the 
23 = 1 


plane x + y +z=3 such that the foot of the perpendicular Q also lies on the 
plane x—y +2= 3. Then the co-ordinates of Q are : [JEE M 2019] 
(a) (1, 0, 2) (b) (2,0, 1) (c) (1,0, 4) (d) (4,0,—-1) 


, Let P be a plane passing through the points (2, 1, 0), (4, 1, 1) and (5, 0, 1) and 


Rbe any point (2, 1, 6). Then the image of R in the plane P is:[JEE M 2020) 
(a) (6, 5, 2) (b) (6, 5,—2) (c) (4,3, 2) (d) G,4,-2) 


. If Q (0, -1, —3) is the image of the point P in the plane 3x — y + 4z= 2andR 


is the point (3, —1, -2), then the area (in sq. units) of APQR is : [JEE M 2019) 


(a) 2V13 (b) 1 (c) abi (a) 65 


, The distance of the point (1, -2, 4) from the plane passing through the point 


(1, 2, 2) and perpendicular to the planes x — y + 2z= 3 and 2x — 2y+z+ 12 


=0, is: [JEE M 2016] 
(a) 2 () v2 © w2 @ s 


. The distance of the point (1,3, -7) from the plane passing through the point 


(1, -1, -1), having normal perpendicular to both the lines [JEE M 2017] 


= Ze =f Z 
KN y2 oz Se 2 _ yale 
1 2 3 2 = =I 
10 20 10 5 
(a) — (c) z= (d) —= 
V7 V4 83 83 


16. 


Wh 


19. 


20. 


21. 


Find the equation of the plane passing through the point(1, 2, 3) anq 
to each of the planes x + 2y + 3z + 4=0 and 4x + 3y + 2z+1=9 


= = -1_x-2 
(a) pat -23 () aa-35 

x-1 x-2 2-3 x+1_x-2 
os ce 


Paralley 


A plane which bisects the angle between the two given planes 2x —y +97 ~4=9 


and x + 2y + 2z2=0, passes through the point : [JEEM 2019} 
(@) (1,41) (6) ,4,-1) = © (2,4,1) (d) (2,4, 1) 

c , x-l y-2 2-3 x=2  y=3 221 
If the straight lines =- aa and ae k “a Intersect 
at a point, then the integer k is equal to [JEE M 2008} 
(a) —-5 (b) 5 (c) 2 (d) —2 


If the plane 2ax — 3ay + 4az + 6 = 0 passes through 


the midpoint of the 


line joining the centres of the spheres x? + y? +2? + 6x —8y-—22=13 and 


x? + y? +27 -10x+ 4y—2z=8 then a equals 


(a) -1 (b) 1 
If the lines x= ay +b,z 
then: 

(a) ab'+be'+ 1=0 
(c) bb'+cc'+1=0 


(c) -2 


cyt+dandx=a'z+b',y=c'z+ 


(b) cc'ta+a' 


(d) aa’+c+c' 


The number of distinct real values of d for which the lines —— = 
x-3 =2_z=1 : 
and ~—~ = uae =—— are coplanar is : 
Nes 2 
(a) 2 (b) 4 (c) 3 


|JEE M 2005] 
(d) 2 


d' are perpendicular, 
|JEE M 2019) 


[JEE M 2016] 
(d) 1 


7 


1 1 “" 
@! OE OF @ > q 


[AIEEE 2010] 


=0 (b) 3x+2y—2z=0 
(d) 5x+2y—4z=0 


(a) xt 2y-2 
(c) x-2y+ 


if, The length of the perpendicular from the point (2, —1, 4) on the straight line, 
x+3 


10 


(a) greater than 3 but less than 4 (b) less than 2 
(c) greater than 2 but less than 3 (d) greater than 4 


a is: [JEE M 2019] 


Fr line ieee da 210) pes os IS theecne 
}5. Two lines 1 3 = an 7. =e intersect at the poini 
R. The reflection of R in the xy- plane has coordinates: [JEE M 2019] 


(a) (2,-4,-7) (bv) (2,4, 7) (c) (2,4, 7) (d) (2, 4, 7) 


aad 5=%) fy =i4) ee is 


6. If the angle between the lines, = = 5 =F 


2 =i: P 4 
2 
cos! (2) , then P is equal to [JEE M 2018] 
7 2 4 1 
(a) - ai (b) 5 (©) ~7 (d) 2 


”. The length of the perpendicular drawn from the point (2, 1, 4) to the plane 
containing the lines 7 = (i+ })+A@+2j—&) and r =(i+j)+n(-i+j-2k) 


is: [JEE M 2019] 
1 Bl 
(a) 3 ) 5 © VB @ 


y 


30. 


31. 


32. 


33. 


+2 =O and 2x—y + 2z + = 0, respectively, then the ' 


ay 

value of 4 + 1 is equal to : 
(a) 9 (b) 15 (c) 5 @) 13 J 
The plane through the intersection ofthe planesx+y-+2=1 and 2r+3y 
and parallel to y-axis also passes through the point: 459 


(@) ©3,0,-1) ) ©3141) © G3-1) @ G27 
An angle between the plane, x + y + z= 5 and the line of intersection of 
planes, 3x+ 4y +z—1=0 and 5x + 8y + 2z+ 14=0, is VJEEM the 


2018) 
=i (58 3 
(a) cos”! (+) (b) cos? (\B 
viz 17 
aie 3 5 3 
(c) sin”! (=) (d) sin?! (z 
Ty 7 
If the distance of the point P (1, —2, 1) from the plane x + 2y ~27 = a, Where 
& > 0, is 5, then the foot of the perpendicular from P to the plane is 
[AIEEE 2010) 
S47. 4 41 1210 2 2 
Os" 3'h3) (O) (ar 373) ©) ce 373) @ : a 


NUMERICAL VALUE PROBLEMS 
If the foot of the perpendicular drawn from the point (1, 0, 3) ona line passing 


7 
through (a, 7, 1) is (522). then « is equal to 


[JEE M 2020) 
Let a plane P contain two lines 7 =i+ Mi + i), AER and 


F=-j+p(j—-h), weR. If O(a, B,y) is the foot of the perpendicular drawn 
from the point M(1, 0, 1) to P, then 3(a+ B+y) equals 5 ‘ 
|JEE M 2020] 


k 
js equal to Yes’ then k is equal to : 


If the equation of a plane P, passing through the intersection of the p a 
x+4y—z+7=0 and 3x +y + 5z=8 is ax + by + 62= 15 for some then the 
distance of the point (3, 2,1) from the plane P is 


[JEE M 2020] 
. Three lines are given by r=Ai,AER; r=p(i+j),HeR and 
7=v(i+7+k),veR. Let the lines cut the plane x +y + 2=1 at the points 


A, Band C respectively. If the area of the triangle ABC is A then the value of 
(6A)? equals [JEE Ady. 2019] 


~— Here P(B, 0,)..Q(0, 1-1) and B= i-k 
PQ=-pi+j-(p+I)k 


PQxb=|-p 
1 


ree Ca 
V2 “V2 


= 48? + 48 +3=3 > B=0,-1 (6 +0) 
B= 


(b) [UsingSC-20)] Here b=2743]+k 


)}=-i-j(2B+1)-k 


or up 
1 

—= 
am 

+ 


AB=2j+3k 
~. length of projection = 4B-6 


= FA 33+ 0]+36 


= Fy 4643) =. 
(c) [Using SC-2(ii)] Here init jek ims jek 
PQ=-i-k 
Te tk 
coe 1 ie) 
lei Ot N3 


——- 2 
«. length of projection = [PQ x il = te 


©) [BREET] Length ofthe tne sepment= Ora +@y 


—§ 


(b) 


(d) 


© 


Here, Ja? +b? 402 = +/+ (3) +2? =4,/49 = +7 


anor 4 O35} 
«. Direction cosines, t=, F=, a2. 


P i-j-10k and b = 21-3}+.8k 
©. Position vector of foot of perpendicular 
(i+10k) (21 -3}+8k) 

2? +(-3)? +8? 


=(i-j-10k)+ 


-(2i-3)+8k) 


= (i—j-10k)+1(2i-3}+ 8k) = 31 -4}-2f 
-. Foot of perpendicular = (3, -4, -2) 


Another from of SC-4 


F fe 2s a? 
Any point on line = ==—— 
ly Pp 2 3 


(2c, 3a + 2,4a +3) 


Direction ratio of the 1 line is 

2a —3,30+3,4a—8. and 

Direction ratio of the given line are 2, 3, 4 
= 2(2a — 3) + 3(3a + 3) + 4(4a -8)=0 
=> 29a -29=0 

=>a=1 

Foot of L is (2, 5, 7) 


Length Lis = V1? +67 +4? =/53 


Using SC-5 
Here P=i+2j-3k, a=-i+3} and b=2i-2j-k 
Image of point (1, 2, -3) is 


q=2|-1+3)+ 


__ (2-51-38) -(2i-2)-8) 


2+ (2) (<1 -(21-2)-k) |-(i+2)-3k) 


= 2-i+3}+1(2i-2}-K) |-(i+2)-3%) 


=2i+2j—2k-1-2}+3k =1+0j+k 
“.a+bt+e=1+0+1=2 


8] = (9, -18, 9) = (1, 
7 


Equation of plane is 1(x + 1)—2 (y— 1) + (z-3)=0 


=> x-2y+z=0 

foot to z 
x=1_y+2_2-1__[1+4+1] 
2 1 eee 


10. (b) It may be solve [Using SC-6 |, try it. 


1,44 
PQKTN 


<1, 1, 1> 
d.r's of normal to 
xt+y+z=3 


Let co-ordinates of Q be (a, , y), then 
a+B+y=3 ...(i) 
a-Bt+y=3 _ ..(ii) 
=>a+y=3andp=0 
Equating direction ratio’s of PQ, we get 
a—2A-1_A+l_y-A 
ee i 
= @=3A+2,7=2X+1 
Substituting the values of a and y in equation (i), we get 
=>54+3=3>A=0 
Hence, point is Q (2, 0, 1) 
Image of (2, 1, 6,) is optimize by Equation of plane is 
x+y-—2z=3 
x-2_ y-l_z-6_ -2(2+1-12-3) 
imate 2 6 
(x, y, Z) = (6, 5, — 2) 


Image of Q (0, =i, Byline 
(+l) _2+3_ -2(-12=2) 


a 4) OPT omey 


=>x=3,y=-2,z=1 
= P(3,—2, 1), Q(0, -1, -3), RG, - 1,2) 
. Area of APQR is 


ee il ts 
S|OPxOR|=—[3 -1 4 
y. By il 


3. | Using ‘T-2(i) 


Equation of plane is 
3(x — 1) + 3(y —2) + 0@-—2)=0 
=xty-3=0 
Distance from (1, —2, 4) will be 
[l-2-3)_ 4 _ 
7 oie ai 

14. (c) [Using T-2(ii) | Let the plane be 
a(x—l)+b(y+1)+e(z+ 1)=0 
Normal vector 


joe 
-2 3 |=5i+7}+3k 


i 
fi=b, xb, =| 1 
2 -1 -1 


So plane is 5 (x — N+7(y+1)+3 (+ 1)=0 
=> 5x+Ty+3z+5=0 

Distance of point (1, 3, -7) from the plane is 
5+21-21+5_ 10° 


V25+49+9 83 


Equation of ine is “1 _ * 3 z i 
| 


17. (4) [Using 73m] The equations of angle bisectors are. 
X+2y+2z-2 = 42%-y+2z-4 


3 = 33 
i) => x-3y-2=0 
; or 3x+y+4z-6=0 
i (2, —4, 1) lies on the second plane. 
i 18. (a) EEE emo lines intersect 
; (a ~a)-5, xb, =0 
\ where, G, =i +27 +3k, b =ki+27+3k 
| G@, =27+3j+k, b,=37+KH+2k 
Lot 2! 
=> |k 2 3/=0 
Bk 12 
=> 1(4-3k) -1(2k — 9) — 2(k2- 6) = 0 


5 
=> > 0k ~-Sior— 


-. kis an integer, therefore k =—5 


a) 


¢ Zax —3ay + 4az + 6 = 0 passes through the mid point of the 
joining the centres of spheres x°+y"+z*+6x-8y-27=13 and 
xi+y?+z?-10x+4y-2z=8 respectively centre of spheres are iE 
e(3, 4, 1) and c,(5, —2, 1). Mid point of e,¢, is (1, 1, 1). : 
Satisfying this in the equation of plane, we get 
2a—3a+4a+6=0 
=> a=-2. 
First line is: x= ay + b,z=cy+d | 


[Trick: Solve y from both equations then equate to convert standard 
form of line] 


x—b’ 

a’ c 

+: Both lines are perpendicular to each other 
= @a'+c'+c=0 


=> 


—|N 


Lines are coplanar [Trick: For coplanar use (4, «4 )-( xby) =0] 
3-1 2- 1—(-3)} 


1 2 


1 Xx 


N 


nN 


2(4 — a4) + 4(A2 - 2) =0 
4-24+202?-4=0=5 27 (07?-2)=0 


r=0, J2,-V2 


For line of intersection of planes x + y +z+1=Oand2x—y+z+3=0; 


A 


=> 
=> 


=> 


7 ek 
by =m, xiiy =|1 1 1)=27+j-3k 
-1 1 


a 2 


+ of li i 
the value of one variable to zero 


iia er 
y =0, we get x=-2 andz=1 = 
1, :¥ =(-27 +h) +2(2i + j-3k) and 
L,:F =(-j)+(—j+h) (Given) 
Now, & xb, =-2[7 + j+h] and @-@ =-3i+j+k 


1 
~. Shortest distance “B 


23. (c)_[Trick: Equation of coplanar plane is (7 ~ a )-(a x b,) =0] 


Equation of plane containing two lines zs = a 
is given by 

x ae 

3 4 2=0>8x-—y-10z=0 

ae 2:! 3) 


: by. Say ia, 
Now equation of plane containing the line 2 = 5 = ri and perpendicular 


to the plane 8x — y— 10z = 0 is given by, 


oe Oy z 
Di Ves! 4|=0 
8 -1 —-10) 


=> —26x+52y—26z=0 or x-2y+z=0 


24. (a) | Using SC-8 


Here P=2i-j+4k 


@=-3i+2j and b=10i-7j+k 
p-a=5i-3j+4k 


16. (a) 


L,= (A+ 3, 34—1,-A + 6) 

and coordinate of P w.r.t. 

line L, = (7 —5, 6p + 2, 4 + 3) 
A—Tp=-8, 3A + 64 =3,0A+4p=3 

From above equation : 4 =—1, 1 =1 
Coordinate of point of intersection R = (2, 4, 7). 

Image of R w.r.t. xy plane = (2, -4, -7). 

Let 0 be the angle between the two lines 


. < . x y Zz 
Here direction cosines of aa Dsoul 


Also second line can be written as: 9 4 


2=5 a2 eee 
E 


7 
[Trick: Convert the equation of line in standard form] 


P 
+, its direction cosines are 2, 7 4 


2 
Also, cos 6 = 3 (Given) 
aa) + + OC) 
cos0 = aa, + iby +402 
Wai 
Yap +bp +c; yas +by +5 


(2x2)+ (2x7) +(1x4) 


nounaern ten Pyar. 
49 


wir 


=> 


- “ oe 2 2 

sid : py Pp? _eeeeP P P 
2 Sia => 90+ —— 
(++2) BS ne 7 49 49 


a 27. (©) [Trick: Use formula of coplanar plane] 
The equation of plane containing two given lines is, 


xX-l y-l z 


1! yr -2 


On expanding, we get x—y-—z=0 
Now, the length of perpendicular from (2, 1, 4) to this plane 


=3 


Deaim4 
Vi? +1242 
28. (d) (Trick: Use d= Ziti tai +d 


Va? +b? +c? 


Let, P,: 2x-y+2z2+3=0 


Pyidx-yt2z+ Rao 


Pj: 2x—-y+2z+p =0 1 
Given, distance between P, and P, is 3 


d) [Trick: Use equation of intersection plane => F +22, 
Since, equation of plane through intersection of planes 
xtytz=land2x+3y-z+4=0is 
(2x+3y-z+4)+Aetyt+z-1)=0 

(2+ Ale + (B+ Ay + Cl + Az + (4-2) =0 (1) 
But, the above plane is parallel to y-axis then 
(2+A)x0+G4A)*x1+(-1+2)x0=0 

=>ir=-3 ; 
Hence, the equation of required plane is —x — 4z + 7=0 
=>x+4z-7=0 

Therefore, (3, 2, 1) the passes through the point. 

0. (d) [Using T2G)] Normal to 3x +4y +2=1is 37+ 47 +6. 


Normal to 5x + 8y + 2z = - 14 is Si +87 + 2k 


The line of intersection of the planes is perpendicular to both normals, 
so, direction ratios of the intersection line are directly proportional to 
the cross product of the normal vectors. 


Therefore the direction ratios of the line is —j + 4k. 


Hence the angle between the plane x + y +z + 5 =0 and the intersection 


line i: sin ( sia" 2) 
ie 1S =s ie 
\ Vi7 V3 17 
I. (a) | Using SC-6 | Since perpendicular distance of x + 2y — 2z a =0 
from the point (1, — 2, I) is 5 
1—-4-2-a 5 
3 


P(1, -2, 1) 


x+2y-2z=0 


a c 
=Sor—5 


=> a=-200rl0 


4 
y | 


that 
mrebyve data) 
a x-x -y z-y areas) 


' ae a Sai. 0 ab? +c) 
. X-1_y+2 2-1 _-(1-4-2-10) _5 
1 yD) Se ne) 
_ are 
zy ee alec) 


Foot of L” = (4 ss 2) 


32. (4) Since, PQ is perpendicular to L 


[Trick: For perpendicular a,a, + b,b, + €\¢)=0] 


(Se PHO) 


I 
i =, 22%, 1098 112 _, 
3 Orang) 29)! 
=> 28 3 => a=4 
Slee) 
33. (5) | Using SC-6 
toy ik 
Normal of plane =|! 1 0 
Oe 
a=-i+j+k 
Direction ratios of normal to the plane = <1, 1, 1> 


Equation of plane 
—1(x-1)+1(y—0)+1(z-0) =0 


[Trick: Distance between two planes always same] 
x+l1 y-3_ z+l 


Since, the line —~= 77 = —e contains the point (—1, 3,— 1) and 


line y = = = a contains the point (-3, -2, 1). 

Then, the distance between the plane 

23x—10y—2z+48=0 and the plane containing the lines = perpendicular 
distance of plane 

23x — 10y —2z + 48 = 0 either from (—1, 3, —1) or (3, -2, 1). 


_| 23(-1)-10@)-2(-1) |__3 
(23)? + (10)? +(-2)?|  ¥633 


It is given that distance between the planes 
ee? Pe —23 

Gres, 7 ease a a 

[Trick: Equation of intersecting plane P, + AP, = 0] 
Equation of plane P is 

(x+4y—z+7)+A(3x+ y+5z—-8)=0 


=> x(1+3A)+ y(4+A)+z(-14+5A)+(7-8A) =0 


130 4, SHOITESN 
a b 6 —15 
From last two ratios, 4 =—1 


=e 
eo 
ai ab: 


36. (0.75) Given that lines are 7 =" 


F=w(i+)) 
F=v(i+j+h 

These lines cut the pl: 
and C (v,v,v) respectively 
Since, A lies on plane = > 


Since, B lies on plane > H+ 


iil 
= San 
=a(5 2 ) 


Since, C lies on plane =svivivel>v “3 


i 

Area (A ABC) = 148 AC|=5 =u 

D 2| 2 

ee 

3 

il) eT eee 

ar ar aru eran acy 
(6a)? =36x2=2 =075 


Le 


wile ele 


=1=>A (1,0, 9) 


=1>p =~ 


2 


wl 


anex ty +z= Lat points A (A, 0, 0), B (h, iy, 
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